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UNIFORM DISSIPATIVE SOLUTIONS FOR SOME FOURTH ORDER
NONLINEAR DIFFERENTIAL EQUATIONS
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1. Inéroduction. Consider the following fourth order nonlinear differerential
equations with two nonlinear functions:

{1.1) 20 4 fil") + fo(2") + c2’ + dz = p(t,z, 2, 2" 2",
(1.2) 2™+ (@) + b2 + fo(e') + da = p(t, 2, 2", 2, z");
and

(1.3) 20iv) + f;(;':m) +be" + ez’ + falz) = p(t,z, 2, z"',z’”);

The case for the equation
(1.4) 20V 4 g™ 4 b2t 4 fa(2") + falz) = plt, 2, 2, ", 2.

was studied in [5].

We shall be concerned with the uniform dissipativity of solutions for these
equations using the frequency domain method. The situations where one of the
nonlinear functions in each of the equations (1.1) through (1.3) is linear was dis-
cussed in [7,8) by Barbalat and Hal anay. Problems of these form have been
studied earlier by Ezeilo and Tejumola [9), Harrow [11), amongst others,
usind the Lyapunov theory. For a good listing. the reader is referred to Ressig,
Sansoneand Conti[14], Chapter 6 and the references therein. However, the use
of the frequency-domain method introduced by Popov, Kalman and Yacubovich
and latter generalizations by Yacubovich [15,16,17], Barbalat and Halanay [8] con-
tinues to attract the attention of many researchers. The recent work of Afuwape
{1,5], Yunger [18] with the references therein are examples. In [1}, a duality princi-
ple was introduced and applied to some third-order nonlinear differential equation
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arising from the Vacuum tube circuit problem. In continuation of this appplica-
tion,we shall consider dual equations to equations (1.1) through (1.3) in the forms:

v d3 d2
(1.5) U+ FTE l[ay + L(y)] + FTE [by + la(y)) + o + dy = p(t, v, ¢, ", v™);

] d3 ¥ d o
(16) ¥ ™+ =z fay+ h(w)] + by + 3 [y + ()] + dy = p(t, 3.V, 3",¥");
and

1 da " oo
7 v+ gg[ay+ L{y)] +by" + o + [dy + L(y)] = p(t, 0¥, ¥, y").

2. Basic assumptions and notations. We shall give in this section the
basic assumptions on our functions f;, (j = 1,2,3,4) and p, which appear in
equations (1.1) through (1.5).

2.1. Assumptions.

(A1) functions f;, (7 = 1,2,3, 4) and p are continuous in their respective arguments,
with f;(0) = 0;
{A2) there exist constants a > 0, u; > 0 such that

o< filu)/u<atm, (u#0)anda< frlu)<atm;
(As) there exist constants b > 0, ys > 0 such that

b< fa2)/z< b+, (2#0)andb< fio(z) b+ py;
(A4) there exist constants ¢ > 0, gz > 0 such that

c< fas(y)y<c+pa, (y#0)and c < fra(y) <c+ps;
(As) there exist constants d > 0, y4 > 0 such that

d < fa(z)/x S d+pa,(z #0) and d < f1y(z) < d+ py;
(Ag) constants a, b, ¢ and d in (A;)-(Ag) satisfy

Ay = (ab—c)e—a’d >0

with a consequence that b2 — 4d > 0;

(A7) Recognising that the roots w2, w? of the quadraic equation w* — bw? +d = 0
are real, we assume that

c
0<w§<;<w¥<b
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and note the identies
w2(ew? —ad) = d{c — awd), and (wi —wd) = /(b2 — 4d) = (2w? - b);

(As) constants 1, p2, p3, and pq appearing in (A;) through (As) satisfy

(7) 0 < py < d(c — awd)(w] — wi)/(ewp);
(1) 0 < p2 < (ew} — ad)/d = (c — awp)/wh;
(i#) 0 < pa < {cpi — ad)/d;

(iv) pe 2 84> 0;

(v) p/p2 < cd(w} —wi);

(vi) wi < /s < (aw} — o)(e — awd) " lwl;
and

(Ag) the function p(t, z,z’, 2", 2'"") is bounded for all ¢.
2.2. Basic results. For completeness, we recall the following results for
general nonlinear diferential system of the form

1) X' = AX - Bé(0) + P(t,X), o=C"X,

where A is a stable (n x n)-real matrix, B and C are (n x m)-real matrices, (with
C* as the transpose of C), ¢(c) = col{¢;(e;)),(j = 1,2,...,m) and P({, X) is an
n—vector.

