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(iv)(A) = (D) = (B). In view of (2.12); and (2.8),, it is evident that (A) =
(D). Now, if (D) holds good, then defining

D. = f(T: MYy,  zeM,

in TM1 and D as the complementary subbundle orthogonal to D in TM*,
can show that ¢(D,) € T M and <p(D ) = D, for each @ € M, which proves Lhat
(D) = (B).

(v}(A) = (F) = (B). The proof of (A) = (F) is given in [1]. For (F) = (B),
let (F) be true. Defining D and D on TML by projection operators

P=I+f% Q=-f
respectively, it follows that for each N € T(TM1)
oN +o(fINY=7N+ fN 4 (1o f2)N + f3N = aN € [(TM),

e(~f?N) = —f*(fN) e T(D).

Thus (F) = (B). This completes the proof of the theorem.
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CURVATURE THEORY OF RECURRENT HAMILTON SPACES
WITH GENERALIZED MIRON’S d-CONNECTION

BY
IRENA COMIC

Introducticn.

Let m be an n dimensional and E* an n+m dimensional differentiable manifold
and let (E*, 7", M) be a dual vector bundle, such that 7*(E*) = M. lfu € £7,
then u = (2!,...,2",p1,...,Pm) = (¢*,pa). In this paper we shall use two kinds
of indices:

i,j,h, ki m=Tnandabcdef=1m.

The Einstein summation convention will be used for both kinds of indlices. We
shall consider the following transformation of coordinate system. If (z*,pqs) are
the coordinates of the same point u in the new coordinate system, then

(1.1) (@) &' =z"(z',...,z"), rank [0z /0z'] = n
(8) Par = MS(z', ..., 2™ )pa, rank [Bps /8ps] = m
If (1.1) is valid, then exists an inverse transformation
(1.2) (a) 2= :c"(:cl‘,. o z“‘] () pa= M:‘(zl', ol z"')paa

The elements & = 8/0z* and 8* = 8/8p, of T(E*) are transforming in the
following way

) [ @Mepa] o
(1.3) [aﬁ] = [ 3 ( }‘)p ] [aﬂ‘]
o1’ 2=, (3.:M )pa' ] [ ]
1.4 4 =128
(14 wl=1=
Substituting (1.4) into (1.3) we obtain
9zt 9zl

or 9r _ g s Me = 88
(1-5) (a) Szt 64:"‘ 6. (b) a Ma .
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(€) (B MY Ypu oo+ (B:MEYpaME = 0.

(1.5¢) is the consequence of (1.3) and (1.5b).
Any vector X € T(E*) is gived by

(1.6) z = X'6; + X,0°
where {§;,0°} is the adapted basis in T(E") defined by
(1.7 8 = 0; — Ngyi(z,p)od°

and Ng;(z,p) are the coefficients of nonlinear connection. Under coordinate trans-
formation (1.1) they transform in the following way

OM (z) dz*

N, B
Na’j'(z"’p’) = MGJ(E)FNaj(x,p) — Pa B;BJ az'.,. A

Now we have
azi' i Iy dz! a a' 3qa
(18) (ﬂ) 6j = 6-’.'"6-;1'-’ (b) Xt=X W, (C) X=X at

The linear connection V in T(E*) with the usual properties is defined by
(1.9) Vs.b; = Fi*ibi + Fioi0°  V5,8° = F¥ 6, + F*;0°
va. 6_,’ = CjkalSk + Cjcaac Va- ab — Cbka‘sk 4 C“c“6°.
If X,Y € T(E*), where X is given by (1.6) and Y = Y7§; 4 ¥;0°, then
VxY = (Vi X'+ YH°Xo)b + (Yo X + Y[°X,)8°,
where
(1.10) (a) Ylf = 6,'Yk + ij,‘}’j -+ Fbk.'yb,
(b) Yl:la — 6ayk +Cjkayj +Cbkayb,
(¢} Yo =8Y.+ Fi¥i 4+ F'uYs,
d) Yo" =8°Y. + GV + C.°Ys.
The adapted basis in T*(E) is {dz', 6p,}, where
‘5Pa = dpa + Na,'(;l?,p)dﬂ:’i

The bases {6;,8°} and {dz*, 6p,} are dual to each other.
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For the recurrent Hamilton space, i.e. where the field Az, p) = A, dz* + A%8p,
and the metric tensor are connected by the following relations

Fijlk = Argij, Tk = Aegi, 9% = Meg®™,
giilS = Agi5,  gflS =A%, g% = acg®,

the connection coefficients and the components of the torsion tensor are obtained
in [8).

