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GREEN’S FUNCTIONS
FOR LINEAR SECOND ORDER MATRIX SYSTEMS

BY
G. RUBIO and L. JODAR

1. Introduction. It is well known that for the scalar case, the solution of
two-point boundary value problems for linear partial differential equations may be
reduced to the solution of ordinary differential equations containing a parameter
and subject to certain boundary value conditions. The boundary value problem

po(t) 22 (t) + pr(8)=1(1) + po(t)z(t) = 0
mi12(0) + niz(b) + mipzN(0) + npzl(®) = 0;  i=1,2

where m;;, ny;, for 1 <1, 7 < 2, are constants and p; are complex valued functions
on the closed interval [0,b] and p2(t) # 0, on [0, 8], is completely studied in [1,6].

The aim of this paper is to construct Green’s functions associated with the
vectorial two-point boundary value problem

. () + Az (1) + Aoz(t) = £(2), 0<t<b
D) A02(0) + Nopz(b) + MipzM(0) + Nipz ) (b) = Ry i = 1,2

where for each ¢ in [0, 8], the unknown z(t), the value f(t) of the continuous func-
tion f and all coefficients appearing in (1.1) are matrices in C**"™. Boundary value
matrix problems of the type (1.1), with simpler boundary conditions have been con-
sidered from the Green’s functions point of view in several papers such as [15,16,9),
but all of them have the inconvenience of reducing the second order problem to an
extended first order equivalent problem. This fact involves the computation of the
matrix exponential exp(¢tC), where

_[o 1
o=[h Al

In these approaches the Green's function is given in terms of exp(¢C) which
involves an increase of the computational cost of the problem and a lack of expli-
citness because the solution z(t) of (1.1) is given in the form z(t) = [I, 0]iAt), where
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y(t} is the solution of the equivalent first order boundary value problem. In [5], the
problem
=2(t) + 4,210(1) + Aga(t) = f(1),
y(0)=y(d)=0, 0<t<b

is studied avoiding the above reducing approach and the Green’s function of the
problem is explicit in terms of data dimension and appropriate solutions or the
differential equation

(1.2) (1) + A= () + Agz(t) = 0

but although the existence of such solutions is clear, they are not constructed in
an explicit way. In [11], an explicit construction of the Green’s function associated
with the boundary value problem is given in terms of a complete set of solutions
{Xo, X1} of the algebraic matrix equation

(1.3) X2+ A X +A=0.

In this paper we obtain an uniqueness condition for the solution of (1.1) as well
as an explicit expression of the solution of the problem in terms of a Green’s matrix
function G/(t, s) constructed in terms of data dimension and only one solution X
of the matrix equation (1.3).

The paper is organized as follows. In section 2 an uniqueness condition for the
boundary value problem (1.1) is given. Section 3 is concerned with the construction
of the Green’s function and in section 4 an explicit solution of the problem (1.1) is
presented.

2. Uniqueness of solution. This paper is based on the existence of a
solution X of equation (1.3) which has been studied with different tecniques and
by different authors, [2,3,4,6,10,12).

Lemma 1. Let X, be a solution of (1.3) and let Ui(t), Ua(t) be the matrix
functions defined by

(2.1) Ur(t) = exp(tXe); Ua(t) = /0 exp[(t — s} Xolexpf—s(Xo + A;)]ds

(i) the general solution of (1.2) is given by
(2.2) z(t) = U\ ()P + Ur(1)Q

where P, Q, are arbitrary matrices in C"%",
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(ii) the block matrix function W (!} defined by

Uiy  Ua(t)

(2.3) W= ol v

is invertible for all real number t.

