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Proposition 4.4. The leaves of D+ are totally geodesic in M if and
only if

(4.4) <24;zY - JS(Y,Z),W >=0

for each Y in D and Z,W in DL,
In view of the above proposition, we may state:

~ Theorem 4.2. Let M be o CR-submanifold of o symplectic manifold
M, then M is a CR-product if and only if

(4.5) ' ZAJDJ.D = [JS(D,D'L)]T

where subscript T denotes the tangential part.
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L SOLUTIONS

INFINITELY MANY RADIA

FOR A WEIGHTED SEMILINEAR ELLIPTIC }IB\I%%?["EION
INVOLVING CRITICAL SOBOLEV EXPO

BY

LIVIU I. NICOLAESCU

0.Introduction. In a previous related paper {7] we have studied the
problem
™ R -
w(R) =0, J, r|u'{*dr < oo,
& C itical Sobolev
where ¥ > 1,0,a0 < -2 and p = TZ2EE2 corresponds to a cri

imbedding. There we have established the existence of a positive solution

i 1 1 1 1)
. for A in a suitable range (depending on a an o 1
E (031]2 'heoa.im of this paper is to estabish the existence of infinitely many

solutions for the problem (Py) for all A > 0 if y satisfies
0.1) ‘ v > 200+ 5.

. (,.74,11) = ArPu+r7luP e in (0,R)
T dr dr '
(P} {

This result extends a previous one due to S 11 m i n i (8] in which
integer.
=a=0andy=N -1, N > 7 an integ ‘
0 rX’I‘hp strategy of our proof resembles the one tfsed 1.3}’ Cera mdl,d
Solimini Struwe [7]. However, some modifications were ?eeﬁet
nini, St s
since the main hypothesis of the paper {4] nameljerO < A <1 Ay (M ;Stits;iid rs
eigenvalue of the radial Laplacian in Br(0) C R"} is no longer sd lt. y
With the occasion we give a new proof of the above quoted resu
limini gl ‘
o II;n (l)r?ierlt};m describe our strategy we have to consider the following

eigenvalue problem

rt dr

. _L_d_(rv%) = Ar®u in (0,R)
(0.2) { [ rru'Pdr < o0, u(R) =0,
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In [7] we have proved that the problem (0.2) has a discrete spectrum
O<h<hgs3g...€, < L each eigenvalue having finite multiplicity.
We denote by A)(R) = A,(R;+,a) the first eigenvalue of (0.2). The main
steps of the proof are the following:

LFor 0 < A < A (R) and v satisfying (0.1) we prove asin Ceram i,
Solimini, Struwe [4] the existence of a solution of (P,) changing
sign.

2.Forevery A >0and v > 20 + 5 (Pa) has infinitely many solutions
changing sign.

Correspondingly the paper is divided in two sections. Section 1 deals
with the case 0 < A < )\;(R) while section 2 deals with the general case.

l. The case 0 < )\ < A1(R). We first recall some of the results
established in [7].

Let R € (0,400]. ER is the closure of the set § = {ueCY0O,R)ju=0
in a neighbourhood of R} in the norm Il - lv,r defined by

R 1/2
Hully,r = (f T"’Iu'lzdr) .
1]

L3(0, R) is the weighted space L0, R;r®dr). Then it is known the
following result (see 6] for a proof ).

Imbedding Lemma. Let v > L,R< oo, § >v—2 Then
Ef <+ L(0, R} continuously

if and only if

(11) gd+1 v—1

_......_2_—

q 2
The imbedding is compact if

g -
(1.1y _ ti_ -l

~—

Moreover, if g‘—;’—l- = then also 2 ontinaeisly imbedded in LH0, oo ).

Let

-

§=50,8R) = In { I calu
(1.2) *-2(9+1)}
S —

R o
E'r: HU'HL;.(Q“Q) =1,

Then, the following facts were estabhished in (7).

iti — 2. Then, S5(7,6) does not depend on
Proposition 1.1, Let § > v —2 .T , 8) do . _
R and tll.::rznﬁmum in (1.2) is achicved if and only if R = oo in which case
an extremal function ts

C

= —¥ =CU(T)1 U=9—‘Y
(14 22495

(1.3) U(r)

where C is a normalization constant such that ||U|[L;- =1.
We consider the problem

T dr dr

(1 4) li (T'Td_u) - Ar%u = r”|u|p-1u n (0, R)

(1.5) u € Ey.

