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ON THE INTEGRABILITY OF THE DISTRIBUTIONS
ON A CR - SUBMANIFOLD
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0.Introduction. A symplectic manifold basically provides a setting
for mechanics. Moreover, if it is equiped with a Hermitian metric it be-
comes rich enough to be studied for its geometric aspects which in turn
may be helpful in interpreting several phenomena relating to mechanics.
More specifically it helps to study the geometric behaviour of isotropic,
Lagrangian and Symplectic parts of the space. This line of thinking leads
to the investigation of C R-submanifolds (or some time even more general
class of submanifolds) of Symplectic (almost Kahler) manifold. In fact, if
M is an isometrically immersed submanifold of a Symplectic form £ and if
§ induces a symplectic form Qs of constant rank over M, then the tangent
bundie is partitioned into two distributions: one Isotropic and the other
Symplectic [7]. Geometrically M < M is said to be a C R-submanifold
of M if its tangent bundle T(M) is a direct sum of two distributions D
and D' such that D is holomorphic (JD = D) and D' is totally real
(JDL € TH(M)) [1]. It is interesting to observe that D is Symplectic and
D2, being Ker(Qpr), isotropic. Now it is natural to ask: under what condi-
tions these distributions are integrable so that M is foliated by their leaves
and is locally the Riemannian product of these leaves.

These considerations motivate us to study the geometry of
C R-submanifold of Symplectic manifolds and thus make an endeavour to
geometrize the mechanics obtained on a Symplectic {or almost Symplectic)
manifolds. In pursuit of this as a first step in section 2, we have estab-
lished some integrability conditions for the distribution D and D+ of a
_ CR-submanifold of an almost Hermitian manifold and have studied the ge-
ometry of the leaves of these distributions leading to a characterization for
the C R-submanifold to be a C R-product in a hermitian manifold. In section
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3 after having obtained the integrability conditions for the distributions of
a C R-submanifold of a locally conformal Kahler manifold we again obtain
a characterization for C R-product in this setting. We have also obtained
a characterization for C R-product in a nearly Kahler manifold which as it,
turns out, is the same as obtained by Chen in case of Kahler manifolds [3].
In our concluding section, we have studied the C R-submanifolds of symplec-
tic manifolds and have obtained a condition for € R-product submanifolds.
The two canonical distributions in this case are found to be symplectic and
i1sotropic.

1.Preliminaries. Let M be an almost Hermitian manifold with al-
most complex structure J and Hermitian metric <,>. To describe the
geometry of an almost Hermitian manifold two tensors are of fundamental
importance, one is a 2-form Q) called the symplectic form and is defined as

(1.1) U, V) =< JU,V >,

where U,V are vector fields in M, and the other is (1,2) tensor S called
Nijenhuis tensor defined as

(1.2) S(U,V):[U,VH-J[JU,V]+J[U,JV]—-[JU,JV].
For an almost Hermitian manifold the following are well known relations

(1.3) (VuQ)V, M) =< (Vu )V, W >,

(1.4) 2VuQ)V, M) = dUU,V,W) - dQ(U, JV,IW)~ < U,S(V,JW) >,

for U,V and W in T(M), the tangent bundle of M, where V is the Levi-
Civita connection on M. We call an almost Hermitian manifold M
Kihlerian if (VyJ) = 0, for every U in T(M), symplectic (or almost
Kihlerian) if d0 = 0 and nearly Kahler if (VyJ YU = 0. We call M to
be locally conformal Kahler if M is Hermitian and dQ = Q2 An wherenisa
closed one form called the Lee-form. It is well known that M is hermitian if
and only if § = 0 and that on a Hermitian manifold (VyJ) = 0and d2 =0
are equivalent.

Let M be a Riemannian manifold isometrically immersed in M. For
the submanifold M of M, we denote by <,> the Riemannian metric on
M as well as that induced on M. Let ¥V be the Riemannian connection
on M induced by V. The Gauss and Weingartan formula for M are given
respectively by

(1.5) YuV = Vu + h(U, V),
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(1.6) VuN = ~AnNU + VﬁN,

for vector fields U,V tangent to M and N normal to M. h and A, are
second fundamental forms related by ,

(1.7) < h(U,V),N >=< ANU,V > .