Proof. Part (i) is a consequence of lemma 1 of [7]. Note that

(2.4) W(t) =
[ exp(tXo) [ expl(t — 5) Xolexp[—s(Xo + Ay)]ds ]
- Xoexp(tXg) Xy f: exp[(t — s) Xylexp[—s(Xo + A;))ds + exp{—t(Xo + A4, )]

Now, from lemma 1 of [8] it follows that W{t) is invertible and

* - ! -5 ex - & ds
) W(t)_l h [* fo el :f((;))[t(;[o(t-i- Al))(]XD ! Al)] } '

Remark 1. Note that from lemma 1 the unique solution of (1.2} satisfying
z(0) = ¢q, {1(0) = ¢y, is given by (2.2), where

al=werz]= o 2l

Let us consider the homogeneous problem associated to (1.1)

() + Az () + Agz() = 0; 0<t<b

(26) Miz(0) + Naz(b) + Mzt (0) + Nipzft)(b) = 0; 1=12

Now, we are going to show when the boundary value problem (2.6) has no nontrivial

solution. . -
By imposing that the general solution z(t) of (1.2) given by (2.2) satisfies the
boundary value conditions of (2.6}, it follows that

2] L

where § = (Sij),; j<2 is the block matrix defined by

(2.8)  Sij = MiyUj(0) + NaU;(8) + MUV (0) + NoUI (), 1<dj<2

Hence it follows that problem (2.6) has no nontrivial solution if and only if the
matrix S defined by (2.8) is non singular.
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Let z,(t) be a particular solution of
(2.9) 2B (8) + A=V (1) + Aez(t) = f(1)
then, from lemma 1, the general solution of (2.9) is given by
(2.10) 2(t) = z, (1) + U1 ()P + U (8)Q.

Note that z(t) given by (2.10) satisfies (1.1) if and only if matrices P, Q satisfy
Pl [k,
slol=[%]
I(I = Rl . M“IP(O) == N“J!p(b) o MIQJ?’(J”(O) e lea’l?;,l)(b),

K2 = Ry — M212,(0) — Npyzp(b) ~ Moozl (0) — Nagz} ! (b).

Hence, problem (1.1) has a unique solution if matrix S is non-singular.
3. Green’s functions in terms of data dimension. We begin this section
with a definition of Green’s matrix function analogous to the one of scalar case [6].

Definition 1. Let G(t,s) be 2 C"*" valued matrix function defined on the
square 0 < i,s <b. We say that G(¢, 5) is a Green’s function for the problem (2.6)
if the following properties are satisfied:

i) G(t,s) is continuous in (t,s) € [0,8] x [0,b]. Moreover, G /0t is continuous in
(t,8), for (t,s) on each of the triangles 0 St < s < b, 0<s<t<b.
it) If I is the identity matrix in C™X" one gets the jump discontinuity:

where

' oG oG
(3.1) 3{(5+0,s)—3t-(s—0,s):1.

#ii) As a function of t, G(t, 5) satisfies (2.6) in [0,8], if t # 5.

In order to construct G(t,s), let {U1(.),U2(.)} be the pair of functions intro-
duced in lemma 1. As G(t,5) must satisfy (1.2) for ¢ # s, then, from lemma 1,
there exist matrices Fi(s), Qi(s), i = 1,2, such that

(3 2) G(t,s) = UI(t)P]_(S) -+ Uz(t)Ql(s)
' G(t,s) = Ur(t) Py(s) + Ua(t)Qx(s)

As G(t,5) is continuous at ¢ = s, one gets
(3.3) [Uh(8)P1 + Ua(s)Q1] = [Un(s) Py + Ua(5)Q2) = 0.
From (3.1} it follows that

0<t<s,
s<t<bh.

(3.4) [0 5)P + U (9)@s] - A+ U] = 1.
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Let us write
(3.5) Pi=P— P,
Then (3.3) and (3.4) take the form
Ur(s)Ps + Ua(s)@3 =0
Ui(s)Ps + U (5)Qs = 1

Qs=0Q2—- .