Suppose that
(#) for | o [> Ao,

0 < adj(a) < poja?;  —ay; < dj(a) < ay;

with gp; < agj and ay; > 0;

(i1) for all (¢, X} € R™*! | P(¢, X) {£ po- o
Let M = diag(pe;); D' = diag(aj); D" = diag{a;) and for all w € R,

Giw) = C™(iw] — A)™'B.



434 AU, AFUWAPE 4

Theorem A [8]. Suppose that for (2.1) there exist diagonal matrices D; > 0,
D3 > 0 and D, such that the frequency-domain matrix inequality

(2.2) D1 + Re{[D\ M + iw D,)G(iw)}+

+w?Re{ D3I + (D" — D')G(iw)) — G* (~iw) Dy D' D" G(iw)} > 0
holds for all w € R, and such that the supplementary condition

A
(2.3) lim D, (Ilz") diag Ua éi(a)do — %qs,-(,\)] >0

fA|— oo

holds, then system (2.1) has uniformly dissipative solutions.

Definition [1]. The system
Y'=A1Y-B|¢(E’)+P1(t,Y), E:C-Y

is called the dual of system (2.1) if Ay = A*, By =C, C, = B and Py = TP, with
T a nonsingular matrix transformation.

Theorem B [1]. If in system (2.1), (A, B) and (A", C) are completely con-
trollable, then the frequency domain conditions for its dual systems are equivalent.

2.3. Notations and initial results. In the process of using the generalized
theorems (Theorems A and B), on equations (1.1} through (1.3), the following
notations and results shall be used:

Let s=w? —bw?+d;, t=c—aw’and |A [ =52 +u?2 weR. By (A7),
the roots of s = 0 are w} and w}. Since 0 < w2 < c/a < wi < b, 5 and ¢ cannot be
simultaneously zero.

Lemma 1. For some constant §; < 0,

1 wi(s +w?éyt)
Typuwi)s - -2 T = 17 0,
{e’) @ ap ~

for allw € R whenever

d(c — awd)(wf — wj)

4
cwy

<<
Proof of Lemma 1. Choose
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Lemma 2. For some constant §2 > 0,

ay _
§_wilt=b) izs) >0,
# A

T?(”:wz)

for all w € R, whenever

c—aw% _ cu?—ad)

Proof of Lemma 2. Choose

for all w € R whenever )
0< < {aw; —c).

Proof of Lemma 3. Choose §3 to be any positeve quantity.

Lemma 4. For some constant 64 > 0,

1 s+w?byt
=" >0,
T4(#sw)—p+ (A

for allw € R whenever 0 < g < (Aq4fa?).
Proof of Lemma 4. Choose
a*(aw? —¢)
by = —————=.
Ay

2
We also note that for some negative values of 84 we have 0 < g < Aq/a®. For

xample 84 = —a%(c — awd)/As. ' '
’ 3? R.::sults on equation (1.1) and its dual. Consider the equation

(3.1) 2 4 £ (™) + fa(2") + ez’ +dz = p(t, 2, 2’, 2", 2"").

Theorem 3.1. Suppose that in equation (3.1) functions f1,f2 safisi}_' the as-
sumptions (A, ),(A2) and (A3) with the positive constants ¢ and d satisfying (As)

and p satisfying (Ag).
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. Suppose further that the supplementary conditions

(3.2) Jim { fo f1(€)de - %ufl(u)} >0,
and

) 1 ?
(33) dim 2 { [ pos- Jene)} <o

are satisfied,
Then, equation (1.1) has uniformly dissipative solutions.

Remark 1. If fi(z"') = az’, a > 0 in (1.1),then we obtain the equation
(3.4) %) 4 4z + fo(2") + c2’ + dz = pt,z, ', X", X",

studied by Barbalat and Halanay in [8]; while if f,(z”) = bz", with b > 0 in (1.1),
we obtain the equation

3.5 z(iv) + f](zm) +bz" + ez’ + dz =p(t,z,:c', zu,zm)’

studied by Halanay in [11].

Proof of Theorem 3.1. In order to be in the situation suitable for using
Theorem A, we let fi(v) = au+ fi(u) and fo(z) = bz + fo(z). Then, fi,3=12)
satisfy

0<f(E)/E <pj, (€#0)and 0< f(8) < py.

