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DIRECTION DEPENDENT f-STRUCTURES SATISFYING f3+ f=10
BY
P. TAMIA-DIMOPOULOU

Introduction. In {8],[9] K. Yano has defined the notion of f-structure on a
manifold satisfying f2 4+ f = 0 and such that the rank of f is equal to a constant k
everywhere, It is the purpose of the present paper to start a study of f-structures
which depend on direction.

1. Preliminaries. Let N be a real differentiable manifold of dimension n.
Denote by TNV the tangent bundle over N and by 7 the canonical projection of TN
to N. Alsc, denote by dr : TTN — TN the differential of 7 and define the vertical
subbundle VT'N of TTN as the kernel of dw. A complementary distribution FTN
to VTN in TTN is called a nonlinear connection on TN (see M. Matsumoto [6]).
Of course, the fibres of vector bundles VTN and HT'N are of the same dimension
n. It is well known, VTN is an integrable distribution on TN.

Let (z',y") be a coordinate system on TN and {6/6z*,8/0%'} be a local field
of frames on TN adapted to the decomposition TTN = HTN @ VT'N, where

6 0 j
brt Bzt Ni@.9) oy’

and N;f (z,y) are n? differentiable functions locally defined on TN. The automor-
phism
P:T(TTN) = F(TTN),

which is defined by

. 5. 8
PXZX':/(:)y)E'l-XH(sz)g;;’

for
X =X (z )—f—-+X"(z )_?_
= AglT, Yy 61:‘- viz, y 81}' *
is an almost product structure on T'N, i.e, P* = I, where T(TTN) is the F(TN)-
madule of all differentiable cross sections of TTN. We keep the same notation for
any other bundle. The almost product structure P will be called natural almost
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product structure on T'N. If we denote by v and h the projection morphism of
TTN to VI'N and HTN respectively, we have

Poh=vo P

The automorphism

§ . a
JX = —Xif(x,y)g + X},-(x,y)a?,

for

1

oy’

is the natural almost complex structure on TN named by Matsumoto [5].
2.Finsler f-structure satisfying f3 + f = 0.

t 8 t
X = XH(x:y)E;,T +XV($1y)

Definition 2.2. We call Finsler f -structure of rank r on N a non-null Finsler
tensor field of type (1.1) and of class C* such that fP+f=0andrank f =,
where r is constant everywhere.

Definition 3.2. We call horizontal f-structure of rank r on N a non null

horizontal tensor field f on TN of type (: g) satisfying ?3 + f = 0 and rank

f = r, where r is constant.
Of course, an f-structure on TN of rank r is a non-null tensor field F of type

( } i ) such that F3 + F = 0, rank F = r, where r is constant everywhere.

For our study it is very convenient to consider f or f as morphism of vector

bundles _
FIT(VTN) - T(VTN) and f:T(HTN}— T'(HTN),

respectively. Let f be a Finsler f-structure of rank r on . The morphism £ = —f2
m = f2 + Ipcvrny, where Ipvrn) denotes identity morphism on VTN, applied
to the vertical vector bundle on TN are complementary projection morphisms.
Then there exist complementary distributions VL and VM corresponding to the
projection morphism £ ans m respectively such that dimVL = r and dimV M =
n—r

For the tensor field f and the morphisms £, m we have
(2.1) fl=¢f=f, fi=-f and fm=mf=0.

Proposition 2.1. If a Finsler f-structure of rank r is defined on N, then an
horizontal f-structure of rank r is defined on N by the natural almost product
structure of TN or the natural almast complex structure of TN.

e P
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Proof. If we put

(2.2) fiX = PfPX, VX e (HTN),

(2.3) f2X ==JfIX, YX €T(HTN),

where P and J are the tensor fields of natural product and natural almost complex
structure of TN respectively, it is easy to see that

(2.4) fArfi=0 or f24+f=0,

and rankf) = rankf; = r.

Proposition 2.2. If a Finsler f-structure of rank r is defined on N, then an
f-structure is defined on TN of rank r by the natural almost product or natural
almost complex structure of TN,

Proof. If we put

(2.5) Fi=(P+Iofouw,

where I is the identity morphism on TTN, we have
X = PfoX + fvX.

Thus hFX = PfeX and vF X = fvX.