) R _ [0
(3.6) we [ 2] =[9].

where W(s) is the invertible matrix defined by (2.3). Thus maf.rices Pa, @3, are
uniquely determined. Now, from the expression of (W(s))~! given by (2.5), the
unique solution of (3.6) is given by

Py(s) = —~ [5 exp(—uXo)exp [(s — u)(Xo + A)] du

Qa(s) = exp {S(X(] -+ Al)] :
Note that as matrices P3(s), Qa(s), are given by (3.7), from (3.5) it follows the
Green’s matrix function G(t,s) defined by (3.2) is determined if we find matrices

Py(s), Qa2(s). For this we require that G(t, s) defined by (3.2) satisfies the boundary
value conditions of (2.6). Thus Py(s), Q(s) must satisfy the algebraic system

) ola] = [56]

(3.7)

where S is given by (2.8) and
La(s) = Mu [U1(0)Po(s) + Ux(0)Qs(s)] + Miz [Uf2 (0)Pa(s) + U (0)Qs(s)]

La(s) = Ma [U1(0)Ps(s) + U2(0)Qs(s)] + Mz [Uf (0} Pa(s) + U™ (0)Qs(s)]
Taking into account (2.1), it follows that

Li(s) = (M1 + M12X0) Ps(s) + M12Qa(s),
La(s) = (M2 + M33X0) Pa(s) + M22Q3(s),

where P5(s), Q3(s) are given by (3.7). '
Let T be the block inverse of the matrix 5, T = (i'}_,—)ls,-.jsg, where T;; is a
matrix in C"*” for 1 < 4,5 < 2. Then from (3.8)~(3.9) we have

Py(s) = Tir Li(s) + TizLa(s) = Ty [(M11 + Mi2Xo) Pa(s) + My2Qa(s)] +
+ T2 [(M21 + M2 Xo) Pa(s) + M22Qa(s)),

Qa(s) = Ty Li(s) + Taz Lo(s) = Tor [(M11 + M12X o) Pa(s) + M12Qs(s)] +
+ T12 [(May + M32X0) Pa(s) + M32Qs(s)],

where Ps(s), Qs(s), are given by (3.7). Thus the following result has been estab-
lished:

(3.9)

(3.10)
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Theorem 1. Let us assume that equation (1.3) has a solution X, and let Uy,
Uz be defined by (2.1). If the matrix S defined by (2.8) is non singular, then the
boundary value matrix problem (2.6) has a unique Green’s matrix function defined
by (3.2), where Pa(s), Q4(s) are defined by (3.10), Ps(s), Qa(s) are determined by
(3.7), and Pi(s) = Pa(s) ~ Pa(s), Qi(s) = Qz2(s) — Qs(s).

4. Solution of the non-homogeneous boundary value problem. Let
us consider the intermediate boundary value problem

(4.1) () + AzlV() + Agz(t) = f(t), 0<t<b
' M§1$(0)+N,‘]&t(b)+Mg212“)(0)+N.'311“J(b) =0 1=1,2

It is an easy matter from section 2 that if problem (2.6) is well-posed, then when
[ is continuous, the boundary value problem (4.1) has a unique solution. Now,
we are interested in obtaining such a solution in terms of the constructed Green’s
matrix function. Let z(¢) be defined by

b
(4.2) 2(t) = /0 G(t, 5)f(s)ds,

where (¢, 5) is the Green’s function constructed in section 3. Let us rewrite (4.2)
as:

t b
x(t):j; G(t,s)f(s)ds+./t G(t,s)f(s)ds.