Setting z = @1, 2] = z3, 2 = z3, § = x4 in (3.1) and

z 0 1 0 0 00
x=|=]. _{0 o 1 o}, _{0o o}
zs ] M=o o0 o 1|7 Bi=|g ol
T4 -~d —¢ -b -a 11
0 0 0
0 0 falz )) 0
C = ) = ( A3 d = :
1 1 0 1(0‘) fl(-r'l) ) an Pl(th) 0 1
01 p(t:zl:xl’:x&zg)
in (2.1).

With this setting, and assumption (4s), we have matrix (A4,) stable, hence for all
w€ER, (iwl —a)! exists.
Moreover, the transfer matrix G, (iw) = C*(iwl — 4;)"' B, is

(3.7) Gi(iw) = L\:-(L::) (ul.; ::-J)
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where A(iw) = (w* — bw? + d) + iw(c — aw?).

By assumption (A7), A(iw) # 0 for allw € R.

Now, when D, = diag(r;/p;); Dr = diag(6;/p;); (7 = 1,2) and D3 = 0; the
frequency—domain matrix inequality (2.2} becomes

(3.8) mw) = (Tl i)} 5,

morlw) waz(w)

with B -
o] w wﬂlt)
mfw)= —=-——= [ns+ —— 1,
“= |A|2( "
4
T N 928)
moa{w) = —= — et — — |,
) 78! |A|2( H2
and

==y (=520 (2
) )]

where A = A(iw) = s+ twt, and s with ¢ as given earlier.

To complete the proof of Theorem 3.1, it suffices to show that there exist diagonal
matrices Dy > 0, Dy and D3 > 0 such that inequality (3.8) holds for all w € R,
and for which the supplementary condition (2.3) holds. o

By Sylvester’s criteria, {¢f [10]), inequality (3.8) will be true for all w € R if either

m{w) > 0 and det.7my(w) > 0, forallw € R,

or
m22(w) > 0 and det.m (w) > 0, for all w € R.

Choose 1; > 0, ( = 1,2). Then, m;1(w) can be rewritten as

(39) ] { 1 "‘)2[(‘”4 - bw2 + d) + wzal(c — aw:!)/#l’_l] } .

;.t_; a (w? = bw? + d)? +w?(c — aw?)?
This will be positive for all w € R by lemma 1, and for all

0<m < d(c—awﬁ)gwi‘*wé),

cwy

8 awi — ¢
LA ( 02 )<0.
T WO
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In a similar manner, 725(w) can be rewritten as

' { 1 w"[“—:ﬁ;(u“ — bw? +d)—(c—aw2)]}
Tg{ — '

(3.10) iy T (Wt — b7 1 )7 ¢ w2(c — awt)?

which will be positive for all w € R by lemma 2 and for
(3.11) 0 < pa < (¢ — awf) fuwf

if
0<8/r2 < Agfc®.

Next, a stmplification of det. 7, (w) gives

2 2
T2 [ ) w Hlt
3.12 det.m{w) = = X —(Ts-f- )+
(3.12) 1) mpz A {ﬂz ' M

2 0 2 2 2
+ﬂ (rgt = Ls) + = (Tl +w2g?~) +uw? (rzt = EI—) .
i T 4 Ty m
For_puy, u» satifying (Ag) and 75 chosen large enough, this will be positive for
allw e R,
This becomes clearer, if we evaluate (3.12) at w? = 0, wi, ¢fa, w?, band as w?

tends to oo respectively.
Finally, evaluation of (2.3) with Dy = diag(;/p;), (7 = 1,2) gives

e[ ;
(3.13) :zl?l_n’m ;%- {'/0 fa(a)da — %fz(ta)} 20
and
(3.14) Jlim % { ]0 * fi(a)da - %‘f](n)} >0,

with 7; >0, (j =1,2).
Clearly, these inequalities hold with the conditions on #, and 8,. This completes
the proof of Theorem 3.1.

The dual system equivalent to the system corresponding to equation (3.1),
with the choice of matrices 4;, B;, C; as in (2.1} is

(315) yi == _dyd +p(tsy1:y2: Y3, y4)1 3/2 =¥ — cyy,
Y3 = y2 — bys — Ia(ya), Ya = ya — ays — l1(ys)
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with the basic assumptions on functions I;{y4) and I3(ya) given by
(A10} I} has continuous first, second and third derivatives such that

a+i(y) >0, 1w =20, I'(y<0

for large values of | y |.
{Ai1) Iz has continuous fist and second derivatives such that

b+ >0,  Hy)>0

for large values of | y |.
On setting y4 = y, system (3.15) is equivalent to the fourth order nonlinear
differential equation

] ds d2 ! ' 11
(3-16) ™ + —glay + h(w)] + by + L(y)] + ey +dy = p(t, v, ¥",¥").

