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A THEORY OF THERMOELASTIC MICROPOLAR
MATERIALS WITH VOIDS

BY

GHEORGHE RUSU

1.Introduction. The basic equations of the elastic porous solids in
which the skeletal material is elastic and interstices are void of material was
established by Nunziato and Cowin in (1. This theory was
extended to thermoelastic materials by Iesan {2]. In what follows such a
kind of material will be called elastic material with voids. OQur purpose is to
establish the basic equations of nonlinear theory of thermoelastic micropolar
materials with voids. Later we will give the basic equations of the linear
theory and an uniqueness theorem.

2.Statement of the problem. Throughout this paper, a fixed rect-
angular Cartesian coordinate system 0z; (i = 1,2,3) is used. The usual
summation and differentiation conventions are emploied: latin subscripts
range over the integers (1,2, 3), summation over repeated subscripts is im-
plied and a subscript preceded by a comma denotes partial differentiations
with respect to the corresponding Cartesian coordinate.

Let the body occupy at time ¢t = 0 a properly regular region By of
Euclidean three-dimensional space, bounded by a piece-wise smooth surface
8By. The configuration of this time we call reference configuration. A
generic point z of the body has in the reference configuration the coordinates
X (A = T,3). At the time ¢ the body occupies the region B bounded by the
surface 8B (actual configuration) and the same point z has the coordinates
zi (i =1,2,3).

The motion of the body from the reference configuration to actual
configuration is given by

(21) wl == xi(XAst)a ‘Pi E= QO.'(XA,t), T = T(XA)t)a v = V(XAyt)’



402 ’ GHEORGHE RUSU 2

where ¢; are the components of the microrotation vector, T' is the abso-
lute temperature of the body and v is a new kinematical variable which
Nunziato and Cowin ({1] called volumetric distribution function
and we will call it simply porosity. It is designated as a ratio between the
density of the body p and the density of the material skeletal v, that is

-2
(2.2) v= p

In the general case, v depends of the coordonates of the particles and of the
time.

All the functions involved in (2.1) are considered being of class C?
(p > 2). Such a deformation of the body is possible if and only if

(2.3) J = det(:c.-,,q) > 0.
This means that first three equations of (2.1) can be inverted and we have
(24) . X4 = XA(.’C,',t), (V) t > 0.

Let us finally note that the components of the displacement vector @ are
given by

(2.5) Uy =3 — X,'.

3.Basic equations of the nonlinear theory. In[3]Green and
R i v 1in showed that we can obtain the balance of the mass, the balance
of impulse and the balance of the kinetical moment from the balance of
energy. Following their method, let us apply the balance of energy for an
arbitrary, regular region V of the body in actual configuration, bounded by
a piece-wise smooth surface 8V. So we have

[ pg(v.'f;,' + I;,w_;d:; + k:}i))dv + f poedV =
(31 'V v

= / po(f,'v.- + i + o + s)dV + (t,-v,- + muw; + ht + q)dU
v av

where

(3.2) Vi = Ui, Wi = @

and ¢ is the internal energy, f; - the components of the body forces, ¢; - the
components of the body couples, £ - the extrinsic equilibrated body force,
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¢, - the components of the stress vector, s - the heat supprly per ux.li‘t time,
m; - the components of couple-stress vector, h - f.he extrinsic eqL.uhbrated
stress, ¢ - the heat flux, k - the equilibrated inertia, po - the density of the
body in the reference configuration and I;; - the components of the tensor
of inertia which satisfies the symmetry relation

(3.3) I; j= I i
Let us assume that in the actual configuration we can arrive fror.n the re-
ference configuration through a prescribed motion. We add to this motion

a constant velocity translation. Because fi, &, €, s, €, t;, mi, h, g are not
changed when v; are replaced by v; + a; (a; being constants), we have

] [pg(v. + a,)t’:, + I.'jw]'(.;).' + ’CVV]dV + fv poedV =
v
(3‘4) = / pg(f;(a,- + v,-) + i + 0+ S)dV—i—
v
+ (t:(vi + i) + miwi + hir + g)do.

av

From (3.1),(3.4) and due to the fact that a; are arbitrary we obtain the
balance of impulse, that is:

0 dV = .‘dV‘l‘/ t;do.
(3.5) j; pat fv pof oy

By a classical reasoning, from (3.5) it results:

(3.6) t, =tun;
and
(37) ti; + pofi = Poﬁi

where n; are the components of outward unit normal to V. Taking into
account (3.6),(3.7) the balance of energy (3.4) becomes

/ pu(I,'J'dJ,'wJ' + kvin)dV +/ pocdV + /vtj.-u,-,jdv =
Vv Vv

(3.8) _
= [ po(liw; + €o + s)dV + / (miwi + hv + q)do.
Vv av
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It is not difficult to obtain from (3.8) an equation similar to (3.7)
(39) (m,- - mJ;nj)w; + (h h,n,)r} +(g— qm,-) =0

where m; are the components of the couple stress tensor, h; are the com-
ponents of the equilibrated stress vector and ¢; are the components of heat
flux vector.

