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DISITRIBUTIONS IN TWO SPECIES COMPETITION WITH
AGE AND TIME LAGGED DENSITY DEPENDENCE

BY
A.A. AMMAR and O.A. EL-LEITHY

Introduction. Let P;(t) and P,(t) denote the total population sizes (or
biomasses) at time ¢ > 0 of two interacting species living in a common habitat and
competing for a common pool of resources. The competition for resources will be
implicit in our model similar to that in the two species Lotka-Volterra competition
system. Assuming constant sex ratios in the two species we can consider Py(t) and
Py(t) to be the population of females only; immigration, emigration and internal
dispersion in the habitat are assumed to play no significant role in the dynamics
of the community.

We suppose that the two species contain respectively p1(a, t)da and py(a, t)da
individuals with ages between a and a + da (@ > 0) at time ¢ so that we have

(1.1} Pi(t)= /pl(a,t)da, Po(t) = jpg(a,t)da, t>0
0 )

The rates of change of the two species densities are by definition Dp,(e,t) and
Dps(a,t) where
i(a+h,t+h) - pi(a,t)
A ,
Assuming the existence of the limiis in {1.2) We consider the following time
lagged model system
Dpi(a,t) + fi(a, Pi(2), P2(t = 7))or(a,t) = 0,

1 0
1,2,

1

. = im P
(12) Dpi(a,) = lim

(13) Dpy(a,t) + fa(a, Pyt — 1), Po(t))p2(a,t) = 0, a>0t>0
p1(0,1) = /bl(a, Py(t), Py(t — 7))p1{(a,t)da,
(1.4) 0 t>0

p2(0,t) = fbg(a, Pi(t — 1), Pa(t))p2(a,t)da,
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{1.5) pi(a,s) = ¢i(a,s}, a>0, se€[-70],i=12,
(1.6) Pi(s) = [¢i(a,s)da, s€[-7,0],
/

where 7 is some fixed nonnegative constant; fi and f, denote the age and density
dependent mortality rates with time lags in interspecific interactions, b; and b
denote the age and density dependent fertility functions again having time lags in
the interspecific interactions; ¢, and ¢, denote the initial age distributions needed
for the formulation of the model.

The model system (1.1)-(1.6) will be meaningful only if ¢),é2,f1,f2,01,82 are
nonnegative functions of the respective arguments. Also since the total initial
populations have to be finite, ¢;(.,s) should belong to L (R*) for each s € [-7,0].
We have specifically assumed that f; and b;(i = 1, 2) are independent of ¢ explicitly
and this assumption can be interpreted to represent the temporal uniformity of the
environment.

One of the fundamental questions for (1.1}—(1.6) is the following: under what
conditions on f;,b; and 7 does the system (1.1)—(1.4} have time independent
nontrivial solutions, and when such solutions exist, are they stable with respect to
some suitable stability criterion? When such stable time invariant solutions exist
for (1.1)—(1.4) we say that the two species community has a stable age distribution.
Existence of a stable age distribution is the analogue of the existence of a stable
steady state for the corresponding age independent system.

In this paper we investigate the above question for the case of a competitive
interaction with some additional constraints on the vital rates f; and & (i = 1,2).
The question of the relation between an age independent system and a correspond-
ing age dependent system has been considered by Gurtin and MacCamy [3] and
Gurtin and Levine [4] who have established an asymptotic {as t — co) relation be-
tween such modele by cunstiuatiug a higher dimensional lumped parameie: system
(in teiiws of ordinary differential equations) to represent the age depedent dis-
tributed parameter system. Assuming the existence of stationary age distributions
Haimovici [5] considers their stability in a system of two interacting populations
explicitly taking into consideration the dynamical nature of the habitat’s resources
and pollution.

In this paper we add another realistic feature namely time lags in the age
depedent models and obtain sufficient conditions for the existence of stationary age
distributions in (1.1)-(1.4) and show that the time lags in interspecific intcractions
have no effect on the linear stability of the age distributions although the decay
rates of perturbations will depend on the magnitudes of the time delays.

3 TIME INDEPENDENT AGE DISTRIBUTIONS 449

2. Existence and Uniqueness of Sclutions. We first narrate our assump-
tions on the vital rates of f; and & (i = 1,2) so that the system (1.1)-(1.6) will
denote a competition system. Let BC[0,00) denote the linear space of bounded
continuous real functions on [0,00) with the norm defined by

[| £ il= max{| f(t)}, t€[0,00)}.