A direct application of Theorem B yields the foliowing;:

Theorem 3.2. Suppose that a, b, ¢, d are posirive constants in (3.16) such
that assumption (Ag) holds and pt;, u, are nonnegative constants such that as-
sumptions (Ag) hold. Suppose further that l;(y) and l5(y) are functions for which
assumptions (A10) and (A1) hold and such that 0 < I{{y) < u; and 0 < ly(y) < p»
for sufficiently large values of | y |.

Then, equation (3.15) has uniformly dissipative solutions.
4. Results on equation (1.2) and its dual.
Consider the equation

4.1) ' 4 fi(z") + b2 + fa(2') +dz = p(t, 2, 2', 2", 2'").

Theorem 4.1. Suppose that in equation (4.1), functions fy, fo, satisfy as-
sumptions (Ar), (Az), and (A4) with the positive constants b and d satisfying (As)
and p satisfying (As). Suppose further that the supplementary conditions

(4.2) Jim S { [ n - Junc 20
and

. 1 Y 1
(43) Jim o { [ n@re- unw} 20

are satisfied. Then, equation (4.1) has uniformly dissipative solutions.

Proof of Theorem 4.1. We shall give the sketch of the proof for this theorem,
in such a way that the equivalent frequency-domain inequality will be satisfied, for
a system of the form (2.1).
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Let fi(u) = au+ fl (u) and fa(y) = ey + fa(y). Then,

(u #0),

0< fi(w/ugm, 0< fifw) < |

and

0< fa(w)/y<ms, (v#0),

— r__
Set ¢ = z), 2] = 3, 2§ = za, z§ = x4 we have

0 < fa(y) < ps.

z, 0 1 0o 0 0 0
44) x = | *2 =A=|0 0 1 0 _ 0 0],
(4.4) 2, | > A2 =4 0o 0 o 1 |B=B=[g ]
a4 —d —¢ =~b -—a 1 1
0 0 0
1 ¢ fa(2) 0
Cy = ; @20 _—,(.3 27 ). and Po(t, X) =
0 ? 2() f1(34) :a'n 2(1 ) 0

p(tr Iy, ¥2,23, Ié)
Choosing the diagonal matrices Dy > 0, Dy, D3 > 0 as

— Tl/f-‘l 0 ; _ 91/p1 0 f
S ( 0 TS/"S), Dz = ( 0 93/#3 ; DaEO,

the frequency domain inequality (2.2) becomes

(4.5 - (”ll(“’) mia(w)
- )= ) 7o) ) > O
with
T1 wz 918
1r11(w)-—+——(1-¢_ )
AR\
2
maa(w) = & 4 (933 -r3t)
3 A\ pa
and
— I w?; 6
M3 = _— 2 r2B_ =0 2
BETIT AT {“’ [( " m)”(‘" : ’3)‘] "
+iw [('rl +w273) s+ w? (fl_ +w2ﬁ) t]} ,
H1 H3

where as before, s = w? — bw? +d, t = ¢ — aw? and | A 2= s + w22
We note that

2
(4.6) det. m(w) = 2 + 2« {[E_ ( { — &
“= s AP U\ 5%
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2 1 6 8:\°
T} (9—33 - rat)} ~ 2| (m +wPns) +u? (—1 +w2—3) .
o\ p3 4 # M3

Inequalitity {4.5) will be valid for all w € R, since by following the analogous
analysis carried out in section 3, we can use lemma 3 and lemma 2 respectively,
with

0 < py < aw? — ¢ when 8 /1 >0,

and
0 < p3 < (cw? — ad)/d, when 0 < 03/75 < A4/ (ac).

Moreover, we also have
2 . M1 awi —c\ ,
wh < = < | ——5 ) wj,
£3 C — awg

as given in (Ag), when 85/6, > a/c.

Thus, the supplementary conditions (4.2) and (4.3) would follow. This com-
pletes the proof of the theorem.

The dual to the equivalent system corresponding to system (2.1) with the
choice of Ay, B2, C2 and &3 in (4.4) is

(47 ¥y = ~dya +p(t, 1, 42,93, 05), ¥ = 01 — cva — Ia(va),
yE- ) ! —b — - =
Ys = ¥2 — by, s = ys ~ aya — I {ys)

with the basic assumptions on functions {1{ys) as (A;0) and l3(ys) given by
{A}2) I3 has continous first derivative such that

¢+ 4(y) > 0, for large values of |y .