The divergence theorem and the relations (3.8),(3.9) give us the local
form of the balance of energy:

(3.10) (mji; + poli — poli;i;)wi + (i + pol = poki)o+-
+ tivi; + giyi + pos + mjiwi; + hiv; — poé = 0.

I:elf us superpose on the the considered motion, a constant unghiular velocity
rigid rotation. In (3.10) we will replace w; by w; + b; (5; constants) and v,
by vi + €ijxb;jzi. From (3.10) and the arbitrariety of b; we have:

(311) mjij + Eirglrs + pol; = POL;‘SB;-‘
Due to (3.11), the equation (3.10) becomes

(3.12) Poé = ti;€i; + mi;Xi; + g8 + hiti + g4i + pos,
where

(3.13) €iy = Ui T Ei3kPh,  Xij = P

and

(3.14) g =hii+ pol — pokis.

F]I;OH‘I (3.9), taking into account that w; and ¥ are arbitrarily chosen, we
obtain

(315) m; = Myn;, h = h,—n,-, q = gin;.

The entropy inequality applied on the region V provides us

(3.16) f 'dv>/ e fi
vpon - VPOT " adecr

From (3.16) and (3.15) we have

(3.17) Pl — pos —qii + %q.'T,:' >0
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Like in the classical elasticity, from (3.17),(3.12) we obtain

(3.19) pol¥ + 0T + tijéij + miixij + 9v + hivi + Tq:ﬂ,.' >0

where ¥ = ¢ — 0T is free energy function, and 8 =T — Ts.
A thermoelastic micropolar material with voids is that material for
which there exist the following constitutive relations:

(¥ = P(eijy Xijr v ¥i, 0,0,6)

trs = tra(eijaXija v, V,i,g’a,i)

my = Thi(ejk:Xjkaua V,j,e,a‘j,ﬂj)
(320) Y 9= g(eij:Xij1 v, V,iaola,i)

pott ? Pof?(eij, Xij ¥y V’E,G,B,i)

h = h{eij, xij, v, v,i, 8, 8,4, 1)

L ¢ = §(eijr Xijs vy i, 0, 8.5, 1)

The entropy inequality (3.19) is possible only if

(3.21) ¥ = dleiss Xij» ¥ i 8)

and

(3.22) ;= %' ™mij ‘aax;ij, g= Q%a pon = —g_:s h; = gf;a
where

(3.23) & = pot.

So, the inequality (3.19) reduces to

(3.24) g8, > 0.

The basic equations of the nonlinear theory of thermoelastic micropolar
materials with voids are: (3.7),(3.11),(3.12),(3.14) and (3.24), with the cor-
responding boundary and initial conditions.

4.Basic equations of the linear theory. In the linear theory we
take the free internal energy in the form

.1 1
o= §Aijraeijers + Bijrs€ijXrs + -Q—CiJfSXijxr’-_
1
(4.1) — Djjei;0 — Eijxi;0 — Eaﬂ2 + Fijei;v + Gijxizv + Hijreiyv it

1 1
+ Kijrxijv,r + Livvg + s Myvv, + 55"2 - cvb —div,6.
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The constitutive relations (3.22) become

tij = Aijra€es + BijrsXrs + Fijv + Hijpvy — D6
mij; = Br.n'jer.g + C.’jr,,xr, + G;‘jU + K,-J;,.v',, = F,-J-G

(4 2) pon} = D;je.'_,' +E,'jx,'j +a9+cv+d,-v,,'

’ g = Fijeij + Gijxij + Liv;+bv— cf
hi=Hraiers‘l'Krains+LiV+MijV,j_‘die 1

gi = kij0,;

the characteristic coefficients of the material satisfying the following condi-

tions:

(4.3) , Aijrs = Arsijs Cijrs = Craijy Mij = M.

In the linear theory, the energy equation reduces to

(4.4) poTon = giji + pos-

Basic equations of the linear theory of thermoelastic micropolar materials

with voids are: (3.7),(3.11),(4.2) and (4.4).

_'I"_he boundary conditions may be chosen in different ways. So, if S;
(i = 1,8) are parts of the boundary 8B of the region B, which satisfy:

45) {s,u52=53us4=§5u56=5'-,u58=33
) S]ﬂSg=SaﬂS4=35055=S7ﬂSs=0

we can have:

. u; = it; on 8y X [O,tg), = t; on Sa [O,tg)
(4.6) i = i on 53 X [0,20), mi= f; on 53 x [0,10)
’ V=L:’|'O1’155)([0,t0), h=h0’n.SsX[0,tu)
9=00ﬂS1X[0,t0), qzijon Ssx[o,to) L

where i, i, @i, i, 7, h, é, § are given and {p is a fixed moment.
The initial conditions have the form

uy(z,0) = ul(z), wi(z,0) = v(z), z € BU 0B
(47) wi(, 0) = ‘P?(x)a t,b.'(.’t,O) = w?(m),