It is easy to check that
Fl=(P+Dofloy,

and
vFIX = ffuX.
Then
FiX =(P+DffvX = ~(P+ DfvX = -F X,
and

F1:5+F1=0

From the definition of F) we get that

kerFy = HTN & ket f.



480 P. TAMIA-DIMOPOULOU 4

Then rankF, = r and the morphism F; defines an f-structure satisfyng F7 +
Fy =0 on TN. Similarly if we put
Fo=(J+1)ofou,
we can see that Fy defines an f-structure satisfyng F3 + F, = 0 on TN.
If £, my are the complementary projection morphisms of the horizontal f-

structure f; which is defined by the natural almost product structure of TN we
have

(26) 6HX =—fIX =-PfPPfPX = —Pf?PX = PUPX, ¥YX eT(HTN),
(2.7)
m X = f1X + IrggriyX = PfPPX + Plpyrn)PX = PmPX, ¥X € T(HTN).

Similary if €3, mq are the complementary projection morphisms of the hori-
zontal f-structure fu, which is defined by the natural alinost complex structure of

TN, we have
(2.8) LX ==J8JX and moX = -JmJX, VX eTl(HTN).

Thus, if there is given a Finsler f-structure on N of rank r, then there exist comple-
mentary distributions HL,, HM; or HL;, HM; corresponding to the morphisms
£y, my and €3 , my respectively such that

(29) HL, = PVL, HM, = PVM,
Thus we have the decompositions
TITN=HTN@VIN=PVLOPVMaVLOVM,
TTN =(-JVL)e(-JVM)a VL VM.
From (2.9) we have
(210) VL=PHL,, VM=PHM,, VL=-JHL;,, VM=-JHM,.

3. Existence theorems. Let CVTM be the complexified vertical vector
bundle on TN and I be a complex subbundle of CVTN such that lINT = 0, where
I is the complex conjugate of [I. We denote K the complementary distribution
of Rell to VTN, that 1s VTN = Rell & K. We can define a morphism of vector
bundles by the relation

Hiy=-JVL, HMy; = —-JVM.

f(Zy=0, VZel(K), f(X)= %\/—_I(U -,

where U = X + /=1Y is a cross section of [].
Then, it is easy to check that
Prf=0
It is clear that rankf = dim Rell,, where I1, is the fibre of IT over ¢ € TN, Thus
a Finsler f-structure is defined on N by the subbndle 1I.

Converselly, let f be a Finsler f-structure on ¥. We can define a subbundie
of CVTN by

O={X-vVv-1ifX, XeT(VL))}.
it is clear that Rell = VL and 1N T = 0. Thus we have.
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Theorem 3.1. A necessary and sufficient condition for an n-dimensional man-
ifold N to admit a Finsler f-structure is that there is a complex subbundle I of
CVTN such that 1 N1 = {0}. Then rankf = dim Rell.

¥f there is a subbundle of CVTN such that I N1 = {0}, then according
to Proposition 2.1 and 2.2 an horizontal f-structure is defined on N and an f-
structure on TN. Thus the existence of a subbundle Il of CVTN, such that
TINT = {0} is a necessary and sufficient condition to define a Finsler f—strutfture, an
horizontal f-structure on N and an f-structure on TN, of rank_equal to dim fteII.
Now we suppose that the vertical bundle VTN on TN is endowed with a

pseudo-Riemannian structure, l.e. a mapping
AT(VTN)x (VTN) — F(TN),

which is symmetric, F(TN)-bilinear and non-degenerate on each fibre of VTN.
Of course, a Finsler structure, or a Lagrange structure are examples of a pseudo—
Riemannian structure [1].
The mapping
o: T(VTN) x TI(VTN) — F(TN),

which is defined by
o(X,Y) = -;—(h(EX,L’Y) +h(mX,mY)), VX,Y € (VTN),

is a pseudo-Riemannian structure on TN such that

a(X,Y)=0, VXeT(VL), YeIl(VM)

It is easy to show
(3.1 a(X,Y) = a(tX, Y} + a(mX,mY),

VX, Y e T(VTN).
Then we have

Theorem 3.2. If s Finsler f-structure of rank v is defined on N, then there
exists a peudo-Riemannian structure on TN with respect to the complementary
distributions VL and VM are orthogonal and the f is an isometry on V L. The
rank f = r must be even.