2.Ricci identities in recurrent Hamilton spaces,

As usual we shall use the notation

(2.1) R=R(X\Y)Z=VxVyZ-VyVxZ~Vxy|Z = R*6 + R.&".
Since XY, Z € T(E*) we can write
(2.2) (@) X=X'6+X.8° (b) Y=Y§+Yd
() Z=2Z%6 + Z.0°
Using the properties of linear connection V we have
(2.3) VyZ =V(y,-,,j+yba.)(z"6k + Z:.0% =
Y38 25)00 + YIZ4V 5,8, + YI(8;2.)0° + Y Z,V5,0%+
Yi(0°Z*)oy + s ZE Vb + Yi(8°2)0° + V3 2.V g 5°.

Using the above formulae we calculate

(2.4) Vx(VyZ) = Vixis,+x.000(Vy 2)¥6 + (Vy 2) 8.
For [X, Y] we have
(2.5) [X, Y] =[(X'6; YT = Y6, X7) + (X,0°Y? - Y,8°X7)6;+

[X*6;Yy — Y6, Y3) + (Xa0%Ys — Va0 X3)+
(X*Y7 — Y XTH 83 Njpjig + Nai0® Njyjjh+
(X'Ys — YIX,)0°Ny)d.
After longer calculation we obtain

(2.6) R(X,Y)Z =(X*Y! = Y' X2 [(Ro¥ ;i 2™ + R¥* 2,8, +
(RmejiZ™ + R.;iZ2)0°]
F{(XaY? = Yo X)) (Pnk5°2™ + P9 Z20)60+
(Pme;®Z2™ + P9, Z4)09)
+ (XY = Yo X3)27 (S P2 2™ + 59 Z,)6, +
[Smrbazm 1 Sdcbazd)ac]:
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where We may obtain Vix y}Z from
2.7 97 Rk i = 86 Fimi* 51 + Fonfs Fint™ i) + Fencls F*0 + 271 O Kjies — - j
( ) (a) IR;: ' ‘ dlk - +d " Ic'M ]—:h ’ k ! -1 dk':' ’ (2.11) V{X-Y]'/' = (IXYPZli' + [Xy]bzk]b)ék + ([XY]JZCU + [XY]chIb)ac,
(b)) 27VR%* = g F %+ PG Py + PG R g+ 27 O K _
(&) 27 Rumcji = 8 Fimels) + Fmeli Feti) + Fm{;‘Flhcls‘] + 27 Cmc Ko where [XY] is given by (2.5). From (2.1), (2.10), (2.11) and (2.5) we obtain
~1pd d d e dh ~1pd e
J ; e, a4 Fe e Fipels 2 < Kjei
(d) 27'R%ei = 8 F ey + Pl Flia + F2p Finiy +27°C%" Kye (212)R=VxVyZ —VyVxZ - Vixy)Z =

(€) 27 'Kiej = 83 Njeti) + Nagi®* Nieyj}, K®ej = 0°Nej — Fe; ci i
7 R (XY = Y X)(Zh + Fp "9 25 + Fyia 2" + 27 KjuiZ*")oe+

(Zeita + Fy"aZepn + FypiaZel’ + 27 KjuZe)0%)+

k a a k a k ka . . .
(2.8) (a) Pp ;=20 kaj + K c:,'kac —Cn 5 . . , (XY - YGXJ)[(Zk'la _ Zklalj _ Fm.leki n C,-b"z"]” N thath+
ks _ 5. a a . G ek L -
D S th g Gme g 2 CA s Ko Z¥ N6k + (Zgi}® — Z°1%5 = F™* 3 20 + C" Zel + C** Zon+
O Finsj = O Ve K4 2.1)0%1+
Pdk 6 aade . K _Cdke _ Cdka . ‘
(C) j J + e} I (Xqu _ anb)[(Zk l[bia] + C[bda]zkld + C[bbla]zklj)&k'i'

