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ON THE ORDER AND TYPE OF INTEGRAL FUNCTIONS
OF SEVERAL COMPLEX VARIABLES

BY
A.K. DAS and N.C. MAZUMDAR

1. Introduction. In this paper we shall obtain the relations between two
or more integral functions of several complex variables and study the relations
between the coefficients in the Taylor expansion of integral functions and their
orders and types. In this connection it may be mentioned that similar problems
were investigated earlier in the papers {6], [2], and [5]. In what follows, we shall,
for the sake of simplicity, consider only two variables though the results can easily
be extended to several variables. Let

[en]

(1.1) fauzm)= Y amasl'd

m,n=0

be a function of two complex variables where a,,, € C (the field of complex num-
bers). The series (1.1) represents an integral function of two variables z; and z, if
it converges absolutely for all values of z; and z; such that 2| < 0o and |z3] < oo.
M.M. Dzrbasyan ({1}, pp. 1-23) has shown that the necessary and sufficient con-
dition for the series (1.1} to represent an integral function of variables z; and 2,
is

(1.2) ]imsupm+n_‘w|am,,|"?-'h =0.

Let G, be the family of closed polycircular domains in space {21, 22) dependent
on a parameter r > 0 and possess the property that (z),2:} € G, if and only
if (z1/7,22/r) € G1. The maximum modulus of the integral function flz1,22) 1s
denoted by

Me(r,f) =  max_ |f(z1, 22)]
(21,22)EG,

and the function will be called G-order and G-type respectively, if

loglog Ma(r, f)

(13) PG = limsupr—-m
logr
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Y log Ma{r, )

(1.4) Te = llmsup,._,m—;r.

Denote

(1.5) b =®g(m,n) = max_ (|z;|"}z]").

(Jl;z?)ecr
A.A. Goldberg ([3], p.145) has proved the following theorems.
Theorem A. All orders pg are equal and

(m + n)log(m + n)
—log |amn} '

(1.6)

p=pc =limsup_.,._ ..,
Theorem B. The G-type Ty satisfies the condition
(L7)  (To) = lim suppmyne [(m + m)/2{@c(m, n)ama[}/0m+)]
2. The lower bar order A is defined in [2] by

(m + n)log(m + n)
— log |awma|

(2.1)

A=limsup,, . .

Theorem 1. Let f,(z1,22) = Y o .o as,‘:g.zi"z;‘, where s = 1,2,.. . k be k
integral functions of non—zero finite orders P1,Pz:. .., Pr and non-zero lower bar
orders Ay, Ay, ..., A, respectively. Then the function

o0
f(zl)ZZ): Z “mnz;nz;:

mn=0

where

(2.2)

loglamn|™F ~

k
(J]tog la&id|=7)#
=1

(p’s being some positive constants) is an integral function such that

N 7 )

where p is the order and A is the lower bar order of f(z), z3).

Proof. Since f,(z1,22) is an integral function, using (1.2) we have for arbitrary |

¢ > 0 and enough large R,Ia,(,:g.]”(m*'") < 1/(R=¢}for m+n > N, or logiamll_p' >3
i
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> p,(m+n)log(R—¢). Puttings =1,2,..., k and multiplying out the k inequalities
thu; obtained, we have for all large m +n

: k
[T loglah ™2 > (1, p2, - i) {(m + ) log(R — ©)}*.
=1

Therefore, if

loglamni—p ~

1
k k
(II noglas.:z.rm)
=1

then for all large m +n
10g |(:|-|".nu":l—p > (pl:p2v s 3pk)t (m + n) lOg(R - f)

or )
|amn |7 < 1/(R— e)®rpapn¥le,
e limsqu+ﬂ—'w|“mn|”(m+“) = 0, since the p’s are all positive constants.

Hence f(zy,2z3) 1s an integral function. .
. Nc‘»f“(r 1llsing (1.5) and (2.1) for the function f;(z1,22), we have

. ps(m + n)log{m + n)

- d
(2.4) log |ai2)|~** b€ form+n>N, an
2) 1=ps . Ps{m+n)log(m + n)
(2.5) logJaiih |7 > =1 =
for an infinite sequence of values of m,n. Taking s = 1,2,...,k in (2.4) and

multiplying the k inequalities thus obtained, we have

k £ 1
[Tloglald ™" > (pr,p2, -, PE)l(m + ) log(m +n)]* - [ ps +€

=1

s=1

i
k * )
Thus using (2.2), we get loglama]|™? > (m + n)log(m + n) (,I_;]l ;ﬁ;) . Taking

the limit, n

E %
. (m + n) log(m + n) Ps
iMsup 4 neoo 108 [ |7 < !_:Il 2

E * k-1 *
or = 2> - y L&, =
p B (::1 P;) (a—r-Il Pa) P Pk
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which proves the first part of the lefi hand side of (2.3).

