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OSCILLATORY PROPERTIES OF CERTAIN ODD ORDER
NONLINEAR DELAY DIFFERENTIAL EQUATIONS
BY
0.K. KORIKO and Olusola AKINYELE

1. Introduction. Dahiya [2] studied and obtained conditions for the oscil-
latory properties of even order nonlinear delay differential equations of the form

k
(1) (O ()" + 32 LOFE 1), 25, (), 50T (B)

=1

+ G(2a, (1), 25, (2), .. T (1)) = 0
where

z,, () = z(t —n(t)), i=12,...,k
xg,{)(t)zz(j)(t—a'.-(t)), j=12,...,2n-1,
@) =2t —am()), r=0,1,...,2n—1, m= 1,2,...,2n.

The term j denotes the order of differentiation with respect to ¢ and delays
1i(t), oi(t) and a,,(t) are bounded by a common constant M non—negative, non—
decreasing and continuous real valued functions of ¢

fi : R — R are continuous for each 1,

F. : R?™ — R are continuous for each i,

G : R?™ — R is continuous. _

Besides, sufficient smoothness condition is assumed without mention to ensure
the existence and uniqueness of solutions of (1) in [to, +o0).

In this paper, we extend the results of Dahiya [2] to certain odd order nonlinear
delay differential equations of the form

k
(2) (r(O2' ()" = 3 filt)File, (8), 25,0, 20" () = 0
i=1

where
a;.rl_(t) = z(i—'r"(i)), 1= 1,2,...,&,

zf;’?(t) =2Vt —oi(t)), 7=12,...,2n-2.
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The term j denotes the order of differentiation with respect to ¢ and delays

7:{t}, oi(t) are bounded by a common constant M, n
and continuous real valued functions of t.

(3) i R—=R are continuous for each ¢
Fi :R*-! 5 R are continuous for each i

2. Main Results. We need the following two lemmas for our main results.

Lemma 1. (Kiguradge [8]). If z(1) > 0, 2'(t) > 0, x"(t) < 0, and z(t) is real,

then for sufficiently large t, there exists a constant I > 0 such that
4) 2() / =(1) < L.

Lemma 2. (Starkos and Petsoulas [6]). Under the hypothesis of Lemma 1,
there exist constants L; > 0, i = 1,2,...,n such that

(5) 2(t = (1) / 2(t) > Li
and
Jim (2(t = () / 2(t)) = 1.

Theorem 1. Suppose the following conditions hold in addition to (3)
(i) fi(t) > O for every t € [t,, +00),
(i) r(t} € C*"=2{t,, +00), r(t) is bounded and satisfies r(t) >0,r(t) >0,
(1Y) >0,7=23,... 9 - 2.
(iii) Sgn Fi(z1,22,...,Z9n-1) =sgn z; and
Fi(~z1,~22,...,~220_1) = ~Fi(21, 2, . .. y&2n-1) for all i.
(iv) There exists some index j such that
Fj(Axla’\IZr 00D l/\z2n—1) = AzpF}'(a’l:zZl 080 r32n-l)
for all (z1,%2,...,2201) € R*"! real A # 0 and some integer p > 0.
v) Féxl,xg,...,zgn_l) — 00 as ¥y — 0o with some index j, 1 < j < k; and

(vi) f:. fi{t)dt = +c0.

Then all bounded continuous solutions of equation (2) are oscillatory.

Proof. We assume the existence of a nonoscillatory solution z(7) # 0 of
equation (2). Conditions of Theorem 1 imply that —z(r) is again a solution of (2).
Therefore without loss of generality, we can assume z(t) > 0 eventually.

Suppose for t > t, > 0, z(t) and z(t — 7;(t)) are positive for all i. Choose
ty so large that 2(t), z(t — 7;(t)) and f£;(t) are all positive in [t,, oo). Due to sign
condition on F;, it follows from equation (2) that

(7) (r(O)z' )72 - fiFi(zn (1), 24 (8), ..., 52°2(28)) > 0

or

(8) (r)' )" > 0 fort € [t1,00).

on-negative, nondecreasing,
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Mm-3 . .

This in turn implies that (r(t)z'(t)) "7 is increasing and must eventually
have a constant sign and since r() > 0, it implies that £’(2) must have a cor:sta.l?t
sign. Hence there exists a conveniently large t; > {; such that for ¢ > 3, £'(t) is
either positive or negative.

Case L z(t) > 0, (1) <0, teftz 00)

Now, in-2

(r(1)2'(1)) >0 and r(t)z'(t) <0

We claim that
(9) (r(t)z’(t)) <0 for t€ (ts,00),t5 > ts.