— 1+242¢ By 5 weak solution of (1.4},(1.5) we understand a function
Herep= =7 BY
u € E., such that

R R B
(1.6) /R ru'v'dr = /\j rTyudr = / r?lul? " luvdr, Vv € E,,
0 0

0
. 2(041) - L lev
where 8 = o + 7. We note that p+ 1 =4" = J»T-qT is the critical Sobole

i i T is not compact.
t so that the imbedding E, «— Ly 1s not o _
exponf:: [';]owe have followed the deviceof Brézis -Nir e]L nb t;l ;vi
[3] to get the existence of a positive solution of (1.4),(1.5). Namely we
studied the minimization problem
(1.7) . )
Sx(R) = $a(1,6:R) = Ing {Jlully = Mully, 1w € BY, lulygn =1},

i = and |ule = jujp+1.)
(In the sequel, we will denote |ul |u|L3’+a  fel g
We have established that if 0 < Sx(R) < S the minimization problem

i ich yi iti 1 .4). This happens
hich yields a positive solution of (1 )
g:‘:)>h:zs : ;o:::il(:)n: /\m< Kl(R). A1(R) denotes the first eigenvalue of the

problem

_1ld (,.-rd_u) = Ar%u
rY dr dr
(1.8) {u cF
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By a weak solution of (1.8)
A € R such that

R R
(19) / rYu's'dr = rt+ao
A uvdr =\ A r uvdr, ¥r € E,

e ;I‘he problem thus formulated is self-adjoint and compact. It has a
crete spectrum. The smallest cigenvalue A1(R) is positive and simple

Let A € (0, \,(R S . ‘
E,- R deﬁne(d byl( )} 72 & +3. We consider the functionals fy, I, :

it is meant a pair (x,A) where u € E. \ {0},

lufl”
flu)= { TulZ-Au[zr % # 0,

0, ‘H_:O

D) = 50wl = ) ~ Ly

Ja 1s continuous and [ is C1. We also note that fy(u) =

(1.10)

1 1s equivaient to
A0 (VR )z, =0 = full} - 2ulf = ul?"

The positive solution u, of

described by (1.4),(1.5) described above can also be

(1.11) Ii(uo) = Co(R) = Inf{Ix(u) | u e ER u>0, fi(u) = 1.}

Indeed, for u > 0, such thas fa(u) =1, we have
1 1
I,\(u)z(w———-)' @ o (11 -1 1
350 ) =) = (5 )bl 2 (- 1) s
so that [ul:" > SI./('Y._gj. Hence
1 1 -
Li(uy> {2 - 2. o'/t -2
e (2 7*)5"
Since g is a solution of (1.4),(1.5), then fa{up) =1 and
1 1
Do) = (3 = L) (ol - Muoff) = (£ = L) ol
(500 = (5= 32) Wl = M) = (£ L) " =

(11 :
=137 57 ) Salule.
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So that . .
e
In(ug) = (5 _ F) )

Let us note the equality

(1.12) Co(R) = (% = f—) sy 1" =D(R),
Set

U=U(R)={veE}: fA(u*) =1}
Let
(1.13) C = C(R) = Inf {Ix(v) | v € U(R)}

Then we have the following result

Proposition 1.2.

(a) Ifuy € U(R) is such that In(u1) = C(R) then u; is ¢ weak solution
of (1.4),(1.5) and moreover u; has a unigue zero in (0, R);

(b) If the infimum C = C(R) is achieved for oll R in an intcrval
J C (0, +o0] such that:

(1.14) ' A< M(R), VRe J

then C depends continuously on R & J.

Remark 1.3. The first part of statement (a) is essentially due to 5
olimini [8l. For the reader’s convenience, we give a proof of it.