Proof. If we put
§(X,¥) = 5(a(X,Y) +alfX. 1Y),
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We can c€asy see
9(X,Y)=0, VXel(VL), VYeT(VM),

that is VL, VM are orthogonal distributions with respect to g.
For every X,Y € (VL) we have

$IX, 1Y) = 5(@(IX,£Y) 4 ol £2X, F2Y)).

Using (2.1) we get ‘

HIX,IY) = (ol X, FY) + a(X,Y))

and i
3

(3.2) 9(X,Y)=g(fX,fY).

Thus f is an isometry with respect to g.
If X is a differentiable section of V L then the fX is also a differentiable section

of VL and orthogonal to X with respect to g, because from (3.2) we have
?

9(X, fX) = g(f X, f’X) = —g(f X, X) = 0.

Con tl i ) r =
Sumst:g::.n y we can choose in I'(VL) r = 2m mutualy orthogonal vector fields

X1 = X, X2 = fXq, Xom = [Xm.

Thus the rank f = r must be even, equal to 2m. The proof is complete. Using (3.1)

we get the relation
1

(33)  o(X,Y) = g(X,£Y) + o(mX,mY),  VX,Y € [(VTN).

An adapted frame of the Finsler f-structure is the orthogonal frame (X3, Xp)
b=1,...,2m,B =2m+1,... n, where Xmei = fXi,¥i=1,... m and ),( an’
orthogonal frame of VM. ! Y ’

?[‘heorem 3.3. A necessary and sufficient condition for an n—dimensional
m'amfo]d, whose vertical bundle has a pseudo-Riemannian structure, to admit a
Finsler f-structure of rank r is that r is even r = 2m and the group o}' the vertical
bundle of the manifold be reduced to the group Umy X 0(n - 2m)-

The proof is analogous of Theorem 2.2 of Yano (see (9], p. 106).

By means of the psendo-Riemannian structure g on VTN, we can define a
mapping gp: T(HTN) x [(HTN)} — F(TN) such that

gr(X,Y) = g(PX,PY), VXY €T(HTN).

The mapping gp has the properties of g and defines a metric structure on HTN.
Then, using (2.10) the distributions H L, and the horizontal f-structure h,
which is defined by natural almost product structure P of TN in Propotition 2.1

is an isometry on H L, with respect to gp.
Similarly is we define a metric on HTN by the relation
g:(X,Y)=9g(JX,JY), VX,Y e [(HTN),

then using (2.10) we have that the distributions H L, and HM; are orthogonal
with respect to gz, and the horizontal f-structure f3, which is defined by natural
almost complex structure of TN in Propotition 2.1, is an isometry on H L, with

respect to gs. ’
If (X3, XB),0=1,....,2m, B=2m+1,....n is an adapted frame of a given

Finsler f-structure on N we have
9p(PXi, iPX:) = 9(P?X;, PAPX;), Vi=1,...,m.
Using (2.2) implit
ge(PX;i, i PX;) = g(Xi, fXi) =0, Vi=1,...,m
Similarly
9s(T X, 20 X:) = g(J? X5, T I Xi) = —g(Xi, fXe) =0, Vi=1,....m
Thus we have

Proposition 3.1. If (Xs, Xg) is an adapted frame of a given Finsler -
structure f on N with respect tog, then the frame (PX,, PXp) is an adapted frame
of the horizontal f-structure f, with respect to gp and the frame (JXs,JXB) Is
an adapted frame of the horizontal f-structure f; with respect to g;.

It is clear that the frames (PX,;, PXp, X5, Xp) and (J Xy, J X5, Xy, XB) are
adapted frames to the decomposition TTN = HLiGHM, @ VIOLM and TTN =
HL,® HM>&® VL & LM respectively.

Thus we have
Theorem 3.4. If a Finslerf-structure is defined on an n-dimensional mani-

fold whose vertical bundle has endowed with a pseudo-Riemannian structure, then
the elements of the structure-group of the tangent bundle on TN have the form

Gm Hm 0 0 0 0
—-Hm Gm 0 0 0 0
4] 0 0 On-2m 0 0 0
= 0 0 0 Am Bm 0
0 0 0 —Bm Am 0
0 0 0 0 0 On-2m
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and thus the structure group reduces to
U(m) x O(n — 2m) x U(m) x On — 2m.