¥(z,0) = v°(z), ¥(z,0) = 7°(2),

6(z,0) = 6°(z)

where u$, v7, pi, Wi, ¥°, 7°, g° are given functions on BU 8B.

i e S -

i A apatace a =
e ——————

5.Uniqueness theorem. In the linear theory of thermoelastic mi-
cropolar materials with voids, let (3.7),(3.11),(3.14),(4.2),(4.4),(4.6),(4.7) a
boundary value problem. '

Theorem. If

(5.1) po >0, k>0, a>0, To >0,
(5.2) poliji€; >0, (V) & #0

2W = Aijrseijers + 2Bi1rseinra + C;jrthjer + 2FijezjV+
(5.3) + 2G5 iV + 2Hjkei;vx + 2Kijrxij¥,r + 2Livv;i+ b+
M, 20 (V) eij = €jis Xij» Vo Vi

then the boundary and initial value problem has at most ¢ solution.

Proof. From (4.2) we obtain
. . . . g = d W 1 g
(5.4) ti56i + mijXij + hivitgv tpon? =g + 508" )

On the other hand, from (3.7),(3.11),(3.14),(4.4) we have
t:jéij + mij).(u + hii’,t' + Q'V + 907’6 = Pu(fi - ut)ul+
oL e o)k
(5.5) + (pols — poliB)pi — po(L+ kD)W + T post + (tjivi).j
. 1 1
+ (migwy)s — ()i + E,O-(q.-ﬂ),.- - g 9
From divergence theorem, (3.6) and (3.15) it results:
j (tijéu + mi;Xi; + hivi+gv+ pon@)dV =
B
1
= j po( fiti + bipi — &0 + -f‘—sﬂ)dV-i-
0
8 ; 1 . -
+ / (t.ﬁ. 4+ migi — hi + —qf)do — / po(’f.'l.."u.' + kVV)dV—-
aB T, B

.. 1
- ]Pofij%%dv - ﬁ]g g.6,:dV
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H U is total energy in [0, o), given by
1 . .
(57) U= —2- ‘/B(pou,u,' + pnI.-_,-(p,-ij + pokl./l:’ +2W + a92)dV

then from (5.7),(5.6),(5.5) we have

Ij'f Po(fiﬁi+€.¢.—fl'/+ﬂ1—s9)dV—f titty + mypi—
(5.8) B To aB( R

.1 1
—h + —sfdoe = —— .9 -
v Tos )de TOLQ,G‘.dV <0

If the bt?undary value problem has two different solutions (u;, @, v, T) cor
rf-:spondmg to the-sa.me boundary conditions and initial values, then their
difference will satisfy the same system with homogeneous boundary and

initial conditions. If U;(2) is the total energy corresponding to the difference
of the solutions we have

U - [ oofris + 665 = 00" + o0 v =7 [ 4
oA ; @ Tos ) A Bq,ﬁ',dV.
But fF =0, £ =0, £* =0, s* =0 and

(5.9) Ur <0

that means that Ui(t) < Uy(0) = 0. From (5.1)-(5.3) it follows that
.U;(t) = 0, ¥t € [0,40), u} =0, ¢ =0, v* = 0, §* = 0 and the proof
is completed.
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HERMITIAN OPERATORS ON C*-ALGEBRAS

BY

T.K. DUTTA and R.C. KALITA

1.Introduction. We first introduce some basic notions with which
we work.

Definition 1.1. Let E be an complez Banach algebra with unit element
I and dual space E'. An element a of E is called hermitian if its numerical
range V(E, a), where

V(E,a) = {f(e): f€ E', f(I)=1=|f1}}

is a subset of the real field R, or equivalently, if |lezp(ica)|| = 1 for al
a € R.

Definition 1.2. A C*-algebra is a complez Banach algebra X with
an involution x, satisfying ||z*z|| = ||z||* for all x in X. X is said to be
an irreductible or ¢ primitive C*-algebra if there ezists a faithful srre-
ductible representation from X into BL(X), the Banach algebra of all bounded

opertors on a suitable Hilbert space K. An ideal P in X 1s called primitive if
it is the kernel of an irreductible representation. A structure C*-algebra
is a C*-algebra X such that the set, Prim(X), of all primitive ideals in X ts
e Housdorff space when endowed with the Jacobson topology.

For details, refer to [3],[10].

Definition 1.3. A derivation on a C*-algebra X is ¢ linear mapping
D of X to itself such that D{(ab) = aDb + (Da)b, for any a,b € X. D
is called an inner derivation if there exists an element ¢ € X such that
Da = ca—ac, for all a € X. A derivation D is said to be a star derivation
if Da* = —(Da)*, (a* is the adjoint of a).

Throughout this paper, unless mentioned otherwise, X denotes a com-
plex unital C*-algebra with all derivations inner and the algebraic element