Proof. (a) The statement that u; is a wea': solution is equivalent to
V(1) =0
Assume by contradiction that VI (u;) # 0. Let us denote by the mapping
nit,u) =u — tVi(u).
Fix « > € and consider the two dimensional surfa.ce-a paramnetrized by
oo, B) = auf ~ fuy with (¢,8) €[l -1+ £]°.

Then set

ala, B) = n(t, o{a, B)).
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We notice that

d
gpiM(o1(@, B =0 = —|IVIx(o (e, B)[I3 < 0, V(a, B) € {1 —¢,1 + ¢]?

for ¢ > 0 smal : B
o enozgi] 1 enough since VIy(o(1,1)) = VIx(u1) # 0. Hence, for ¢ > 0

(1.15) (o, ) < In(o(a, B)), ¥(a,B) € [1 —¢,1 +¢]2

Moreover, by eventually taking a smaller ¢ with ¢ fixed one has

(‘.‘.) {f/\(at(a3ﬁ)+) <1 tf a=1l-¢
(oo, B)*)>1 if a=1+¢

(i1) {fx(ﬂz(a,ﬂ)‘)a if B=1-¢
Alo(a,B)7)>1 if B=1+¢

Indeed, these inequalities hold for ¢t = i ii
ae 1 e Toem ?or e old for 0. Let us consider e.g. (1.16)(ii)

(1.16)

lauf |7 a4 .,
fouf 5 — N~ Pl =t <L

f,\(ao(a, ﬂ)+) =

By continuity, we get (1.16).
From Miranda’s theorem (see [5]), we ded .
, uce that th i
(o, Bt) € [1 —£,1 + €]? such that o fhere e
f,\(at(ﬂtt,ﬁt)i) =1

Hence, u, = o4(ay, ft) € U(R).
From (1.15) we infer

(1.17) I(ue) = In(oe(ae, Be)) < In(o(ay, Be))

But

(1'18) I(a(a; ﬂ)) < L\(ul)a V(Q:B) € [1 ~&14+ 5]2'
Indeed,

»

. a? v
Io(os ) = 5 (Iuf I = Mud ) = S fuf 17+

2 Y

+ %-(ﬂu;lli - Aluri3) - )
7.

= Ag(a) + Bg(B) < (A + B)g(1) = I (uy),

|7 =
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where A = |lufl2 — Muf} = [uf(7, B = lley I} — Murlf = i,
2 -

g(ty=% — & <g¢(1), ¥t R.

From (1.17) and (1.18) , we infer
I;\(ug) < I,\(ul)

which contradicts the choice of u;.

To prove the second part of this statement let us assume the contrary,
namely Z = {r € (0,R) | u1(r) = 0} contains more than one point. uy is
a weak solution of (1.4),(1.5) and by classical regularity results, u, satisfies
(1.4) classically in (0, R). I Z has a cluster point 7 € (0, R), then u,(F) =
() = 0 and by the uniqueness of the Cauchy problem

1d du
e i — a 4 r—1
=T (r dr) Mfu+rulfT

ul(r) = ‘U.'I(F) =0

we would infer u; = 0. Hence, the points of Z can be arranged in a strictly
decreasing manner
' R=rp>r>...

such that u; has constant sign on each (ri+1.,7:).
Moreover, at each r;, u; changes its sign. Indeed let L be the operator
1 d

d.u . .
u— — (TG If u; does not change sign at a point r; then we can

assume e.g. u; > 0 on (riyy,ri-1). Hence

Lui=¢g >0 on{ris1,7i-1)
uy =0 for r =r._1,7i,Tit1:

The strong maximum principle then yields a contradiction since it
implies uy{r;) > 0.
Now let the function v € Ey be defined by

’U'\T') = {'U.].{T‘ ]‘l

1
wuylrl e

Then since the restriction wy of vy to ea~h {Riy .7} satisfies fi(uy) =
1 we infer fu{vE) = 1 and clearly falv) = Iiluy)-

Consequently, v is a minimizing function so ¢ satisfies (1.4),(1.5) and
by the previous considerations v sould change sign at each r;. However, this
does not happen for ry = ro.
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(b) Let Re Jand R, — R. Set pp, = &
- in . #n-———“-.LetueUR h
In(u) = ¢(R) and let 7 be its unique zero in (O,I}{). We may EE.sszuil:: et

+

uI(U,F) =u and u'(F.R) = -,

We consider the functions
up(r) = o.fnu'*'(,unr) — Bau"(gar)

where an and 3, are chosen so that f,\(uni) =1lie. u, € U(R).
Since pip, — 1 one can see that a,, 8, — 1.