(d) Cdkalj — 6J_Cdku + CdeaFekJ_ + ththkj - Chka Fdhj o
Ccka Fdej _ CdkeFaej

(€) Pmej® = 0°Fmej + K®ejCme® — Cmej From c(2.1), (2.6) and (2.12) equating the coordinates beside the basis vectors &

(.f) Cmcalj = 6ijca + ththcj + CmeaFecj - Chcathj— and 9° we get
CecaFme_f - Cmchazj

(y) Pdcja — aachj + I{aejcdce _ Cdcalj

(h) Cdcalj — 6_,' Cdca + tha Frei + CdeaFec:' _ Cmcadei—
Cccachf _ CdceFueJ_

(ch[b]a] + C[bli|ﬂ]Zc” + cibdﬂlzcid)a"].

(2.13) (X"Y"' ~ Y X2 RmF 5 Z™ + R*;Z0)+
(XaY? = Yo XI) (P *;22™ + P22+
(XaYs — YaX3)2~ 1 (Sn*te2m 4 §¥kbaz )y =
(XY =Y X)W 2 + F g 2% + Fwa 2" + 27 K2 )+
(Xan—YXj(Zk‘a—zka'—Fai’Zk~ C:8 kb Jha 7k
(2.9) (a) 2-—15-mkba — a[acm[klb}+cmh[bch|k|¢] + Cme["clﬂ"lal i Kaab.z)'klb):?_l | v R - g .
—1odkba _ ala ~dklb ah{b ~ |kla} d [bveka) ’ ;
(by 2-1gba = glaclarll 4 b e 4 07 B0 (XaYs = Yo X5 )(ZE )01 4 €L 01 2% |2 4 Clile) Zk 1y,
(C) 2_ISmcba = a[aCmcb] + th[bchca] + Cme[bclc‘ca] ’
(@) 2°'§90e =gl M4 C#B ey ol 4+ ol et 9,

On the other side starting from (1.10) for W = Vy Z we get (2.14) (X* Y'X{)Q_I(Rmcjizm + R4 Za)+
(Xa YJ YoX7)(Pmej®Z™ + P Za)+
W = (Y3 Z5); + B Z* )6k + (Y7 2o + Vs 2| 0° (XoYs — YaX3)2"1(Smet® 2™ + S804 2,) =
and (X'Y7 - "X":)(Zc[lili] + P 0Zos + Fijina Ze® + 27 Kjei Z:P)+
(Xa¥? = YaXOWZapj|* = Zel"i; = F**5Zan + Cip* Ze| + G5 Zopn+
(2.10) VxVyZ=VxW = (X'W} + X, W ")é, + (X Wy + X, We|*)0°. K%y 2.+

(XaYs = Yo X3)(Zc [0 + CPlel 2,5 4 CB ol 2 4.
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Theorem 2.1. In the recurrent Hamilton spaces supplied with generalized
connection the Ricci identities have the form

(2.15)(a) 2" Rm*jiZ™ + R¥*jiZy) =
Zfia+ F*i 28 + FypaZ*° + 27 K 24
(b) Pn*iZ™ 4+ P¥;02,=
ZH|0 - Z¥|%y; — FOL 2% + Cip* 28 + C;Pe 24 h + Koy ZF)
(c) 2715 kbazm 4 giktag, — zk|blal | clb ol gk|d | C[b!jfa]zklj
(@) 27Y(RmejiZ™ + R i Z4) =
Zagili) + F5 0 Zon + Fipa Ze” + 27 K2
(e) Prmg®ZmPY ;%2 =
Zei1* = Zel®); = F** i Zan + Cp° Zel* + C* Zoy + K5 2|
(f) 271 (Sme?®Z™ + 59,29 2,) = Z, [P + C{blilﬂ]zch. +Cltalz, 9.
Proof. Equating the coefficients beside bivectors (X'Y7 — YiX7), (X, Y7 —
YaX?), (XY = Y X3} in (2.13) and (2.14) we obtain (2.15).
3. Bianchi identities for the recurrent Hamilton spaces with gener-

alized Miron’s d-connection.
Let us denote as usually:

(3.1) (VxT) Y 2)=Vx(T(Y,2)) - T(VxY,2) - T(Y,Vx2),

(3.2) (VxR)(Y,Z,U)=Vx(R(Y,Z,U)) - R(VxY,Z,U) - R(Y,VxZ,U)-
R(Y, Z,VxU),

where X, Y, Z, I/ are vector fields from T{E*), then from (2.1) and

(3.3) T(XY)=VxY —-VyX - [XY]

we obtain

Theorem 3.1. The Bianchi identities for the recurrent Hamilton spaces with
generalized Miron’s d-connection have the form:

(3.4) oxyz{(VxT)(Y,2) - R(X,Y)Z - T(T(X,Y)Z)} = 0

(3.5) oxvz{(VxR)(Y,Z,U) + R(T(X,Y),Z)U} = 0.

Proof. The proof is obtained from (3.1} - (3.3).
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Taking Vi R (R given by (2.6) and (2.12)} and the cyclic permutation of U XY
we get the Bianchi identities in the explicite form:
(36) 27'(Ra%jiim 2" + Ru*ji 2 + R* jymZa + R* ;i 24m) =
k
Zis1apm + 5" i Zh + F5 0 Zhim + i 251 + 161 2* P +
FimaZ* ¥ m = 27 Ky m 28— 27 Ky ZF

{3.7) 27 (RucjimZ™ + Rhcjfzﬁn Rejiim Za + R?iZam) =
Zc||'_f|i]!m + F[jhi] ch[h + FUhi]Zde + FUM““chib-{*
F[jlbli]Zcmm + 1 f]chfm - 2_1Kuu— R L 2“11{;ijc|f’m

(3.8) 2—1(thljiazh n thij 7R 4 deijlazd’i' deijzd|a+
(P 2h + P Zh PR Za 4+ P Zy) ~ (1,)) =
= 27M(ZG I+ 25 + Zhy1" = P2, - FRy 2h+
Cin®Z* + Cjbazk’i&’ + thﬂzﬁ. N Cjﬁazﬁ"‘_ + K%, 24Pt
K 2% — (1)) + Rt Zh + Fa® 3 Z51° + Fanal°2* '+
P?[ilblﬂzklb]a + 2-—!K'_bj|azklb + 2_1K|'b1 Zl'lbla

(3.9) 27N Ruet1°Z" + Rueij ZM|* + R%51°Za + R%i; Z4]°)+
27 (Phei(s 2™ + Paci® 20t + P ojfiZa+ P2 Zai) — (i, 1)) =
= 27 (Zaij s + Zelfys + Zagis* = F 51 Zqn — F*5 Zauyi+
Cjbi:izcib + Cjb“Zcm + thﬂ-ZcM + th“ZC[h|g+
KasjiZel’ + K% Zelf) = (1, D)+ F 1°Zon + FaP 3 207+
Fini) | Ze|* Fap ) Ze ) = 27 Koy Zef! — 27 Ky 2,22

(310) Q—I(Shkbrizh +Shkbazlf; +Sdkbr:zd +Sdkbazd|',)__,
= AP0 ZR 4 P2 4 PP Zs 4 P2 ~ (a,b)] =
= 22+ ZRIED 4 2P - (b)) + Ol 2t
ClIZH 4 ClMal, ZE 4 clIMalZE 4 9 [(Fab P zh +
Fahizmb — G2 - C oz — Cihe Pzt —
Cfimzﬁ,lb ~ K% ZF|° — K°uZ% ) — (a,b)]
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(3.11) 27Y(Sac? 2" + St Zh + S i Za+ S0 Za) -
_ 2—1[(Ph“,albzh + Ph“_azhlb + Pdc‘_aled + Pdﬂ_azdlb) __ (a,b)] _
= 27 (ZLIG + Zell + Zeil'1) — (o, 01+
C[bda]“zcla + C[bd“]chf'.- + C[b|h|.a]|izc|h + C'[”"'“]quri-
9 FP P Z g + FOMZal? — Cie®P 2| = Ci® Ze[° |-
C.'ha |ch|h _ Cl'hazdhlb _ Kaﬂlbzcle _ Kae.'Zc|°|b) _ (a,b)]