Thus, using Theorem B, we have the following result for the equation

d3 d 7 I
(4.8) ¥+ Eﬁ[ay+ L) +by" + -‘E[cy + L))+ dy=plt,y, vy, ¢").

Theorem 4.2. Suppose that a, b, ¢ and d are positive constants such that
assumption (Ag) holds, and jy, p3 are nonnegative constants such that the corre-
sponding assumption in (As) holds. Suppose further that functions Uy (y) and la(y)
satisfy asumptions (Ayo) and (A1) and for sufficiently large values of | y |, we have

0<fiy)<m and 0<lyy) < pa.

Then, equation (4.8) has uniformly dissipative solutions.

5. Results on equation (1.3) and its dual. Consider the equation

(5.1) ' o+ fl(l?m) 4+ be" + C:E'-I-fq(l') - p(t,z,z',z",:n"’).
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Theorem 5.1. Suppose that functions f;, fy satisfy the assumptions (A1),
(Az), and (As), the positive constants b and ¢ satisfying assumption (As) and

function p satisfies assumptions (Ag). Suppose further that the supplementary
conditions

, 1 ¥ u
(52) Jdim [ nede- 3w} 2o
and
(5.3) |='|i.’.“oo ;I.; { fo fa(€)dg — §f4(x)} 20

are satisfied. Then, equation (5.1) has uniformly dissipative solutions.

Proof of Theorem 5.1. Let fi(u) = au+ fi and fy(z) = dz + f4(x). Then,
for u and z sufficiently large , by assumptions (4;) and (As), we have

o< ™y wro, o< fiw<m,
and .
o< Dy @20, 0<fi@ <m

Set z = zy, £} = x4, 74 = 23, a4 = z4. Then for

T
X = ;: ; As = A, B3 = By, P3 = Py (as in section 3);
xq
1 0 .
and Gy= [, o], wehave ®s(0)= (fﬂ)
1T
01

Thus,

Ga(iw) = C3(iwl — As)_lB3 = ! ( 1 i 3) .

Aliw) \ ~iw® —iw

Let us now choose diagonal matrices D, > 0, Dy, Dy > 0 in the frequency-
domain inequality (2.2) as

D = T1/m 0 ) _{0/m 0 ) _
! ( 0] Tafpu—4)" Dy 0 'WINE Dy =0.

13 FOURTH ORDER NONLINEAR DIFFERENTIAL EQUATIONS 443

Then, the frequency-domain inequality becomes

Ty T
(5.6) () = («ii AZ) >0
with .
T i
m(w) = L+ TNE (r;s+w2—l) ;
4
T4 w 845
i) =3+ 757 (3 )

and

_ 1 wity, 2 (&1 9
e magi {[(n+ ) (3
. 40
+iw{[(a—1 +w2*r4) s+ (W-———4 —n) t]}
#1 H4

Inequality (5.6) will be true for all w € R, folowing the analysis in section 3 and
that in [5], we have

0< py < Agfa’, when 0<8/n < (aw? = ¢) (by lemma 4)

and
0 < pa < (¢ — awd)/wk, when 0 < f4/74 < A4q/f¢? (by lemma 2).

The determinant of w(w) is given by

2
TIT4 1 T4 w G,t)
. = — 4+ —= X — |15+
(5.7) det.m(w) pia + AL {LH ( 1 o

4 2 1]
—{-1l (6‘_4s_ —1'4)] - l ('rl =Y 94) + (--l- +w2‘r4) .
B\ pa 4 Ha H1

Inequality (5.6) is fullfiled for all w € R if p4 is chosen such that

& . P S 2
He < }lw2, with &2 either w? or w?
1

which holds whenever ¢/a < b/2. The supplementary conditions (5.2) and (5.3)
clearly follow by these choices of §; and 8. This completes the proof of the th_eorem.

The dual to the equivalent system corresponding to system (2.1) with the
choice of A3, B3, C3 and &2 in (5.5) is

v, = —dys — la(ys) + P(t, Y1, V2,43, ¥8), ¥2 = ¥ — Y4,

(5-:8) y3 = y2 — bya, yh = ya — aya — Li(ys)-
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The basic assumptions on the function /;(y4) is as before given by (A4} and on
function I4(y4) given by
(A13) 13(y) is continous and satisfies

d+14(y) >0, for large values of |y|.
On using Theorem B, we have the following resuit for the equation

) 43
(5.9) v+ Sy + LW+ by" + o + [dy+ L(y)] = p(t.y, ¥, v, ¥").