Therefore, c(Ry) < In(un) = In(u) + o1) so that
(1.19) limsup¢(f,) < ¢(R).

Conversely, let u, € U{R,) such that I(un) = ¢(R,) and let 7, he

its unique zero. We claim t s exi it
e hat there exists positive constants c¢y,c, such

(1.20) &1 < by <

Indeed, Ix(un) = ¢(Ra) < (R) + of1) by (
: H n n}) > 2 Y 1.19)}.
By (1.14), we infer (since fa(un) = 1). o
1 1 5
I(un) = (5 = 7—*) (”“n”i ~lunl) > const.ﬁunn'ff

.2 . .
Hunly = luf 2 + llug |2 < const. independent of 1.

1t '4
i = (llualy — A

un|;:) > const. [ur|? const. > S[U.'I!z

so that |uxl, > const (We have implici i
> " plicitely used in these considerat
the fact that A,(R) depends continuously on R.) e

We consider
_ +{ 7 - fr
Un(r) = Qqpu, ! — | — 'Bn"’n -
Ha ftn

where an = an(fluall) > 0, fn = An(llua]|} are chosen such that

A =1 ie v, € U(R).

Such a choice is always possible and from (1.20) we infer

limo, =limB, =1 since limp, =1
n n n

Then, In(vs) = In(un) + o(1). Hence

C(R) € In(va) = In(un) + o(1) = c(Rn) + o(1)

(1.21) C(R) < liminf ¢(R,)

From (1.19) and (1.21), we deduce our result. q.e.d.
Let UY(R) = {u€ ER |3r; € (0,R): u(r) 20 on (0,r1),u(r) <0
on (r1, R) and fa(ul) =1}.
Let Ci(R) = Uilxgz) In(u). Clearly, U'(R) C U(R) so that

C(R) < Ci(R)

If the infimum C(R) were achieved then by Proposition 1.2(a), any mini-
mizing function would belong to U'(R) in which case

C(R) = Ci(R)

The same arguments used by C e r a m i, Solimini,
St ruw e[4), sect.3, yield the following result.

Proposition 1.4. If0 < A < A(R) and

1 1 b

(1.22) C(R) < Co(R) + (5 - F) 3
then the infimum C(R) is achieved and moreover, C(R) = Ci1(R).

Since the proof of the above results does not essentially differ from
the proof of the above quoted result of {4] we omit it.

The aim of our next result is to prove that (1.22) always takes place if
¥ > 2o+ 5.

Proposition 1.5. If0 < X < A\i(R) and v > 200 + 5 then

(1.22) C(R) < Ci(R) < Co(R) + (% _ :{1_) e

The crucial fact that we will rely on is contained in
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Lemma 1.6. Let p >0, y>a+3 and 0 < A < Ai(p). Then

(1.23)  3C1,C2 > 0: Sa(w) € S+ Cre"! = Couo¥2e+e Ve ¢ (0,1)

Proof of Lemma 1.6. We consider the mapping
17
By B
defined by
wtr) o v(p) = P (2,
T, is an izometry between these two spaces and also between
L (0,1)-5LY (0, ).
Via this mapping the minimization problem
(1.7, $x(1) = inf{|lull? — Mul? | v € B!, ful, = 1)

is transformed in the problem

(LD Spme-aa(1) = Inf{l[ull? - 5" "2Auf? | u € B*, Jul. = 1)

Moreover, if (u,) is a minimizi
er, if (un) 1Zing sequence for (1.7); then th ’
(Tyun) is minimizing for (1.7). Hence, we infer S,\(l)); S,,-u-z,\?ps)eg‘;enw

(1.24) SA(#) = Sya-na()(1)