If we consider A as

Gm Hm 0
A=|-Hm Gm 0 ,
0 0 O2n-2m

then, according to the Theorem 2.2 ([9], p. 106) the tangent space TN admits a
tensor field F # 0 of type (1.1) such that F? + F = 0 and rankF = r = 2m.

4. On integrability conditions of a Finsler f—structure. Let fbea
Finsler f-structure on the manifold n. The Nijenhuis tensor N 7 of f is given by

Ny(X,Y) = [fX, fY] - €X,Y] - f[fX,Y] - f[X,fY], VYX,Y €eT(VTN).

Theorem 4.1. A necessary and sufficient condition for a Finsler f-structure
to be integrable is that

(4.1) Ny(X,Y) =0, VX, Y € (VTN).

The Proof is analogous to the case of an f-structure on a manifold.

Let CTTN be the complexified tangent bundle to TN. A CR-structure on
TN is a complex subbundle H of CTTN, such that H NH = {0}, where H is the
complex conjugate of H and H is involutive,

We suppose that f is an integrable Finsler f-structure. Then we can define
the complex subbundle H of CVTN by

H={X-vV-1fX,
Then ReH = VL and H N H = {0}.

HU=X-+/-1fX and V =Y — \/<IfY are two cross sections of H | by direct
computation we obtain:

X eT(VL)}.

(4.2) U, V]=[X, Y]~ [fX, fY] - V=1(IX, fY] + [fX,Y]).
Using the Theorem 4.1 we have
X, fY]-€X, Y] = (X, fY}+ [fX,Y]),

FUX, Y1+ £PIX, Y] = FUX, FYT+ (X, YD),
and finally

(4.3) XYY - [FX, fYD) = & X, fY]+ [F X, Y])
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From (4.1) and (3.1) implit
mN(X,Y)=m{fX,fY]=0,
that is V L is integrable.

Then {X, fY] € I(VL) and [fX,Y] € F(VL}), VX, Y € (VL)
Consequently

(4.4) X, fY)+ X, Y]) = (X, fY]+ [fX, Y]
From (4.2), (4.3) and (4.4) we have
[U. V] =X, Y] - [fX,fY] - V=1F((X. Y] = [fX, fY]),
gl:l:vi:rgg,l;f ]leet 11}1:2 :nglgslil::::::t::’le.?‘h’ such that ReHCVTN and K be the
complementary distribution of ReH to VTN that is
VIN=ReH® K.

We define a morphism of vector bundles

f:T(VTN) = T(VTN),

i b
given by H(Z) =0, vZ € I(K),
and :
1 —
(4.5) f(X) = V-1V - D),
where

U=X+V-1Y € TI(H).

Then it is easy to check that the morphism f define a Finsler f —structure, satisfying

P+f=0
The distributions VL and VM, which are defined by f coincide to ReH and K
respectivelly.
From (4.5) we have
{4.6) f(X)=-Y and f2X=-X

Consequently every cross section of H can be written in the form

U=X~V=ifX, VX € T(ReH).



486 P. TAMIA-DIMOPOULOU 10

KU=X~+/-1fX and V =Y — /-1fY are two sections of H, taking account
of H is involutive, we find

f([X,Y]'-'[fX,fYI)—[X,fY]-I—[fX,Y],

=X, 1Y) - 4X, Y] = f([X, fY) + F[fX,Y)).
But {fX, fY]) € '(H), fX,fY € ReH and consequently [fX, fY] € I'(ReH).

From (4.6) implit
=P UsX, fY) = (X, fY),

and
X, Y] - 4X, Y] = f([X, fY] + fF X, Y)).

Thus
Ny(X,Y)=0.

Gathering the results, we have

‘Theorem 4.2. A necessary and sufficient contition for an n-dimentional man-
ifold N to admit an integrable Finsler f-structure is that TN has a C R-structure
H such that

ReH CVTN

In similar way we can prove that a necessary and sufficient condition for an
n-dimentional manifold N to admit an integrable horizontal f-structure is that
TN has a CR-structure I such that Rell ¢ HTN.

Remark. If f is an integrable Finsler f-structure then f the horizontal f-
structure, which are defined by Propotition 2.1, are not integrable because

P[X,Y] #{PX, PY], YX,Y e {(VLN).
and
JIX, Y] #£[JX,JY].
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