Let K, be the cone of nonnegative functions of BC{0, 00). Let C[~r,0] denote
the space of real continous functions with a norm defined by || g ||= max{| g(s) |,
s € [—00,0]}; let K, be the nonnegative cone of functions in C{—o0,0]. We present
our first set of assumptions on f;, b; and ¢, for 1 = 1,2,

Al- fl GC(R+ x Kl X Kg,R"'),fl _>_d; on Rt x 1{1 x Ko,

fa € C(RY xKax K, R¥), f2 > dj on R x Kax Ky, (d1*,dy* are positive con-

stants); fi and f» are Lipschitzian with respect to their last two arguments uni-

formly ina € RY; thatis, fori = 1,2, ] fi(a, P, P3)—fi(a, P{', P§'} |< di[|| P1—

P+ || Py~ Py |]] (di,dz are positive constants), 8f1 /0P, 8f1/3P: €

C(R+ x K1 x K5, R+), 8f2/6P1, 6f2/6P2 [ C(R+ x Kg x Kl,R'I').

Ag. bl c C(R+ X K] x Kz,R"'),b] S ﬂl' on R+ x K1 bed Kg,

by € C(RY x K x Ky, R*), by < B3 on RT x K3 x Ky, (87,55 are positive

constants); by,b;, are Lipschitzian with respect to their last two arguments

uniformly in @ € RY; that is, for i = 1,2, | bj(a, P, P3) = bi(a, P{', F’) |<

Billl Pi = P! )| + 1| Py — Pj ||] (B1,B2 are positive constants), b;(., Py, Pp) €

L®(R*, R*) for fixed Py, Py, i = 1,2,

O by
3P1 ’ an

8by by

%2 002 + -
BP,’BPZGC(R x Ky x K1,R™).

€ C(R* x Ky x Ko, R),

As. ¢i(.,s) € LY(RY, RY)NC(R*, RY) for each s € [-1,0),i = 1,2.

By a solution of (1.1)-(1.6) on [0, T] we mean p; : R* x [-7,T] — R*(i = 1,2)
with the following properties:

Sy. pi(.,t) € L*(Rt,R*) for each t € [-1,TY;

Sa. pia,.) € C([-7,T),R*) for each a € R*.

Sa. Dp; exists along the characteristics ¢ —a = constant on R* x {R*N[0,77]}

and is continous (i = 1,2);

Ss. pi satisfies the system (1.1)-(1.6) for (a,t) € R* x [-7,T].

Let us first convert the system (1.1)-(1.6) into an equivalent system of integral
equations. For brevity we denote by P the pair (P, Pp). If we let

pila+z,t+z)=p(e) i=12
then

., (1.3) considered at (@ + z,t + x) becomes

dpi(z)/dz + fila + =, P(t+ 2))pi(z) = 0
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which has a solution of the form
pi(x) = p;i(0) exp[— -/f;(a + s, P(t + s))ds)
0
and hence
z
(2.1) pila+ z,t 4 a) = pi(a, t)exp{— ff;(a + 5, P(t + 5)) ds].
0

For a > t we choose (a,t) ={a ~¢,0) in (2.1.3) and z = ¢ in (2.1) so that

(2.2) pia,t) = ¢i(a — t,O)exp[—/ﬁ(a —t+s,Pis))ds], 0<t<a, i=1,2

with
Pi(s) = (Pi(s), Po(s — 7)), Pa(s) = (Py(s — 1), Po(s)).
For 0 < a < t we choose (a,t) = (0,t —a) in (1.3) and = a in (2.1) so that

(2.3)  pi(e,t) = Bi(t — a)exp[— ]f,-(s,P,—(i —a+s))ds], t>a>0,i=12,
0

where
(24) Bi(t) =pi(0,8), i=1,2, t>0.
Define M; and L; (i = 1,2) as follows:

Mi(a, , Pi(t)) = exp|— f fi(s, P:(a + 5))ds],
(2.5) ¢

Li(a,t, P;(t)) = exp[— / fi{a + s, Pi(s))ds).