In [7] we have established that for )
ks T>a+3,0 <)< A1), 3C
Cg>(1:/I:SA(1)SS+Cls"?T;—)\C2£%E. ' ;
aking the substitutions ¢ — 217 ) 1y yo+2
. , A we get (1.23), if
notice also X = pmx2 ot 5 P
¥ ip) =p A1(1) so that 0 < p®*2X < A1) <= D < A<

Coroll 1 e
ollary 1.7. Let p >0, vy>a+3 aend 0 < A < A{p). Then

3C1,C2 > 0: Colp) < (% - l) 51—2:_24-
,Yt
+ Che™! — Cpu 2ot e g 0,1),

(1.25)
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Proof. It follows from (1.23) if we recall (1.12):

Co(p) = (% - ::7) 553 (p). _ g.e.d.
Proof of Proposition 1.5. Let up € Ef’ be a solution of the mini-
mization problem

Co(R) = Inf{Ix(v) | v € EF, v 20, fa(u)=1}.

From our previous remarks such a solution always exists if v > a + 3 and

0 < X< M(R)
Let n : Ry — Ry be the continuous function defined by 0 < n <1,

7 =0on{0,1], 7 =1 on {2,+00). 7 is linear on (1,2). Set n:(t) = n(%)
and u.(r) = n.(r)uo(r). Then

ug(r), r > 2
u,(r):{of() r <E.

Let o > 0 such that faloeue) = 1. Since g —eseanrrowo %0 in E, and

since fa(uo) = 1 we infer a, = 1as e\ 0.
Set vl = a,u.. An easy computation shows that for all € > 0 small

enough,
(1.26) I(v}) < Clluollooe” ™" + Ia(uo)} (Uo € L%by the results of [7])

Now let us consider v] € Ef such that v? > 0, fa(v]) = 1 and [ NCHES
Cole). Let v, € U(R) be defined by

— -—‘Ug(f‘), L= (0!6)
velr) = {v:(r), r € (¢, R)

Inve) = In0?) + In(v}) = Co(e) + In(v;)

(by (1.25),(1.26)) (; - %—) ST 4 Cyet1 — Caet*?e + Colfuolloos™™! +
In(ug) < (% - .:—.) LS'T."";'5 + Co(R) + Cae" ! — Ciett?e. If v > 2a + 5 then

for € > 0 small enough we have

1 -
C](R) < I‘\(UG) < (% = "_Y-:) 37}'—"' + Co(R).q.e.d.

Remark 1.8. The idea of the proof isdue to Solimini (8]. We
can now state the main result of this section.
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Theorem 1.9. Let 0 < A < A\ (R) and
. . ' ¥ > 2a+ 5. Then th
mﬁm:um C(R)' is achieved by a function u'(r) € UY(R) which is also :
solution changing sign of problem (1.4),(1.5).

Remark 1.10. If one considers the following problem

am  {EEEE v, e,
u(a) = u(b) = 0, O<a<b< o
then we can define in a straightforward way the space F.(a, d) which is now
compactly imbedded in any L}(a,b}, 1 < ¢ < 0o.
'.I‘herefore, the exponent p is no longer critical and we can prove the

following result.

. Theorem 1.?’. Let 0 < A < M(a,b). Then the infimum C(a,b) is
achieved by a function u' € Ul(a,b) which is also a solution of (1.21).

‘ Here Ai(a,b), C(a,b),U(a,b),U(a,b) are defined by a natural analogy
with A\ (R), C(R),U (’R) and U'(R). Moreover since p is not critical the
pt:oof of Theorem 1.9" follows from a simple compactness argument couplet
with an analogue version of Proposition 1.2(a), so we omit it.

2.The general case. Let A > 0. For every integer k > 1 we set
(21) Mi={v€EX|0=r<mn<...<rm=R, m<k, u(r;)=0,

Pa) =1, (<15 20, i =11 S 2,
J=1,...,m—1 where u; = ulg;, Qj = (rj-1,75),}

Let C: = 1}‘141f Ix. An easy argument shows that Cx > 0. We will

need a lower bound for A;(a,b) which is the case of Laplacian is gi
Faber-Krahn inequality (B an d1e [2]). placian is given by

Lemma 2.1. Ay(a,b) 50 asb—a—0, 0<a<b<R.

