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keeping the same hypotheses and notations as above. For example, we may
state the following

Proposition 4. Under the hypotheses (H,)},(H'2) and (H'3), for the
solution of equation (27), we have

(1) f y(0) > y*, then y = y(z) increases to y(oo) = finite for z — oo

and
(28) 0 < y(oo) —y(z) < R/m M(t)dt, =z > 0
; (i) #f y(0) < y*, then y = y(z) decreases to y(co) = finite for z — o0
an
(29) 0 < y(z) — y(oo) < f(/m M(t)dt, >0

where the constant K depends of the chosen solution.
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GENERALIZED RECURRENT RIEMANNIAN MANIFOLD

BY

MILEVA PRVANOVIC

1.Introduction. Let (M,g) be a connected n-dimensional, n > 3,
Riemannian smooth manifold where g is the Riemannian metric of M. We
denote by V, R and S the Levi-Civita connection, the Riemann-Cristoffel
curvature tensor and the Ricci tensor of (M, g) respectively.

Recently M.C. C h a k i [3] considered the non-flat manifolds whose
curvature tensor, in the local coordinates, satisfies

VsRijki = 2A:Rijui + Ai Ry it

(1.1)
+ AjRiski + AxRijsi + AtRijks,

where A; are the components of a non-zero covariant vector field. Such a
manifold was called by Chaki pseudo-symmetric and A; is called its associ-
ated vector. But in many papers the name pseudo-symmetric manifold is
used for semi-Riemannian manifold satisfying the condition

R-R=LQ(g,R)

for some function £ on M (see for ex. [4],(5],{6],(7]). In the local coordinates
this condition has the form

VeVaRijer — V.V Riju =
= L(griRsjkt + grjRiskt + grx Rijsi + griRijra—
— gsiRrjkt — 9sjRirkt — ek Rijrt — 9atRijir)-

On the other hand, if the manifold, besides (1.1) satisfies

A Rijx1 + ArRijis + A1Rijr = 0,
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the condition (1.1) reduces to
VoRiji = 4A,Rijut,

ie. (M,g) is a recurrent Riemannian manifold. It is easily to see that
conversely, every recurrent Riemannian manifold also satisfies the condition
of the form (1.1).

Thus, for the manifold satisfying (1.1) but which is not a recurrent
one and is not of constant curvature, we shall use the name generalized
recurrent Riemannian manifold, in short G R-manifold.

Among others, in [3] it is shown that, under certain condition, the
curvature tensor of a simply connected conformally flat GR-manifold can
be expressed in the form

Rijkn = 0™ (gingjk — girgjn)+

(1.2)
+ (05 — o*)gin T; Tk + 95 TiTh ~ gix T Th — ¢5aTiTh),

where ¢ and & are some functions and vector field T is codirectional with
A

The Riemannian manifold whose curvature tensor has the form (1.2)
is said to be the space of quasi-constant curvature ([1],[2]).

In this paper we shall prove some further properties of generalized
recurrent Riemannian manifold. In Sec.2, we prove that every G R-manifold
satisfies

R R=Q(A,R),

where 4 is a symmetric (0,2) tensor field, i.e. satisfies a relation of the
pseudo-symmetric type. In Sec.3 we prove that if the associated vector
is concircular, a G R-manifold is a space of quasi-constant curvature. The
question under wich condition the space of quasi-constant curvature would
be a GR-manifold, will be answered in Sec.4.

2.The relation of pseudo-symmetric type. We shall prove
Theorem. The curvature tensor of a GR-manifold satisfies

Vrvth_jk-’ = VJVqukl
(21) - = AriRsJkl + ArjRukl + Arth].s! + ArIRl_;ks—
- AaiRerl - AaJRirH - AskRiJrl - Aalejkr-;

where

(2.2) Ap =V, 4 — A A,
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s symmetric tensor field.
Proof. Applying the operator V, on {1.1) and antisymmetrizing in

r and s, we obtain

Ve VeRijkt — VoV Rijn = 2(Ary — Agr )Rijii + Ari Ryt
(2.3) + ArjRiskt + Ark Rijot + AriRijrs—

— AgiRejrt — Agj Rirki — Ak Rijrt — At Rijier.

By the cyclic permutation in pair of indices 7,7; k,l; s,r and the use of
known identity ({9}, p.153, Lemma 1)

vrvaRin - vser:'JH + VjviRklrs - VIVJRkIar+
+ vlkaaru - vklesriJ =0,

we obtain

2(Ary — Asr)Rijit + 2(Aji — Aij)Ritor + 2( Atk — Ak} Rorij+

+ AriRsjrt + Arj Riskt + Ak Rijot + AriRijra—

— AgiRrjit — AyjRirrt — Ak Rijrt — AatRijer+
(2.4) + AjxRitsr + AjtReisr + Ajo Ritir + Ajr Ritsi—

AikRjter — AitRijor — AisRitjr — AirRitsj+

+ At Ririj + Atr Rorij + At Rorkj + Al Rorik—

— AgsRirij — AkrRotij — AriRorty — Ak Rorit = 0.
Now, we shall show that (2.4) implies that either all the A,, — A, are zero,
or all the R;;x; are zero.

Suppose that one of A,; — A,r, say A;2 — Az; # 0. Then (2.4) with
i,k,s=1and j,l,r = 2 gives

12(Ag1 — A2)Ran2 = 0,

and therefore Ry212 = 0.
Puttingi =s =1, j =1 =r =2in (2.4), we now have

S(A_?l — A12)Ri2k2 = 0,
and therefore Ry2;2 = 0.