M is said to be totally umbilical in M if
(1.8) U, V)=< U,V > H,

;.r/}ler;d H= %g'r(h) is the mean curvature vector n being the dimension of
. is said to be a C R-submani M if i i i i
e s anifold of M if it admits a differentiable

(1) D is invariant under J i.e., JD, + D, for each z in M and

N (2) ’IJ‘-he orthogonal complementary distribution D+ is totally real i.e.

JDx C TX(M) for each z € M, T¢(M) being the normal space at z [1] ,

M is said to be a CR-product if it is locally the Riemannian produict
of the leaves of holomorphic and totally real distribution [3]. The orthogonal
complement of JD* in T4(M) is and invariant subbundle of T (M) under

J and i'f is denoted by u. The transforms JU and JN are decomposed into
tangential and normal components as

(1.9) JU = PU + FU,

(L.10) JN =tN + fN,

We now define

(1.11) (VuP)V = VyPV - PVyV,

(1.12) (VuFY =V§FV - FVyYV,

(1.13) (Vut)N = VytN —tVEN,
(119) (Vuf)N = VG fN - fVGN,

for U, v tangent to M and N normal to M,



370 K.A. KHAN, V.A. KHAN and S.1. HUSAIN 4

2.C R-submanifolds of almost Hermitian manifolds. Let M be
a submanifold of an almost Hermitian manifold M. For U,V in T(M),

(VyJ)V = VydV = IVyV,
which on using (1.5),(1.6),(1.9),(1.10),(1.11) and (1.12) takes the form

(VuJ)V = (VuP)V - ApyU - th(U,V)+

(2.1) +{(VuF)V + h(U,PV) - fA(U,V).

Denoting the tangential and normal parts of (VyJ)V in (2.1) by PyV and
QuV respectively, we get

(2.2) PyV = (VuP)V — ApyU — th(U, V),

(2.3) QuV = (VuF)V + (U, PV) - fR{U,V).

Similarly, if PyN and QuN denote the tangential and normal parts of
(VyJ)N for N in T+(M), then

(2.4) i PuN = (Vut)N + PANU — AgnU,

(2.5) QuN = (Vyf)N + h(tN,U) + FANU.
It is easy to observe that P and Q satisfy the following properties:

(p1) PusvW =PuW + PyW ; QuivW = QuW + QvW

(p2) Pu(V + W) =PyV + PuW ; Qu(V +W)=QuV +QuW
(p3) < PuV,W >=- <V, PyW >

(ps) < QuV,N>=—<V,Qu>

(ps) PudV + QuIV = —J(PuV + QuV)

for all U,V and W in T(M) and N in T+(M).

We now establish the integrability conditions for holomorphic and
totally real distributions of a CR-submanifold of an almost Hermitian
manifold in terms of the tensor field P and Q.

Proposition 2.1. Let M be a CR-submanifold of an almost Hermitian
manifold M. Then the holomorphic distribution D is integrable if and only

if
(2.6) QxY — QyX = h(X,JY) - H(JX,Y)
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for each XY in D.
Proof. For ¢ € JD*,

< WX, JY) = h(JX,Y),6 >=< VxJY ~ VyJX, >=

=< J(VxY = VyX)+ QxY - Qv X, £ >=

=< FIX,Y]+QxY —QyX,6> or

< (X, JY) - h(JX,Y) + Qv X — QxY,€ >=< FIX,Y],£ >

Hence D is integrable if and only if

(2.7) MX,JY) = h(Y,JX)+QyX —QxY €u

for all X,Y € D. But for N é u

0=< J(VxY-VyX),N >=< h{X,JY)-h(JX,Y)-QxY +QyX,N > .

This shows that

h(X,JY) - h(JX,Y)}+ Qv X — QxY € JDL.

In view of (2.7) and the above, the proposition clearly follows.

Proposition 2.2. Let M be a CR-submanifold of an almost Hermitian

T}mnifald M. Then the totally real distribution DL is integrable if and only
:

(2.8) PzW —PwZ = A;zW - AjwZ,
for each Z,W in DL,

Proof. For X € D, and Z,W € D+

<AjzW — AjwZ,X >=< VzJW -V@wJZ X >=
—< J(VzW -~ wZ) + PsW —PwZ, X >
or
<ApzW - AjwZ +PwZ —PzW, X >=<JW,Z], X >
which implies that DL is integrable if and only if

AW — AjwZ + PwZ - PzW € DL,
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But A;zW — AjwZ + PwZ — PzW liesin D for all Z,W € D+ as for Z'
in D+
0=< J(VzW -VwZ),2' >=
=< VzJW — VwJlZ +PwZ —'PzW,Z' >=

=< AyzW — AyjwZ + PwZ — PzW,2' > .