Eventually, if (r(t)2(2)}’ > 0, then (r(t)z'(t))" being monotonic must be nonpos-
itive because if (r(t)z'(t))" > 0, then z'(t)r(t) being concave up and increasing
will eventually be positive a contradiction. Proceeding this way and reszlznbermg
that all derivatives of r(t)z’(t) are monotonic, we find that (r(t}z'(t)) <0, a

contradiction to (8). Hence (9} holds. .
Integrating (9) between t3 and ¢; we obtain

, r(ta)z'(3)
(10) r(t)x'(t) < r(ta)z’(ta) < 0, x'(t) < %—
Then from (10), we get
't
(11) z(t) < z(t3) + r(ta)z'(3) fh ® ds.

i i ive infinity which is a
Now as ¢ — oo, the right hand side of (11) ten(.is to negative in . _
contradiction since #(t) > 0 in [t3,00) and r(t) is bounded. Hence either z(t) is
oscillatory or the following case holds.

Case I z(t) >0, z'(t)>0 fortée [ts, 00).

From (8) .
(1r'(15)a:'(t))2"-2 >0 and r(t)z'({) >0 in [t3,00).

We must have

(12) (r(t)=' (1))

-3
2n <0

- 2n-3 . . .
eventually, for if (r(t)x'(t))gﬂ %> 0, then (r(t)z’(t))"" " is concave up, increasing
and therefore ultimately positive. This will eventually make z(t) < 0, a contradic-
tion.
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We claim that
(13) (1Y (r@)=' (1)) <0, j=0,1,...,2n~2,

where j denotes the order of differentiation. To see this, suppose that z(t) is

bounded. If (r(t):-:’(t))zn_3 > 0, eventually then because of (12), (1r'(t):l,"(t))2"_4
will be positive, and tend to infinity. Proceeding this way, we find that r(t)z'(t) —

o0 as t — oo a contrdiction. Hence (r(t)x'(t‘))z"_3 < 0 eventually and the claim
holds by eontinuation of this process.
Since r(t) > 0, #(#) 2 0, #'(1) < 0,...,r2"73(1) < 0, we get from (13) that

(14) z(t) >0, z'(t) >0, z"(t)<0, z()>0,...,z""" () <0

and .
lim 20(t) =0, j=2,3,...,2n-2.
t— oo

Now since z(t) > 0, z'(t) > 0 and z"(¢) < 0, we appeal to Lemma 1 to obtain
that for large ¢

(15) (1) /=(t) < L/t

where L is some positive constant. Hence

z, () _ zo(t—oit)) _ 2'(t—m)
2,,(t) = z(t'm(t)) ~ z(t—m)

and by (15) it follows that

(16) tl_i_.rglo(m:,.(t) [ za.(t)) = 0.

0<

, te{h + m, co)

Following the same arguments as in Dahiya [2], we have
'llrglo z.(8) [ 2(t) = L.

Now define -
q(t) = —=(t) / (r()z' (1))
then - 203
1/q(t) = = (r()='(®)) " / =(2).
Differentiating and using (13) and (14),
(17)
1) =@ Zeeee)™ ™ (1] (0 ®)
[q(t)] ) B ) [q(t)] ST

n-2
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S (rne'()"
since —57 < 0.

From equations (2) and (17), we get

(18) [—l—]'<--—1— i:f,-(t)F.-(z, ),z (t), ..., 522 ()| -
q(t) =(t) | o Lo :

If we appeal to the fact that for t € [t;, +00), fiFi > 0 for all i this leads to
the fact that

1 ! 1 I n—2
(19) [E(T)] < = i FOF 0,20, ET O

Applying condition (iv), it follows that

R N () ST e O
(20) [«T(ﬁ] <y m R0 Ty )

Now Jim (z-.(t)/=(t)) =1 by Lemma 2. Clearly,
— 00

. z,,(t) 52" (1)
dim B8y e D)

for all §. Therefore it follows from condition (vi) that

) = F;(1,0,0,...,0) >0

S U B e O N
(21) [‘+mmijj(l, ) oD }ds = +oo.

Integrating (20), we have

5w oo 0] *

* () &)

[L] < -z27(1) fj(s)””‘(s)Ff(l’x,,-(s)""’_z,,-(s) C

Q(t) t14m :E(S)
and
] 1 B
(22) Jim [~ @) <™

Since [EE%] is positive and decreasing due to condition (13), therefore lim;—.o [q—(lr)]
is finite. In that case lim;_.oo[q—%t—) - ;l-(‘—l'm] is finite but this contradicts the
conclusion in (22). Hence the proof is complete.
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Theorem 2. Suppose equation (1) satisfies the following conditions in addi-
tion to the first four conditions of Theorem 1.
(vii) Fi(Azy,Az,,. .. 1 AZan_1) = AFy(z, 2o, . .. yZan-1) for every
(zllxi’l e )1:211—1) € RZn—l and A € R:
(viii) T # ¢, where I denotes the set of all indices for which the function
Fj(z1,23,...,294_1) is non -increasing with respect to each variable
£2, Tq,...,Tan_2 separately and increasing with respect to 1, 23,...,29,_3 as
well as the function Fi(,0,0,...,0)/z which are nonincreasing on (0, co);
(ix) There exists a positive and differen tiable function ¢(1), t < t; for some ty such
that ¢(t) < 0 and

[., b {S swrwoo,. L0} - ""2(‘)1;(2:)‘3(‘) [ dt = 400

for every pu > 1.
Then all bounded solutions of equation (1) are oscillatory,

Proof. We proceed as in Theorem 1 by assuming the existence of a non—

oscillatory solution z(¢) > 0 in [t1,00). Then claims (13) and (14) of Theorem 1
hold. Now define the transformation

' n-3
(23) z(t) - (r(t):: (t))

(= m) #(t), t€[ty,00).