Theorem 5.2. Let a, b, ¢ and d be positive constants in (5.9) such that
assumption (Ag) holds. Suppose that p,, us are nonnegative constants such that
assumption in (As) hold.

Suppose further that functions I (y) and l4(y) satisty assumptions (Ay0) and (A13),
and such that for sufficiently large values of | y |,

0<hi(y)<pm and 0<ly(y) < pg

hold. Then, equation (5.9) has uniformly dissipative sofutions.

Acknowledgement. The author would like to thank Professor Abdus Salam,
the International Atomic Energy Agency, UNESCO and SAREC, the Swedish
Agency for Research Co-operation with Developing Countries, for hospitality in
the International Centre For Theoretical Physics, Trieste, Italy.

REFERENCES

1. Afuwape, A.U. — On the applications of the frequency domain method for uniformly
dissipative nonlinear systems, Math, Nachr. 130(1987}, 217-224.

2. Afuwape, A, U. — An application of the frequency domain criteria for dissipativity of a
certain third-order nonlinear differential equation, Analysis 1(1981), 211-216.

3. Afuwape, A.U. — Uniform dissipative solution for a third—order nonlinear differential
equation. In Differential Equations, (I.W.Knowles and R.T.Lewis eds.), Elsevier science
Publishers. B.V.North Holland, pp. 1-6 {1984).

4. Afuwape, A.U. — On some properties of solutions for certain fourth-order nonlinear dif-
ferential equations, Analysis 5 (1985), 175-183.

5.Afuwape, A. U, — Uniform dissipativity of some fourt-order nonlinear differential equations.
Ann. Stii. Univ. 'ALLCuza’, Tasi, (to appear).

6.Barbalat, I. — Conditions pour un bon comportement de certaines equations differentielles
du troisiéme et du quatriéme ordre, In Ecuations Differentielles et Fonctionnelles Non-
lineares, {P.Janssens,J. Mawhin and N.Rouche eds.), Hermann, Paris, 80-9t, {1973).

7.Barbalat,l. and Halanay, A. Conditions de comportement “presque lineaire” dans
la theorie des oscillations, Rev. Roum. Sci. Techn. Electrotech. et Energ. 29, (1974),
321-341.

15 FOURTH ORDER NONLINEAR DIFFERENTIAL EQUATIONS 445

8. Barbalat,[.and Halanay, A. Nouvelles applications de la méthode frequentielle dans
la thedrie des oscillation. Rev, Roum. Sci. Techn. Ser. Electr. et Energ, 16 (1971),

689-702,
9.Ezeilo, J.O.C.and Tejumola, HO. On the boundedness and the stability of sclutions

of certain fourth-order differential equations, Ann. Mat. Pura. Appl. {IV), XCV (1973),
313-145.

10. Gantmakher, F.R. — Theory of Matrices, {1967).

11. Halanay, A. — Frequency — domain criteria for dissipativity. In Ordinary Differential
Equations, (L.Weiss, ed.), Academic Press, 413416 {1972).

12. Harrow, M. — Further results on the boundedness and stability of some differential equa-
tions of the fourth order. SIAM.J.Math. Analysis. 1, no.2, (1970}, 189-194,

13.Popov, V.M. — Hyperstability of Control Systems, Editura Academiei, Bucuregti - Springer
Verlag, Berlin, Heidelberg, New York (1973).

14. Reissig, R.,, Sansone, G. and Conti, R. — Nonlinear Differential Equations of Higher
Orders. Noordhoff Int. Publishers, Leyden, (1974).

15. Yacubovich, V.A. — The matrix-inequality method in the theory of the stability of
nonlinear control systems. Aut. Remote Control, 25 (1964), 905-916.

16. Yacubovich, ¥. A. — Frequency conditions for the absolute stability and dissipativity of
control systems with a single differentiable nonlinearity. Soviet Math. 6 {1965), 98-101.

17.Yacubovich, V. A. — Frequency-domain criteria for oscillation in nonlinear systems with
one stationary component. Sib. Mat. Journal, 14, no. 5 (1973), 768-788,

18. Yunger, . B. — Criterion of absolute stability for automatic systems with nonlinear vector
elements. Aut. Remote Control, 50, no.2 {1989}, 186-197.
Received 1.X.1990 Department of Mathematics

Obafemi Awolowo University

Ile - Ife, Nigeria