It will now follow from (1.1), (1.3), (2.2)-(2.5) that
(2.6)

P-'(t)=/Bi(a)Ms(ﬂ.t,Pe(t))da+j¢f(a,0)L;(a,t,Pi(t))da, t>0, i=1,2
i) 0

5 TIME INDEPENDENT AGE DISTRIBUTIONS 451
=]

(2.7) Fi(s) = ¢i(s) = /gb;(a, s)da, se€[-1,0], i=1,2,
0

(2.8) B.(t):]Bi(a)bi(t a, Pi(t))Mi(a, t, Pi(t))da+
Q

+ /b;(a + 8, Pi(t)¢i(a,0)L;(a,t, Pi(t))da, t>0, i=12,
0

The equivalence of (2.6)-{2.8) with (1.1)-(1.6) is established by the following
theorem, whose proof is identical to a similar result of Gurtin and MacCamy [3];
hence we omit the details:

Theorem 2.1. Suppose the system (1.1)-(1.6) satisfies the conditions A,,
Aq, As. If (p1, p2) is a solution of (1.1)-(1.6) then the total populations Py, Py
and the birth rates B, B, satisfy the integral equations (2.6)—(2.8).

Conversely if Py, P;, By, B2 are nonnegative continuous solutions of {2.6)-
(2.8) on [0,T] and if py, ps are defined by (2.2)-(24) on R* x [0,7T] then such
1, p2 provide a solution of (1.1)-(1.6) on Rt x [0,T].

The following a priori estimates are useful to prove our existence theorem
below. It will immediately follow from the bounds for f; and b; that

(2.9) M(a,t,P)<exp{~dj(t —a)] <1, ift>a, Lia,t P)<exp[-dlt].
From (2.7)}-(2.8) we derive that

B0 < [ 51 Bula)expl=di ¢ - )lda+ B du(O)expl-dit], i=1,2

and hence by Gronwall’s inequality,
(2.10) Bi(t) < B ¢i(0)explsit], & = F7 —d}.
(2.5), (2.6) and (2.10) lead to

2.11) | Pi(t) — $:(0) |< ] B! 6:(0)explsia — di (¢ — a))da+t
0
+ [ 00,00 1 - exp(-1) | da < Grosexp( (- 2EE L BN,
0 1 3 3

+6i(0)d7t < (B 6i(0)exp(F7t) + ¢i(0)d; ]t for £ > 0.
We can now prove the following result on the existence and uniqueness of
solutions of the integral equations (2.6)-(2.8).
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Theorem 2.2. Assume that the system (1.1)-(1.6) satisfies the hypotheses
Ay, Ay, As. Then, there exists a unique set of continuous functions (P, Py, B,
Bg3) such that
Pi:R* - R* B;:R*—R' (i=1,2),

which satisfy the integral equations (2.6)-(2.8).

Proof: We will first show the existence of local solutions on some {possibly
small) interval [0, 7] C R* such that

P eC([0,T),RY), BiecC(o,T],R"), i=1,2,

satisfying (2.6}~(2.8) and then show the P; and B; can be continued as solutions
for any finite interval in R*.

For some fixed positive number T, we let C*[—7,T] = {f € C([-7,T),R) |
f 2 0}. Let || - |l denote the supremum norm in C*[—7,T]. Then, for any
(z,y) € C¥[~1,T) x C¥[—7,T] we define

“ (z,9) 1=l ”T +Hy ”Ta Cr = C+[—T,T], 072' = C+[_T’T] X C+[—T,T]

Members of Cr will be denoted by 2, with the meaning that z(t + s) = z(s)
for s € [~7,0] and ¢ € [0, T]. Now for any fixed P, = (Py;, Py,) € C%, (2.8)isa
linear system of uncoupled Volterra integral equations in B = (Bi1, B2} and hence
(2.8) will have a unique continuous solution under the assumptions A; — As. Let
us denote such a solution by B(t) = BT(R), t € [0,7], or

Bi(t) = B (P, Pu), Ba(t) = BI(Py, Pa), te]0,T)

If we supply this solution (B, Bz) in (2.6) we find that (2.6) will be satisfied
if and only if (Pi¢, P3) is a fixed point of the operator IHP) = {Iy( Py, Pay),
II2(Pre, Pa)}, where T, and I1; respectively denote the right sides of (2.6) for
i=1,2. It is not difficult to see from the nature of M;, L; and the hypotheses on
fi,bi, #; that B:C} — CZ and I: C2 ~ C2 (which guarantees the nonnegativity
of P; and B;). We will first show that there exist positive constants r*, ¢" such
that 11 is a mapping of a sphere

S=(®,r") = {Pi= (P, Pu) €CL | || P =& ||i-< 7"}
into itself and also is a contraction where @, is defined on [—r,¢*] by the following;

& = (‘I’lnq’zc);

{2.12) b = { fooo #i(a,s)da for s € [-7,0],
e fs #i{a,0)da for s € [0,¢°).