. .Proof. We will derive a lower bound for Ay(a,b) using the usual
variational characterizations of eigenvalues. For u € E,(a,b)

u(r) = /a" u'(s)ds

ul(r) = (for u'(s)ds)? < (b—a)® ]ab [u'[Pdr <
5

<@-a) [

b

b b
r"+"u2(r)dr < (b— a)2/ rVdr ] T‘.f+°d1'”u“2 _
C(a,b)lul?
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where C(a,b) — 0 as a,b — £o(0, R). Hence

1
(2:2) M(a, ) 2 Clab)
If a,b — £ € (0,R) then Ai(a,b) — oo (cf. (2.2)). If a,b — 0 that
(a,b) C (0,b), and therefore

M(a,b) 2 Mi(b) = b=2"Zx (1) — oo.q.e.d.

Remark 2.2. From the proof of the above lemma it is easily seen
that given A > 0 in (2.1) we always can choose k()) large enough so that

(2.3) 0< 2\ < M(rj-1,Tj41), Yi=1,...,m—1

We want to prove that for k£ > k(A) the infimum C: is achieved and
any minimizing function ux € My is a solution of (1.4),(1.5). This device
then yields infinitely many solutions of (1.4),(1.5) changing sign.

Let (u") C M be a minimizing sequence for Cx. We may assume
that all 4™ have the same number of nodes corresponding to the definition
of My, else we can extract a subsequence with this property. Hence we have
a sequence of partitions

(2.4) A*:0=rt <l <...<rp =R, m<k

Set Q7 = (rf_y,77), 87 = (rfsTi) U = u”|q=. We also may assume

T} =>aTj and hence we have a limit partition

(2.5) A:0=rg<n <rg<...<rm =R, @ =(rj-1,75)-

Definition 2.3. The sequence u™ is non-concentrating f0=rg <
Mm<...<rm=R.

Lemma 2.4. Let k > k()). If there ezists a non-concentrating mini-
mizing sequence for Ci then there ezists u € My such that I\(u) = Ci and
u i3 a solution of (1.4),(1.5).

Proof. Let (u”) as above and assume {u"} is non-concentrating.
Then, there exist partitions (2.4} and (2.5).

Let u; be a solution of the minimizing problem

(2.6) Inf{Ix(u} | u € Ex(Q;), u 20, filv) =1}

Such u; exists cf. (7}, Remark 1.10 and Remark 2.2.
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Given two bounded o i i

) . pen intervals I,J C R there exists an uni

increasing affine function A : I — J which is one-to-one and onto. e
Then, we take as above the affine mappings

S§ i (rier, i) = (rlly,m7)
We consider the functions

(2.7) ﬁ(r) = (—l)juj(r), e (T‘_,'_l,rj), i=1....,m

(2.8) vi(r) = aju™(S7(r)), r e}, j=1,...,m.
where a? are chosen such that A]) =1

Since A® — A we infer as in Propositi
: position 1.2 (b}, th ¥
n—o0,¥5y=1,...,m. Set ®) eyl

v r)=vj(r), r€Q}, j=1,...,m.
Then, v" € M; and from the definition of u; we infer
(29) Inw;) < D))
so that
m m
(2.10) (@) =) L(s;) < Y L(v]) = L"),
i=1 j=1
Again, the same reasoning used in Proposition 1.2 (b), leads to
L(ui)=I(v])+o(l), j=1,...,m
Hence
(2.11) I(u™)=I1\(v")+o(l) as n — oo
From (2.10) and (2.11), we deduce
Ii(u) < lim (u") = Cs

and since 4 € M} we infer
Iu) = Cy

By theorems 1.9, 1.9, (which can be applied since for k > k(A), A < %/\1(3.-)
for every Si = (ri—c1, Tt )yt = 1,...,m = 1) we infer that on each Si u

satisfies weakly the equation

1 d du
e — T} — ar =797 jp—1
peirn (r dr) A% =r%u u

u© e E—,(S,)

A standard globalization argument (using the partition of unity sub-
ordinated to (S;)) shows that u satisfies weakly (1.4),(1.5). g.e.d.
Our next result shows that non-concentrating minimizing sequences

really exist.