We now prove the other part of the left hand side of (2.3). Taking s =
L2,...,(k=1)in (24) and s = & in (2.5) and multiplying out the inequalities
thus obtalned we get

k-1

- 1 1
H10$|a$;2.| Pr > (p1p2s -, pe)l(m + n) log(m + n))* H

Pt e A;;’FC-

Thus, using {2.2), we have

k-1
_ P Pk
| P S
og lamn|™? > {m+ n}log(m + n) (,zl pte X, c)

Taking the limit

(m + n)loglm  n) _ ("” . _p_,,)'*

minoo 10 [amn |7

Ps Pk ; Ps Py, Pky2
> (T2 ) . (T p,) < By,
which proves the other part of left hand side of (2.3).

The proof of the right hand side follows in a similar manner.

l>-'l'!$

Corollary. If any k L's out of L,Ly,Ly,...,L; are equal to unity, then all
the (k + 1) L’s are equal to unity and we have

3
=(] Psyi
s
where L = p/A and L, = p,/A,.
3. Theorem 2. Let
o0
f,(21,2'2) = Z (IS;?.Z;HZ;
m,n=0
where s = 1,2,... k be k integral functions of finite non—zero orders Pl P2, P
and non-zero Iower bar order A, A,, ..., A, respectively. Then the function

[=+]
fz,22) = D amael2}

mn=0
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where
(3.1} log lamn{™ ~ IOS{H laeh |~}

(p’s being some positive constants)} is an integral function such that

(3.2) 2%— ((g_k% X;:

[)-'l't!

where p 1s the order and A is the lower bar order of f(z),z4).

Proof. Since f,(z1,22) is an integral function, we have, using (1.2), for arbi-
trary ¢ > 0 and enough large K

[als) |1/ (mn) ¢ —Rl— for m+n >N, or loglal)|™P" > p,(m+n)log(R — ¢).
—¢

Putting s = 1,2,..., k and adding the k inequalities thus obtained, we get for all
large m+n

k
log (H Iaii.ll"") > (p1+p2+ ...+ pe)(m+n)log(R—e).
a=1
Therefore, using (3.1)
log |amn}™ > (pr+ p2+ -+ pe)(m + n) log(R ~ ¢)

of Jamnp|F > (R — )m+meit4p)  or g | < (R— )" (mtm) Lopelp,
Hence limsup,,, , ,_, e lmn /(™ +") = 0, since p’s are all positive. Hence f(z), 22) is
an integral function. The rest follows as in Theorem 1, and this proves the theorem.

4. Theorem 3. Let f,(21,22) = 3, = Dagr.}.,.l z3 wheres=1,2,... k be k

integral functions of finite non-zero orders py, pa, ..., pr and gonice non-zero types!)
T1,Ts, ..., T; respectively. Then the function f(z1,13) = Z:m,:;:() mn 2] 25 where

3

k
(4.1) log(® - |amal)™? ~ (Hlog(¢|a£;'2,|)"")
s=1

__l) The types 77,75, ..., T} correspond to the same family of closed polycircular domains

Gr.
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{p’s being some positive constants) is an integral function such that

k
(4.2) T < ([ p,T)*
s=1

where p and T are the order and type of f(z1, z2) respectively, provided

-2

© I"U
['U
arr-

The proof requires the following:
Lemma. Let

o0

(1) flz1,22) = z @mnz] 23

m.n=0

be a function of two complex variables z,zy, where a,, € C. The series (1)
represents an integral function of two variables zy, 2o if and only if

(2 limsupm_i_n_‘w(q,lamn|)ll(m+n) =0

where ® has the same meaning as given in (1.5).

Proof of the lemma. First, let (1) define an integral function. Then (1)
converges absolutely for all values of zy,2,{z1] < oo and {z3] < oo and hence in
any closed polycircular domain G,(0 < r < co0). Let (2{,23) € 8G, be such that
® = |2{|™}z4|" = r7r}, taking |z{| = r; and |z5| = r;. We consider points with
coordinates z; = ri¢, z = rt(t > 0). Then proceeding as in ([4], p. 72}, we obtain

M SUP, 4 ms o0 ([Gma | rp) V(M) = 0 e, limSup,y 45— oo (Bl@mn )14 = 0,

Next, let the given condition (2) be satisfied. Let (2},25) € G, be such that
|24}, 122] > 1 and choose ® = ®g(m, n) = |z|™|2|". Then by the given condition
Slamn| < 1/r’"+"(r > 1) for all large m + n, 1e., |ama |l ™5 < l/r"‘+" r>
1. Now the series zm =0 == being convergent, it follows that the series (1)
converges absolutely for all (2}, z3), where |2{], [23] > 1. But G being a polycircular
domain, the series (1) converges absolutely for every (z1,22) such that |z;] < |z{]
and |z2| < |#4| and the lemma is thus proved.