We note that similar to (2.11) one gets the estimates

| TE(P)(t) — ®i(0) |< {87 ®i(0)exp[B; 1] + &i(0)d] }4
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which together with (2.7) and (2.12),

(2.13) TP~ @ e < [ D1 50 lle- [BFexp(Bt) + di} | £
=1

Thus if we choose r* = TZ;‘-’:} It @ Il {8exp(8; T) + d;] then 11 is a mapping of
Sy« (®, 7*) into itself for all t* < T. We then will have to show that for small ¢* > 0,

IT is a contraction. (1)
Let PV and P* be arbitrarily chosen in Si=(®,r*) and consider | I, [P; ]

—l'l1{P,(2)] | for t < t*. Corresponding to the chosen Pt(l), P,(z) we let B()(a) =
B[P} and B(®)(a) = B[P{*]. Then from (2.6),

| I (PO@) = L(PDW) <] fy BV (a){Mila,t, P{V)= My(a,t, P} da | +
+1 181 (@) - B (@) Mi(a,t, P da|+

+ 5 #1(0,0) [Lila,t, P = Lufa,t, PP dal = Jy + Jy + U (say).

Using the elementary inequality fe® —e¥| < |z —y| for 2,y < 0, we derive from
(2.5) that

Mifa,t, P — Myfa,t, PP < 377 | Als, PO (o 8)] = fals, PP (a+s))lds <
< di||P = P{”'||ee (using Ay).
Now, using (2.10),

|1 IS fo B @0t (g% dy f| PV ~ P |- ds]da <

< difi @ (0)22 || PV — PP || et /2.
In a similar way

|13 < 57 #1(a, 00 Hila+ 5, PV (s)] = fila + s, P (s))|ds] da <

<@ OIFY - PPt
Now,we have to estimate |B£1)(a) Bgz)(a)| in order to estimate Jy; from (2.8)

B{(a)- B{"(a) = 5 [B{ ()~ B{(0)brla~o, P (@) M [0, a, P (a))do+
+Jy B (@) bila - o, PV (@) Mi[o, 0, P(V(a)] -

—byfa — o, P,(z)(a)]Ml [o,a, P,(z)(a)]]dcr+

+ [ $1(e, 0)fbs[o + a, PV(a)] — bufor + a, PPN @))[Lilo, o, PV (a)) dor
+ 1y 610, 0t + a, PP (@)[Lulo, 0, P(0)] - Lilo, 8, PP()]}do =
= R; + R2 + Ra + R4 (say).
By the uniform Lipschitz continuity of &; in A we get:

lb:[a + o, P7(@)] - bifo + o, (@)l < BIIPT - PNle" for a € [0,1°)
and hence we have:

{Ry(a) + Ra(a)] < B (O = PPY" + 210811 |IPV = PP)|ee e,
IRa(a)] = [[BP (o) brla — 0, V()] = bila — o, PD(a)]} Milo, a, PV (a)+
0

+bi[a — o, PP (@)){Mi[o, &, P{(a)] = My [0, 0, PP (a)]}]do] <
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< [181®:(0)e! 2B PV = PP + 814 |[P) = PD)e(a — 0)]dor <
. _

< B 21(0)e’ 2| P — PO {Bra + dra?/2).
Thus

1B{"(a) - BP(a)| < DleS”(a) — B{(0)|8;do + &, (0)1P) — PO}, {1+

+B:2d1a + 7 (Baa + dya? f2]eb1%) <
</ 1B{(0) = B{(o) do + (r* + [ @[|: )P = PP}y g1 (a)

where gy(a) — 3; as a — 0. By Gronwall’s tnequality it will follow that
1B1"(a) = B{(@)] < (r~ + @ulfe 1PV = PPl {1(a) + Ofa)}.
Using this estimate for R,(a) we get:

[Ri(a)] < lof[B?)(a) — B (o)b1[a — o, P (@) Myfo, a, P (a)ldo] <

B+l P ~ PO O(a) as a — 0.
Thus

1B1"(a) = B (@)| < (= + [10DIEY = PYL0(1) as @ — 0
and hence

IL{P) = T(EEN < (4 1@l )| P = P2||i-O(t) as t — 0
which together with a similar bound for |II2[P‘(')] -~ l'lg[P,(z)]I leads to
(P - IPP)) < (7 + (1@l IPD = PO, 0" s £ — 0,
showing that if £* is small enough, the mapping IT on 5;.(®,r*) is a contraction.
Hence,the system (2.6)—(2.8) has a unique solution for 0 <t <t* for t* sufficiently
small and positive.

Now,if [0, T is any finite interval on R* we can consider [0, 7] as a finite union
of intervals of lenght less than or equal to ¢*.Since the estimate (2.11) is valid for
any finite interval we can extend the solution of (2.6)-(2.8) from [0, ¢*] to {0, 7] and
this completes the proof.

2. Stationary Age Distributions and Their Linear Stability. We will
now establish the existence of time independent solution p1, P53 of (1.1)-(1.6); such
solutions satisfy

(3.1) i’{';i—“) +F(a, P P)p(a) =0, i=1,2, a>0,
(3.2) = [ri()da, i=12,

/
(3.3) P} (0) = /b,-(a,P;,P;)p;(a)da, i=1.2

0
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All solutions of (3.1} are of the form:
G4 s =il [ A PP, =12, a0,
0

which together with (3.3) lead to

oo a
(3.5) 1= /bl(a, Py, PJYexp[— /J‘] (s, P7, P;)ds]da,
0 0
(v 4] a
1= [ e, P2 PJexpl [ 1o, By, P dslda
0 0

Thus,the existence of stationary solutions of(1.1)~(1.6) reduces to the existence of a
pair of positive constants Py, P; satisfying (3.5). We can now prove the following:

Theorem 3.1. Assume that f; and b; satisfy (A1) and (A;) and let

e v] a

(3.6) F(PL P = [bi(a, Py, By)expl- [ #:5,Pr, Py dsjda,
] 1}

t=1,2, P, >0,P, >0, and suppose the following hold:

Aq.

(3.7) Fi(0,0)>1, i=1,2

As. there exists a positive constant C for which
(3.8) Fi(C,0) < BR(C,0), Fy(0,C) > Fy(0,C).

Then, there exists a unique pair (Pf, P) of real numbers Pt >0, P;>0such
that

(3.9) F(P,Pf) = 1= Fy(P;,P;})
and the unique nonnegative solution of (3.1)-(3.3) is given by:
a
Plexp{~ [ fi(s, Py, Py )ds)
0

(3.10) Pia) = = o . i=1,2, a>0.
S exp[~ [ fi(s, Py, P;)ds)da
0 0
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Proof. Consider the elements of the surfaces defined by

2=F1(P])P2): Z:F2(P],P2),PIZO,P220,
in the (P, Py, z) space. By hypothesis (4;) we have OF:i/0P; < 0 and, by (A,),
8bif0FP; < Oforall P, >0 ,P, >0,i=12j= 1,2. Hence,by (A4) the
intersections of these surfaces with the plane z = 1 define two curves on the z = 1
plane connecting the lines { = 1, P, = 0, P, > 0} and {z=1,P=0,P >0
These two curves are defined by:

F](P1,P2)= 1 and Fz(Pl,Pg): I, P,P2>0,
which by (As) will intersect at a unique point say (Pr, Py) with Py > 0, P; > O(see
Figure). The uniqueness of the point (Pf, P;) is a consequence of the smoothness
of the surfaces z = F\ (P, P} and z = Fo( Py, Py).

’

(The Figure corresponds to the case F(0, 0} > F3(0,0) > 1. The other possi-
bility 1 < F1(0,0) < Fy(0,0) is treated similarly}. It will now follow that for such
a pair (P, P5) the unique nonnegative solution of (3.1)-(3.3) is given by (3.10).