Proposition 2.5. Let A >0, v > 2a + 5 and k > k(\) such that
(2.8) holds. Then, there ezists a non-concentrating minimizing sequence for
Cs.

Proof. Let as above (u") € Mj be a minimizing sequence for Cyx and
let

(2.4) A" 0=rt<rp<... <t =R m<k
the corresponding sequence of nodes. We may assume A" — A where
(2.5) A:Q0=rp<r <...<™Tm=R

The index j is said to be degenerate if rj_1 = 7.

The degenerate indexes if they exist have the following important
property.

Lemma 2.6. If j is degenerate, then rj = 0.

This fact is essentially provedin S o1i mini (8], Lemma 6. we don’t
give a proof of it (which is simple), but we merely point out its underlying
philosophy: if (ry,),(r]) concentrate at a point r; € (0, R] then for n
large the exponent p is no longer critical in (r}_, )y (r;‘) and the norm of the
imbedding

E(Q7) — Ly (97) tends to zero.

If there exist degenerate indexes we define
(2.12) j = max{: > 0 | iis a degenerate index}

We claim that for n large
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2
(2.13) < _kfj
rj =0 rj+2
' n ' o P 3
Fig.1.

Indeed, (see fig.1),

i = i+ o(1) =iy — i+ o(1) <

2R
<Tivz =75+ o(1) < == +0(1).
Let % be a solution of the minimization problem
(2.14) Inf{lx(u) | v € U'(r;j41)}.

Since r,41 < R, &k > k(1) it follows by (2.3) that 0 < A < Ay(rj41). Also
Y > 2a+ 5, and from Theorem 1.9, we infer that such a solution exists. We
may assume (~1)/*14 is positive in a neighbourhood of 0, else we make the
substitution u - —,

Let pun = '—;;'—-I—: We consider the functions v™ : (0, riy1) — IR defined
by

n ant(par), r< ’%
v (r) = . e

ﬁ"u(#ﬂr)’ Hn

where S is the unique zero of u in (0,7;41) and the constants ap, B, are
chosen so that

flet) =1.

Such a choice is always possible since f(u*) = 1 and in a usual
manner we deduce

L(v") = I\(@) + o1) = C(rj41) + o{1).
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(by Proposition 1.2 (b)) = C(r}y,) + o(1) < I,\(u“l(o,,.;“)) + o(1) i.e.
(2.15) I(@™) € I(w"lo,rp, ) + (1)
We define a sequence (w") C Mj by

D" 0=S8r<SP<Sp<...<8 =R, t=m—j+1

st=31 sp o SP=rty,..,SE=rh =R (fig2)

L3

w"(r) = u"(r), ifre (S;aR)

(2.16) {w"(r) vi(r), ifr€(0,57)
l' : no_eh on L A =|‘n=S.n
0 5?= S14”‘n rj+1-52 I“j+2"53 R=m >y

Fig.2.
By (2.13), S7 — S5 =7, < 3. Also, S} = ST =1}y — ST = 7342 —

. 2R _
Si+0o{l)<rjyr=rjp2—r; < and S7, - S, S5, i=3,..,8 -1

for n large. o
Frgm our choice of v™ we infer (taking into account the above remarks)

that w™ € My and
I,\(w") = I,\(w“ko,r;_,H) + I,\(w“](r},“’R) =
= IA(”“|(o,r;=+l) + I)\(uni(ﬂ,r;‘+l,R) <

(2.15) o 4+ oll) =

< Do,y 0 + Lo,
= L(u")+ o(1).

Since (u") is minimizing we deduce that (w") is also minimizing. Moreover,
D™ — D where

D:0=SQ<S1=T‘J‘+1<T‘j+2<...<rm=R

so that (w™)} is also non-concentrating.
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We can now state the following result

Corollary 2.7. Let A > 0, v > 2a + 5 and k > k()\). Then the
infimum Cy is achieved and any extremal function ux € My is a solution
of (1.4),(1.5). Now let A >0, v > 2a+5 and ky > k()). We can find o
solution of (1.4},(1.5) ug € My,. Its zeros are

0=rf<rl<...< =R

Let dop = min{r? —r?_, | i =1,...,m}. Next we choose k1 > ko such that
% < do. Applying Corollary 2.7 for this ky we get a solution u, € M, of
(1.4),(1.5) and a corresponding d, < dy.