Proof of the theorem. Since f,(z;, z2) is an integral function, by the lemma,

we have for arbitrary ¢ > 0 and enough large R, (®|all VM) « £ for
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m+n > N, log(®|a,(.,':2,|)"" > ps(m + n)log(R — ¢). Putting s = 1,2,..., %k and
multiplying the k& inequalities thus obtained, we have

Hlog (@al22])7?* > {(m + n)log(R -c)*(l'[p,)}
s=1
Therefore, using (4.1) log(®|amn| ”) > (Hfﬂp,)”k(m + n)log(R — ¢) or

(®lamn )/ ™) < (R - €)” (. Pt re for all large m + n. Therefore
lim sup,p, 41— oo (®famn )1/ (™ +7) = 0 (smce p’s are all positive). Hence by the lemma
f(z1,22) 15 an integral function.

The proof of the rest viz., the relation (4.2) is patterned after [5].

Using (1.6) for the function f,(z,22}, we have

| (4.3) KM SUp 4 oo [(m + 2)7 7 {Dal) [P/ CP47)) = (ep, T0)! /20,
From (4.3), we get for arbitrary ¢, > 0 and for all large m + n

(m 4 n) /2 {@]al) (14 < fepy (T, + )} /#

for m4+n > N,. Sétting eps(Ti+¢,) = A, (m+n)1/"'{d>|a,(,,:,);|}1/(m+“) < (AP
form+n>N, or

+n

Ps log ——— PYRE (,) > —(m+n)log

Putting s = 1,2,... k and multiplying out the k inequalities thus obtained, we

have
Hps og Hp’(m—{-nknlog

for all large m + n. Therefore, using (4.1) and (4.2), we have

1/k
n)}

plog

1 r ‘ m+
>=(m+n lo
‘Dlamnl P( ){sl;]l: g(

L/k
1 m+n £ log A
or | o - S
og Sjamn] > p (.;I;[l {1 log(m+n)}) log(m + n)
logA Lk _2
og(m+ )+0(10g(m+n) )| log(m +n) or
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k 1/k
. log A,
) Blan 1P+ < ()P _ .
( n){®|amn|} < {(m+n)’with g ,§=, tog( 1'1)+O(log(m+n) )

Since limpmip—{m+n)’ = Hf:] A;”k, where A} = ep, T, taking limsup, we get
M SUPp o (1 + 7)(@amn)?/ 4] < [T (eps o) %,

Hence epr < [[,-, (e T2)* = e [y () /H(IT2y T)Y = Ee ooy (0, T0) ¥ or
T < I‘[le(p,T,)”k, and the theorem is proved.
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ON THE DEFICIENCIES OF DIFFERENTIAL POLYNOMIALS
OF MEROMORPHIC FUNCTIONS

BY
S.M. SARANGI and S.J. PATIL

In this paper we use the usual notations of the Nevanlinna theory of mero-
inorphic functions as in {2]. By a meromorphic function we shall always mean a
function meromorphic in the complex plane,

If f is a non—constant meromorphic function we shall denote by S(r, f) any
quantity satisfying

(1) S(rnfi=0T( Y as r—oo

through all values if f is of finite order and as r — oo possibly outside a set of
finite linear measure 1f f 1s of infinite order.

Also we shall always denote by o, ap, ay,... etc. meromorphic functions
satisfying

(2) T(T’,G),T(T’, (1.‘(2’)) = S(rlf)

Let P be the differential polynornial in f witch is the sum of a finite number

of terms of the form f(l)h f(?')r2 ..‘f(m)rm where f(), f(2) . are the successive
derivatives of f and I}, {5,...{,, are non-negative integers.

il +l 4134 ...+, = n (a fixed positive integer) in every term of P then
P is called a homogeneous differential polynomial in f of degree n.

In this paper we prove the resuits on homogeneous differential polynomials in
_[f] Some results on differential polynomials in f are already proved by K.L.Hiong
1].

To prove the results in this paper we require the following lemma.

Lemma. If P is a homogeneous differential polynomial in the derivatives of
f of degree n >t then

(3) () m(r, P/(f —u)") = S(r, )
(4) (i) m(r, P /(f - a)*) = S(r, f)
(5) (i) m{r, P1/(P = b)) = S(r, f)

Proof. It is known [2] that

m(r, fO)f = a)) = S(r, ) for i = 1,2,3, ..