Difterentiating and making appropriate substitution from equations (1}, we obtain

k
(24} (1) =¢(2) > L) Fi(2r, (1), 2, (1), ..., g2~ 2(1))~
i=]

- =mEOZ0) 790 | 2t =) 60

z?(t — m) z2(t — m)

Proceeding as in Dahiya [2] we have that

o By fil)Fi(z(t ~ m),0,0,...,0) B #2(0) | r2o=3) |
(25) (t) > é(t) s i

since z& are decreasing and positive. Now,

2(t) < z(t1) + 2'(t)(t — 1) for t € [ty, +o0) or
z(t —m) < ()t + z(t1) — (t + m)z'(t;)

and therefore exists ¢, 2 &1 + m and an appropriate constant # > 1 such that
z(t—m)<ptforte [t2, +00).
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Therefore ¢ 2( | | - I

Fi{t)Fi(pt,0,0,...,0) 204y | p2n-31
(26) Z'(t} > ¢(t) ; (BFi( . - L
Clearly,

Fi(pt,0,0,...,0) > F(t,0,0,...,0) for u>1
and F; are increasing in their arguments, we have from (26) that

{OF(,0,0,...,0) _ ¢(@) | rm=3r) |
icl

ty

2 2n -3
LASFE0,0,...,0) 7@ [0 |
(1) 0200+ [ [dl6) e PR
Now it Is easy to see that 2(t) is eventually positive from (viii) which is a
contradiction, since z(t) is negative from (27).

Theorem 3. Suppose equation (2) satisfy conditions (vi} and ( vii} of Tf'lgorem
2 and the first four conditions of Theorem 1 along .wich the following condition
(ix) There exists a positive and differentiable function ¢(t), t > t, for some ty such
that ¢'(t) < 0 and

o0 ¢12 ¢ rzn-s(t)
-/ [qﬁ(t} { Zf;(t)F;(l,O,U,...,G)}— ()lqﬁ(t) I]dt:oo.

Then, all bounded solutions of equation (1) are oscillatory.

Proof. Proceeding as in Dahiya [2] and making appropriate substitution, we
have

r zlt -—m ¢’2(i) ‘ r2n—3(t) ]
(28) #(t) 2 z(t (_t)m) ¢(t) [Eﬁ(t)Fi('(tI—(t)“l.O,O,-..,O)] - 300
12 p2n-3
(29) = B(O)[SHOF,0,0,...,0)] - £ |2 |

44(t)
Clearly,
o Fi(z(t —m) [ 2(1),0,0,...,0)
z(t—m) [ z(t)
by Lemma 2, z(t —m) / z(t) = 1 as t — co.
Integrating (29), we get

> Fi(1,0,0,...,0)

. ¢r2(s) r?n—a(s)
(30) z(t)gz(t,)+/ {¢(5)[fi(s)Ff(1:0aUv‘"’0)]— 4‘¢(s) I}ds’

The right hand side tends to +0o0 as t — 00 due to condition (ix) and this is a
contradiction since z(t) is negative as defined in (23). Hence the proof.
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Theorem 4. Suppose equation (2) satisfi diti )-(i i
and the following condition @ B

(x) There exists a positive and differentiable functi
t), ¢t >
that ¢'(t) < 0 and on ¢(t), t > ¢, for some t, such

f (1) fi(t)Fi(1,0,0,0,...,0) / ut) dt = co.

Then all bounded solutions of equation (1) are oscillatory. '

Proof. Differentiating (23), we have

) 1
(31) Z(t) > msﬁ(t) ;fs(t)ﬂ(wn(t),z;i(t),---,%?"‘Q(t))-
Since
(32) Z(t) > 6(t) Y fi(t)Filz(t — m),0,0,...,0) / z(t — m)
iel
> () Y fi(t)Fi(t,0,0,0,...,0) / pt. i
ied

Integrating (32), we get

z(t) > z(t)) + fhm [$(s} D fi(5)Fi(5,0,0,...,0) / ps] ds.

Ih.e 1 llt- a de oes to ].n’ll tu as t — 00 IhlS 15 a COIltI&dlCtIOll since z t 15
( )

Example. Consider the fifth order delay differential equation

2V(t) — z(t — =0, f(t)=1>0, jow f(t)dt =00, r(t)=1>0.

The solution z(t) = cost — sint is oscillatory.
It is clear that all the conditions of our Theorem 1 are satisfied.
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