We iterate this device. We get a sequence of integers

ko <ky <...<kn<...—> 0o a decreasing sequence

do>di>...>dn>... 20

and a sequence of solutions of (1.4),(1.5) un € My of (1.4) such that d, is
the distance between the closest consecutive zeros of uy. Clearly, u, are
pairwise distinct. We can now state the main result of our paper.
Theorem 2.8. Let A > 0, v > 2a + 5. Then problem (1.4) has an
infinity of solutions (uy,) changing sign.
Remark 2.9.
a) It can be shown as in Proposition 1.2 (b), that lim Iy(u,) = +oco.
b) Corollary 2.7 allows us to apply the arguments used in Ceram
1,Solimini, Struwe [4]. Namely we consider the subset My C M;.

M; = {u € My | the partition corresponding to u contains exactly & nodes
0=ry <r <...<rg=R}. Thenlet

&k = Inf{Ix(u} | u € My}

There exists by Corollary 2.7 an integer ky > k(M) and a function uo € My
such that

I,\('Lto) = Eku
Then, as in Lemma 4.1, of [4], we infer
1 1

(217) Gk <cr+|=-—— S?;L:i, Yk > ko
2 7

Condition {2.17) will then allow us to establish as in {4] that any

minimizing sequence for & is non concentrating and will produce a solution
of (1.4},(1.5) in My, Vk > kq.
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Thus, we can state a more precise result.
Theorem 2.10. Let A > 0, v > 2a + 5. Then, for every k > k()
the problem (1.4),(1.5) has at least one solution up with ezactly k zeros.

Moereover,
li{n I,\(uk) = +00.

c) The previous result is optimal in the sense that given an intege:r
k > 1, one can prove the existence of a real number Ax > 0, such that if
v > %2a + 5 and A > A each solution of (1.4),(1.5) cannot have less than k

zeros.
Indeed for any d € (0, R) let us define

F(d) = sup{M(a,b) |0 <a<b< R, b-a>d}

Then, F : (0, R} — (0,+o0] is a decreasing func.tion.
Let us prove that F(d) < oo, Vc.i € -(O,R). Given 0 < a < b € R,
b—a > d. We consider u € E,(a,}) as in Fig.3.

l

.
r
Then
llwll?
A](a, b)lu_'l:y— —
Lita
f: rYdr _
= 73 2
fu_zi ryto(r —a)dr + fi;-_b rvte (r— of2) dr
= G(a, b)

G(a, b) is continuous and finite on the compact

K={(a,b)|0<a<b<R, b-axd}
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Therefore, F(d) < max G(a,b) < co.

For any k > 1, let Ay = F(%). If there exists A > Ay such that
(1.4),(1.5) (with this X) has a solution with less than k zeros, say

rn=0<ri<rn<...<rm=R, m<k

then there exists i = 1,...,m such that r; —r; ; > % so that

A(ri—, ) <A < A

Thus, we discover that the problem

Ll (r79) — Arvu = r|ulP-lu, ue (ri-1,7i)
ue E-,(T‘,'_.l,r‘,'), A> /\1(7':'-—117"1')

has a positive solution.
However, testing this equations with ¢; - a positve eigenfunction cor-
responding to A; it is easily seen that is not possible for A > Ar{ricy,mi).
d) The following extensions of a result dueto Atkinso n,Brézis,
Peletier 1] seems extremely probable.

Conjecture 1. If 1 < v < 2a + 5, there exists A* = A%(7) such that
if 0 < A < A* (1.4),(1.5) has not solutions changing sign.

Conjecture 2. Given k > 1, there exists 7 = ¥(e), such that if
1 < ¥ < {a) there exists A} = A}(v) with the following property: for every
A € (0,A31) (1.4),(1.5) has not solutions with more than k zeros.

e) The results of this paper can be translated in a P.D.E. language as
we did in [6] and (7). We leave to the reader the task of this translation.
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