{312} 2—1(Shkba|ezh + Shkbazhlc + Sdkbalezd + Sdkbazdie) —
Zkl[b]alle +C{bda]|ezk|d +C[bda]zk|dle+
C[bja]]ezlkj + C[bJalzﬁ Ie-

(313) 2-1(Shcba|ezh + Shcbazhle +Sdcbalezd_+ Sdcbazdle -
ch[bla]le + Cr[bda]zcld + C{bda]Zcidic + C[Mﬂa]!ezc!j+
cliz, |,

where (Qas) — (@,8) = Qas — Qsa: (Qas) is any expression in witch indices a, b are
present.

4. Special cases. We obtain the d-connection in Hamilton spaces if we put
(41) Fljd = 0, Fukj = 0, CJ a 0, Cbka =0

in (1.9).

Theorem 4.1. Under conditions (4.1} the following relations are valid.

(4.2) Rd&ji =0, Rpei =0, Pdkj“ =0, Pmcjn =0, Gdkda 0, Smcba = 0.
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Proof. Substituting (4.1) into (2.7), (2.8) and (2.9) we obtain (4.2).
Theorem 4.2. Under conditions (4.1) and Z = Z*6x(Z, = 0) the Ricci
identities have the form
(4.3) (a) Z*i5+ F[J'hilzﬁ. =27'R\* 20 + 27 Koy ZFP
(b) Zkljla _ ZkIIaJ + CJhaZﬁx + Kabjzklb - Phkjazh
(C) Zk[lbia] + C[bdalzkld — 2—15hkbazh‘

Proof. Substituting (4.1) and Z. = 0 into (2.15) we obtain (4.3).

Theorem 4.3. Under conditions (4.1) and Z*¥ = 0 the Ricci identities have
the form

(4.4) Zaiig + F[,",-]Zc“, = Q-IRdcj;Zd + 2_11(;djzc|d
Zc|j|d - chﬁ, + thaZcM + Kﬂbjzclb == Pdcjazd
chlbld] + C[bdalzcld — 2 lsdcbazd‘
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DIRECTION DEPENDENT f-STRUCTURES SATISFYING 3+ f=0
BY
P. TAMIA-DIMOPOULOU

Introduction. In [8],{9] K. Yano has defined the notion of f-structure on a
manifold satisfying f2 4 f = 0 and such that the rank of f is equal to a constant k
everywhere. It is the purpose of the present paper to start a study of f-structures
which depend on direction.

1. Preliminaries. Let N be a real differentiable manifold of dimension n.
Denote by TN the tangent bundle over N and by = the canonical projection of TN
to N. Also, denote by dx : TTN — TN the differential of 7 and define the vertical
subbundle VI'N of TTN as the kernel of dr. A complementary distribution HTN
to VI'N in TTN is called a nonlinear connection on TN (see M. Matsumoto [6]).
Of course, the fibres of vector bundles VT'N and HTN are of the same dimension
n. It is well known, VTN is an integrable distribution on TN.

Let (z', ') be a coordinate system on TN and {6/6z*,8/03%} be a local field
of frames on TN adapted to the decomposition TTN = HTN @ VTN, where

6 8
Szt Ot

; d
- Nf(x)y)a_y;:

and N/ (z,y) are n? differentiable functions locally defined on TN. The automor-
phism
P:I'(TTN) - I'(TTN},

which is defined by
PX = X{ )i + X ( )i
- V(z‘ly 6.‘.'1'. H\E, Y ay, ’

for

X = Xy(z,9)5 + X;’(‘"’y)a_y,w
is an almost product structure on TN, i.e, P? = I, where I'(TTN) is the F(TN)-
module of all differentiable cross sections of TTN. We keep the same notation for
any other bundle. The almost product structure P will be called natural almost