This proves the proposition.
Now under these conditions Frobenius theorem guarantees the folia-
tion of the leaves of F and D+.

Proposition 2.3. The leaves of D are totally geodesic in M if and
only if any of the following holds.

(a) PxY +th(X,Y)e D

(b) pr+AJzX€D‘L R

{¢) QxY —~h(X,JY)€Eu
for each X,Y in D and Z in D*.

The first part immediately follows from equation (2.2) where as the
parts (b) and (c) can be seen to be equivalent to (a) using the properties
(ps) and (ps).

Proposition 2.4. The leaves of D+ are totally geodesic in M if and
only if any of the following holds

(¢’) PwZ+ AjzW € D+

(b’)) PzX +th(X,Z)e D

(¢’)) QwX —h(W,JX)€u
for each X tn D and Z,W in D+,

Similarly, here the first part follows from equation (2.2) and parts (b’)
and (c’) are equivalent to (a’) in view of properties (p3) and (ps).

Consequently, we may state:

Theorem 2.1. Let M be a CR-submanifold of an almost Hermitian
manifold M. Then the following statements are equivalent

(i) M is « CR-product.

(1) PuX 4+ th(U,X) € D.

(i) PuZ + AszU € DL,

(iv) QuX — h(U,JX) € u.
for each X in D, Z in D+ and U in T(M).

In view of the above theorem if the ambient space, in particular, is
taken to be Kihler, these conditions reduce to the condition A;zX = 0 for
each X in D and Z in D*. This coincides with the condition given by Chen
(3] for the characterization of C R-products in a Kéhler manifold. Thus our
result can be treated as the extension of Chen’s result in a more general
setting.
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We pause to remark that as a consequence of the above discussion,
a characterization for the C R-product in nearly Kahler can be obtained
analogously to the one in the Kahler setting. In fact, we prove the following:

Theorem 2.2. Let M be a CR-submanifold of o nearly Kdhler
manifold M with integrable distributions. Then M will be a CR-product
if and only if AjzX =0 for eack X in D and Z n D+,

Proof. In view of the equation (VyJ)V = PyV + QuV, the nearly
Kahler condition yields

(2.9) PuV = -PvU and QuV =-QvU

for all U,V tangent to M. Since D is integrable, (VxJ)YY € D and
MX,JY) = h(JX,Y) for X,Y in D [8). That implies @xY = 0. Now
using Proposition 2.3 we obtain that leaves of D are totally geodesic in M
if and only if

(2.10) R(X,Y) e u,

for X,Y € D. On the other hand D' is integrable if and only if
(2.11) < (VwJ)Z,X >=0,

for Z,W in D+ and X in D [8]. In other words,

(2.12) <PwZ,X >=0

which on using Proposition 2.4 gives that the leaves of D' are totally
geodesic in M if and only if

(2.13) <h(X,W),JZ >=0

The theorem follows immediately by combining (2.10) and (2.13).

3.C R-submanifolds of locally conformal Kahler manifolds. In
this section, we consider C R-submanifolds of locally conformal Kahler
manifold M. By a locally conformal Kéhler manifold, we mean a Hermitian
manifold equiped with a nondegenerate 2-form  such that d = 2 An and
dn = 0 for some 1-form 7, called the Lee-form [5]. A Lee vector field Ais a
vector field metrically equivalent to 5 ie. < A,U >=n(U) for U in T(M).

An easy computation throughout equations (1.1),(1.4),(2.2) and (2.3}
gives the following relations for the CR-submanifolds of locally conformal
Kahler manifold

(3.1) PyV = %[Q(U,V)AT —n(VYPU+ < U,V > (INr + 9(JVIU),
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32)  QuV= -;-[Q(U, VA = n(V)FU+ < U,V > (JA)N]

for all U,V in T(M) where the subscripts T and N denote the tangential
and normal parts respectively. In view of the above relations, we obtain the
integrability conditions for the leaves of holomorphic and totally real distri-
butions of the C R-submanifold M of a locally conformal Kahler manifold
M as follows:

Proposition 3.1, Let M be o CR-submanifold of a locally conformal
Kihler manifold M. Then the holomorphic distribution D is integrable if
and only if

(3.3) QX,Y)An = h(X,JY) — h(JX,Y),

for all X,Y in D, AN being the normal part of the Lee vector field.