Now, to examine the linear stability of the stationary age distribution p}, p3
we let

G-11)  pi(a,t) = pi(a) + wifa,t), Pi(t)= P7 + P(t), Pi(t) = /u,-(a, t)da,

i=1,2,a>0t>0,
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in (1.1}-(1.5) and derive the following variational system after neglecting the non-
linear terms in the perturbations uv; and P (i = 1,2).
2
of;
P}

(3'12) D“i{.aat) = "f!‘(a)P;rP;)ui(awt)_Pi-(a){ Pl'.f(t)}:

i=1

ug(0,8) = fb,(a,Pf,Pz')u.-(a,t)da—i- fp:(a){z %Pg,-(t)}da
0 i=1

[=]

where i = 1,2 and
(3.13) P“(t) = Pl(t), P12(t) = Pg(t—?’), Pgl(l) = Pl(t—-—‘r), sz(i) = Pz(t).

To consider the asymptotic behaviour as  — co of solutions of (3.12) we let
{rs)
(3.14) ui(a,t) = &i{a)exp{At], Fi(t) = Plexp[M], P = / £i{a)da,
0

£i{a) >0asa—o00,i=1,2,a>0,t>0.
Using (3.14} in (3.12)-(3.13),

B+ 26 = ~fila, P}, P})G(a) — i@ T)o, 5RE P )

(3.15) §(0) = (e, P, Pi)éu(a)da+ [ (@) {Sh, #35 P5 Mo,

whete i = 1,2, and
P{, = P{, Ply = Pjexp{-Ar}, Pyy = Plexp{-Ar}, P}, = P;.

If we integrate the first of (3.15) and use the fact that &(a) — 0 as @ — oo we can
derive that P and Pj are governed by

oo
ab,  9f Ob Of1\ e —ar
. - _ - _ d=
.18 3= [ s@lgzs - SRR + (g - FIPse e
0

+ j [bs(a, P}, P) = fia, P}, P})Jés (a)da,
(3}

R 7 Obs  B8fa e nr b2 Bfa .
I_.i..':'r':l /\P'—/ = - e Sl - PJlda =
2 J p2(a)[(apl BPI ) 1 (apz 6P2) 2]
+ [ [b2(a, 7, P7) ~ fola, Pr, P;)i€2(a)da.

o
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12

From the first of (3.15) we get:

(3.18) §i(a) = {Ee(O)P.‘(ﬂ)/P:(O)GXP[M]}
— p; (a)exp[— Aa]f{z %;R; eMds, i=1,9,

which by the second of (3.15) becomes:

(019)  60) = i@/AOee0all [ 5 a){z 7 P da-
- [ s e f [E S i1 do) dal-
o J=

P! (a)e=?e /{Z ;;‘, PjleMds, i=1,2,

where

1 [+ +]
(3.20) “=1- j bi(a, P}, P})pi (a)e™ %da, i=1,2.

Now, supplying £,(e) and £:(a) from (3.19) in (3.16)~(3.17) we derive that
(321) (A~ An)P} — Ay Pyexp(=Ar) = 911 (M) P} + g12(A) Pyexp(—Ar),

~AaPTexp(=A7) + (A = A2) P} = g2 () P} exp(—Ar) + g25(A) P},

where

(322) = /pn( )[B.P* 61_—:
(323)  gi(N) = [} (0)ci] ] 0i(a)p} (a)e™>*da} x
x{ j @) g = b, B P ()™ j opre" dsllda)-

e r~rap | Ofi
- [ oia)p; (a)e Aaf ee*dslda, i, = 1,2,
-0/ b[a];} 4LJ
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(3.24) oi(a) = bi(a, P}, P}) — fi(a, P}, P;), i=1,2.

To solve the linear perturbational system (3.12) it is enough to find the con-
stants A, Py, P; satisfying (3.21) since one can then use (3.19) to find the pertur-
bations from (3.14). A nontrivial solution (P}, Py) for (3.21) will exist if and only
if A is a root of the equation

det [,\ - (An+gu(d) —(Aiz +gi2)e™?"
—(Az21 +ga1)e™" A= (A22 + g22(R))

or equivalently
(3.25) A% — A(A11 + A22) + A1 A2z — AjzAnexp[—2A7] = AS1(A) + Sa(A, 7)

where S1(A) = g11(A) + g22(A), S2(A, 7) = [Ang12(A) + A12921(A) + g12(A)g21(A)]

exp[—2A7] — A11932(A) — A22011(}) = g11(X)g22(A).
The following result establishes the linear local asymptotic stability of the

stationary age distributions pi(a) and p3(a).