Taking derivatives and using the Leibnitz’ rule, we have

t b
M) = A B—th’—s)f(s)ds+c(t,t)f(t)+ ; QG—gLs—)f{s)ds—G(t,t)f(t)
t a2 s i b 02 r
(1) = 0 %f(s)d5+ gci;__o_)f(t_g)_,_ , Q_.Ca"_g_’_)f(s)ds_
aG(t,t +0) [P 3G, )
-+ 0)= A f(s)ds + £(2)

because of continuity of f(f) and (3.1).
Then, from property (iii) of definition 1, it follows that

(1) + 4120 (t) + Apz(t) =

a2 ot
Furthermore, as G(%, 5) satisfies (2.6) it follows that

Miz(V) + Naz(b) + Mipz!V(0) + Nzt (b) =

&
:fo [82G(t,s) +A|BG(t,s) +AOG'(t,s)] f(s)ds + f(t) = f(t)

b
= ] [M,-lc(o, 5) + Ny G(b, 5) + Mm%‘;(o, 5) + N,-zaa—f(b, s)] F(s)ds = 0;
o

t=1,2.
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Thus, the following result has been proved:

Theorem 2. The boundary value problem (4.1) provided th'at problem (2.6)
is well-posed and f(t) is continuous, has a unique solution z(t) given by (4.2).

Now the solution of the problem (1.1) can be easily obtained.
Let us consider the non-homogeneous systems:

2ty + Az + Agz(t) =0, 0<t<b,
(4.3) M z(0) + Niyz(b) + Mzt (0) + N-.-ﬂ“l)(b} =1,
Ma12(0) + Noyx(b) + Mgzz(l)(O) + NQQI( )(b) =0
and

22(1) + A2 (1) + Aoz(t) =0, 0 < <b,
(4.4) My z(0) + Nyyz(b) + Mipz1H0) + anx{t)(b) =0;
Ma1z(0) + Nayz(b) + Mazzt1(0) + Nopz{M(b) = I

As above, they have a unique solution. Let us denote G(t) and Gz(lf) the solution
of problem (4.3) and (4.4) respectively. From theorem 2 the solution of (1.1) is

given by
b
(4.5) z(t) = G1(t)Ry + G2(t)R2 +/ G(t,s)f(s)ds.
0
Now, from lemma 1, we may obtain G(t) aqd G»(t) by imposing the boundary
value conditions (4.3) and (4.4) to the expression

z(t)y=U,(t)P + Us(t)@Q
[a]=5"[s] =[]

8] =5 [})= %]
for G2(t).

Thus, the following result has been proved:

Theorem 3. Let us assume that equation (1.3) has a solul}ion Xo 'amd let

Uy, Us be defined by (2.1). If the matrix S defined by (2.8} is non-singular,

TZ§ = (Ti)1<: j<2» and f(1) is continuous, then the boundary value problem
= <ig<y

(1.1) has a unique solution given by (4.5), where
Gi(t) = Ur(1)Tn + Ua(H)Tny
Gg(t) = U](!)le + Ua(t)Te

This lead us to

for G4(t}, and
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Remark 2. Note that the solution of problem (1.1) provided by theorem 3 in
terms of the Green’s matrix funetion G(t, 8), involves the computation of the matrix
exponentials exp(¢tXo) and exp(t(X, + A1)}, There are many different techniques
and procedures for computing the matrix exponential [13,14].

It is important to note that our approach allows us to construct in an explicit
way the Green’s function G(t, s) and it is obtained without increasing the dimension
of data. However, our algebraic approach is not universal because the associated
algebraic equations (1.3) may be unsolvable, see [7], for instance. An interesting
fact of our approach is that when one replaces in the Green’s function G(t,s), the
exact solution X, by an approximate solution Zy, for example when one solves
equations (1.3) by an iterative method, [4], then the corresponding approximate
Green’s function Gn(t,s), is such that the approximate solution z,(t) of (1.1),
replacing everywhere Z, by Xq, is of the same order of the approximation z, of
z9. The proof of this fact is straighforward and is omitted.

Finally, we remark that all conclusions of this paper remain valid when f(t)
and z(t) takes values into B(X) the algebra of all bounded linear operators on
a Banach space X. In this case, methods for obtaining solutions of (1.3) in the
infinite~dimensional context may be found in [4] and [7].
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