Proof. using Proposition 2.1 in equation (3.2), the proposition follows
immediately.

Proposition 3.2. For a CR-submanifold M of a locally conformal
Kéhler manifold M, Dt is always integrable.

Proof. For Z W in D+, consider PzW — PwZ which by equation
(3.1) is given by

P,W — PwZ = %in(JW)Z _ n(JZ)W).

A little bit of computation shows that the right hand side of above equation
is in fact equal to [A;zW —A jw Z]. Now using Proposition 2.2, the assertion
follows.

Remark. The same fact has also been established by Blair and
Chen [2}.

Now for a totally umbilical submanifolds, we have
WU,V) =< U,V > H. Therefore, a totally umbilical C R-submanifolds
M of a locally conformal Kahler manifold M will satisfy

MIX,Y)—h(X,JY)=2<JX,Y > H

for all X,Y in D. Further if M is foliate i.e. D is involutive, then equation
(3.3) yields

(3.4) QX,Y)Iy =-2< JX,Y > H.

Thus as an immediate and useful consequence of Proposition 3.1, we con-
clude

©w
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Proposition 3.3. If M is a totally umbilical foliate CR-submanifold
of a locally conformal Kihler manifold then

(3.5) H= -%,\N.

Remark. The above result agrees with the result in Kahler setting
as in that case A = 0 and the totally umbilical submanifold become totally
geodesic when D is involutive.

Now for the totally geodesicness of the leaves of D and D+ we have

Proposition 3.4. The leaves of D are totally geodesic in M if and
only if

(3.6} 2< AszX, Y >=QUX, Y m(Z)- < XY >n(JZ)

for every X,Y in D and Z in DL,

Proof. Using the condition of totally geodesicness of the leaves of D
obtained in Proposition 2.3 and equation (3.1), we get

< Q(X,Y)AT— nY)PX+ < X,Y > (INT+(JY)X +2th(X,Y),Z >=0
for X,Y in D and Z in D+ or,
UX,YI<MZ>+ <X,V ><INZ>+2< Jh(X,Y),Z >=0

or,

YUX, Y)n(Z)- < X,Y > nJZ)=2< h(X,Y),JZ >.
This proves the proposition.

Proposition 3.5. the leaf of Dt is totally geodesic in M if and only
if

(3.7) 2< Az X, W >=< Z,W > n(JX)

for each X in D and Z,W in DL.
Proof. Using equation (3.1) and equations (2.6) and (2.7), we get

< ZW><JINX >42< AW, X >=0

or

2 < h(X,W),JZ >=< Z,W > 3(JX)
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which proves the proposition.
Propositions 3.4 and 3.5, immediately yield the following.

Theorem 3.1. Let M be a CR-submanifold of a locally conformal
Kahler manifold M. Then M will be a CR-product if and only of

(3.8) 247zX = O\, 2)X + QA X)Z - QA JZ)JX

for X,Y in D and Z,W in D+,

For the C R-product, equation (3.8} can also be established using The-
orem 2.1, part (iii). The following is an interesting consequence of the above
theorem.

Corollary 3.6. Let M be a CR-submanifold of e locally conformal
Kahler manifold M such that A lies in the tnvariant part of the normal
bundle, then M will be a CR-product if and only if A;jp. D = 0.

4.C R-submanifolds of symplectic manifolds. Throughout this
section we take the ambient space M to be a symplectic manifold and M,
as usual will denote the C R-submanifold of M. That is M is equiped with a
nondegenerate 2-form such that d©@ = 0. We further assume that there exists
a Hermitian metric <,> over it such that 3(X,Y) =< JX,Y > where J
is the almost complex structure adapted with §2. Let (5 be the restriction
of §) over M. Then the Ker(Qps) is the set of all vectors X in T(M) such
that Q(X,Y) = 0 for each Y in T(M), which coincides with the totally
real distribution is isotropic. This observation jutifies the investigation of
C R-submanifolds of symplectic manifolds. It is also interesting to observe
that even if M is just a submanifold of M and Ker(Qs) has a constant
rank, the orthogonal complementary distribution of Ker(2as} is symplectic
which in case of C R-submanifold, is holomorphic.