|
=

Theorem 3.2. Assume the following:
Ag. 0< 8 <d! (i=1,2) (from (A;) and (A3));
Az, {An+ A+ || 51(0) i} < 4{(A11 A2 — A12421)— || S2(0) [},
I 510) I =1 911(0) | + | 922(0) |,
I} $2(0) [| =] A11912(0) | + | A12921(0) | + | 912(0)g21(0) | +
+ | A11922(0) | + | A22911(0) | + | 9:12(0)g22(0) |-.
Then all the roots of (3.25) have negative real parts and hence the perturbations
ui(e,t) = &(a)exp[M] - 0 ast - cofori=1,2 anda > 0.
Proof. Define Fy(A,7) and F3(), 7) as follows:
Fy(A, 1) = A% = A(A1r + Az) + AnAze — AppAgiexp(—2A7);
Fg(z\, T) = )\Sl()«) + Sz(A, T).
Using (As) one can show that for A with Re()} > 0, c; and ¢; are positive and

bounded away from zero. Now, since A;; > 0 and 7 > 0 we find from the nature of
the dependence of g;; on A that for all A = u + &w with g > 0 and w > 0 we have

(3.26) | Fu(A, 1) — Fa(A7) 21 Fu(X, 00| — | Fa(A,7) |2
> A |2 — | A {A11 + A+ || S1(0) ||} + {A11422 — Ap2An— || 5200, 7) (|} 2
2[(IA]1=P)* +q)

wherea
P = {Au+ An+t || 5:1(0) |1}/2,
g = {4 | (Audzz — ArzAn)— | S2(0, ) | = | Aus + Ana+ || S1(0) )|} /2.
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It will now follow, from (A7) and (2.3.26), Fy(A, 7) = Fa(), r) cannot have
roots with zero or positive real parts and this completes the proof.

In conclusion we remark that the condition (3.7) means that the net repro-
duction rates of each species is greater than unity; a condition of this type is well
known in age dependent populations. (3.8) can be interpreted to mean that the
intraspecific competitive inhibition is higher than that of the interspecific interac-
tion. The conditions of Theorem 3.2 are analytical and do not lend themselves for
any worthwile interpretation in terms of the model parameters.
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A NOTE ON SEMI-INVARIANT SUBMANIFOLDS OF
AN ALMOST CONTACT METRIC MANIFOLDS

BY
MUKUT MANI TRIPATHI

0. Introduction. Semi-invariant submanifolds of an almost contact metric
manifold were defined and studied by A.Bejancu and N.Papaghiuc [1] and
by several others afterwards. Besides other results some necessary and sufﬁcier_lt
conditions, for a submanifold of an almost contact metric manifold to be semi-
invariant, are given by A.Bejancu in [2]. [n this paper, we prove some more
necessary and sufficient conditions for a submamfold of an almost contact metric
manifold to be semi-invariant.

1. Preliminaries [1,2]. Let M be an almost contact metric manifold with
structure tensors (,£,7, g) where @ is a (1,1) tensor field, £ is a vector field, 7 is
a I-form and g is an asscciated Riemannian metric on M. These tensor fields are
related by
(1.1) ' = -1+,

’?(f) = 1: ()OE = Oa oy = 01

(1.2} 9(pX,pY) =g(X,Y) - n(X)n(X),  g(§,X) = n(X),
for arbitrary vector fields X, Y tangent to M. o

A submanifold M of M, is called a semi-invariant submanifold of M if the

following conditions are satisfied:

(i) TM = D& D* @ {€); {¢) being the distribution spanned by £,

(##) the distribution D is invariant by ¢, that is, p(D;} = D, for eachf eM,
(i4f) the distribution Dt is anti-invariant by o, that is, ¢(DL) C T M+, for each

rEeEM,

where D, D' and {€} are differentiable orthogonal distributions (with respect to
the induced metric denoted by g itself) on M and T, ML is the normal space to
Matze M. ‘

By T'(TM) [resp. T(TM?1)) we mean the module of all differentiable vector
fields tangent (resp. normal) to M. Stmilarly, T(D) [resp. ['(D*)] (.ienotes the
module of differentiable sections of D [resp. D*], where X € I'(T'M) is a section
of D [resp. DY) if X; € D, [resp. DE]foreach z € M.