The integrability of totally real distribution in this setting follows
immediately from the following theorem.

Theorem 4.1. [7; p.408) If ¢ is o differential p-form on M such that
dé = ¢ A a where o 15 pfaffien form then the distribution generated by the
set of sections of Ker(¢) is completely integrable.

This means that totally real distribution on D+ of M in a symplectic
(even in 1.C.K.) manifold is always integrable.

Lemma 4.1. Let M be a CR-submanifold of M. Then for any U,V
and Win T(M)

(4.1) 2< PV, W >=< U, JS(V,W) > .
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Proof. Using the fact that d = 0 and (VuJ)‘_f = ’PyV + QUV,
an easy computation through equations (1.3) and (1.4) immediately yields '

equation (4.1).

Proposition 4.2. The holomorphic distribution D 13 integrable if and

only if for each X,Y in D and Z in D4

(42) < 24,2Y - JS(Y,2),1X >=<24;2X — JS(X,2),JY >.

Proof. Using (2.7) and the property (ps) with Lemma 4.1 we co_ncluie'
that D is integrable if and only if for each X,Y in D and for each Z in D,

< h(X,JY) - hJX,Y),JZ >=< QxY - QvX,JZ >

or

< AjzlY, X > -2< AjzJX,Y >=< X,8(Y,Z2)>—-< Y,5(X,2) >.

Replacing ¥ by JY and X by JX in the above equation, we get

< 24;2Y —JS(Y,2),JX >=<2A,zX — JS(X,2),JY >.

This proves the proposition.

Proposition 4.3. The leaves of D are totally geodesic in M if and

only if

(4.3) 2< AjzY —JS(Y,Z),X >=0

for each X,Y in D and Z in Dt.

Proof. From Lemma 4.1 and equation (2.6) we find that the leaves

of D are totally geodesic in M if and only if

< X,JS(Y,2) > + < 2th(X,Y),Z >=0

or

<X,JS8(Y,Z)>—-< 24;2Y, X >= 0

which proves the proposition. _
Similarly for the totally geodesicness of
obtain

the leaves of D+ in M, we
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only if

(4.4) <24,2Y - JS(Y,Z),W >=0

L T ——

for each Y in D and Z,Win D+,

In view of the above proposition, we may state:

_ Theorem 4.2. Let M be CR-submanifold of o symplectic manifold
M, then M is a CR-product if and only if

(45) ' 24;p.D = [JS(D, DL)]T

where subscript T denotes the tangentsal part.
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L SOLUTIONS

INFINITELY MANY RADIA

FOR A WEIGHTED SEMILINEAR ELLIPTIC %%I;IJ:&I‘TS‘ION
INVOLVING CRITICAL SOBOLEV EXPO

BY

LIVIU I. NICOLAESCU

0.Introduction. In a previous related paper [7] we have studied the

problem

R N2
w(R) =0, ) r|u']Pdr < oo,
= yiddis ds to a critical Sobolev
where v > 1,0, < —2 and p = T=5= corresponds

i Iste f a positive solution
imbedding. There we have established the existence ofap

I 1 1+).
‘or A in a suitable range (depending on @ anc S
. (OalT)}lio;i?nlzfit;s paper isgta estabish the existence of infinitely many

solutions for the problem (P} for all A > 0 1f -y satisfies
0.1) v > 2a+ 5

—w—‘;f; (rrdi} = Ar®u+ rolulp~le in (O,R)
(PaYs

This result extends a previous one duecto Selimini {8] in which
: =N -1, 1 7 an integer. .
—a=0andy=N -1, N>Tanm
! (rThP stratZgy of our proof resembles the one ;;ed 1‘)y Ce rre E; er:d:;d
el ' ] ome modifications we
Solimini, Struwe [7]. However, s e neeled
since the main hypothesis of the paper (4] namely;v 0 < A <1 Az ( Als;st ; ;iz ;
eigenvalue of the radial Laplacian in Br(0) C %) is no ongert ; Suu. y
With the occasion we give a new proof of the above quoted re
oo II;H (;rrrlle}rltz) describe our strategy we have to consider the following

eigenvalue problem

. _1_34, (r74%) = Ar®u in (0, R)
(0.2) { R

fOR 1'7iu’|2d7' < 00, U(R) = 0’