Similarly, putting ¢ = ! = s = 1 and j = r = 2 in (2.4), we obtain
Ryzk2 = 0. Now (24) withi =s=1and 7 =7 = 2 gives Ryap; = 0.
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Putting ¢ = s =1 and r = 2 in (2.4}, we find

3(A21 — Ar2)Rijri + (Aak — A2 )Rajur + (Aot — Ap)Rija+

(2.5)
+ (A1x — Ar1)Ryjiz + (An — An}Rajk2 =0

which, for k = 1 and k = 2 gives respectively

Ry;u =0, Ry =0.
Thus (2.5) reduces to Ry,x = 0. Now (2.4) withi =7 = 2, s = 1 gives
(2.6)  3(A21 — Av2)Rejmi + (A — Ak )R2jot + (An — Au)Rajke = 0,

from which, for k = 2, we get Ryjsi = 0. Therefore (2.6) reduces to
Rzjit = 0. Finally, putting s = 1, » = 2 in (2.4) and using Ry = 0,
we get R = 0.

We see that if tensor A, — A,, has at least one component different
from zero, then all R;;z; must be zero. But this contradicts the assumption
that (M, g) is non-flat. Thus, all A,, — A,, must be zero and (2.3) reduces
to (2.1). This completes the proof of the theorem.

Remark. The condition A;j — A4j; = 0 can be expressed in the form

2.7) Vid; — V;A; = 0.

3.GR-manifold whose associated vector field is concircular.
Vector field A is said to be concircular if

(3.1) VA = agi; + vA:iA;,

where a and 4 are some functions. Then

(3.2) Aji=V;A; — AjA; = agi; + ﬂA,‘A,‘,
where
3.3) B=+-1.

Also we have

(3.4) NViV;A; = V;ViAi = gijWi — gaW; + e AiAj — v Ai Ay,
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where we have put

Oa v

= ok T ok

In view of the Ricci identity, (3.4) can be written in the form

Wi = op = avAi, o

(35) Athikj = Wkgij - ngzk + '}’kA,AJ — ’Y_,A;Ak
Transvecting (3.5) with A*, we find
(We + “rkAgAt)AJ =(W; + 7jA¢At)Ak,

from which we get
Wi + 1 AtA? = Ay,

where 7 is some function. Thus, assuming A,A* # 0, this relation can be
written in the form

(3.6) Y = JAr + qWy,

where p is some function and

L
= TAa
Substituting (3.6) into (3.5), we find
(3.7) AR ;= Wilgi; + qAiA;) — Wilgar + qAi Ax),
from which we get
(3.8) AS =(2-n)W; + QA;, Q= qW, A%

Some remarks concerning the case A;A' = 0 will be given in Sec.5.
Substituting (3.2) into (2.1), and using the Ricci identity, we get

= R0 Rorai + ROy Raraj — ReijRarax + R%;j Rorae =
= (agri + BArAi)Rsjrt — (agrj + BAAj)Ryiri+
+(agrk + BA-Ar)Rati; — (agr + BAr Al Ryrij—
—(@gsi + BAsAi)Rrjir — (agsj + BAA;)Rivri—
—(agsk + BAAL)Rijri — (9o + BALANR, jy
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from which, transvecting with A* and using (3.7), we obtain

— WaR%(gri + qArAi) + WL R (9rj + qAr4j)—

~ WaR"(9rk + ¢Ar Ak) + Wo R®; (9t + qAr AL} +

+ 29[A-WiWi(gjt + ¢A; A1) — A-WiWilg;x + q4;Ax)-
— A W;Wilgi + qAi A1) + AW Wilgix + gAi Ar)]+

+ WiRe ikt + WiRir e + Wi Rijrt + WiRijir+

+(a+ BAA")AiRji + AjRirkt + Ak Rijri + AtRijkr) =
= Wilo(grigst — grjga) + agq(grid; A1 — g Ai Ai)+

+ B(9jtArAi — giArAj) + Wila(grigix — grigjx)

+ ag{grj AiAr — griA; Ar) + Blgix ArAj — gk A AN+
+ Wile(grkgi; — grign;) + ag(gre AtAj — griArAj)+

+ B(91;Ar Ax = gr;Ar A1)] + Wilalgrigei — grigui)

+ oq{griAxAi — gri A1Ai) + B(griAr A — gri A, Ar)).

(3.9)

Transvecting (3.9) with ¢*" and using (3.7), we find

(1-n- qAaA“)WthjH - Wi Sj + WS+

+ (o + BAA*Y AR, — AxSit + AiSie )+

+ (qWaW*® + W W) (gx; At — gij A )+

+ (2qWe A" — an — BAA*) Wigji — Wigi )+

+ q(3 + 29 A A" Y(Widy — Wi A)W; + (nag — B)(WiAx — Wi AA; = 0.

Transvecting with 47 and using (3.7) and (3.8), we get

W, A*
(ﬂ- L 6) AtAt + (n E 4)ﬁAtAt £ ('ﬂ. + 2)0 (W{Ak - WkAl) — 0
Thus, if
W, A®
(3.10) (n —6) +{n~-4)BAA' - (n+2)a #0,
A At
we have

Widr — WiA; =0,
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from which

Wi = VA,

where ¥ is some function. Substituting this into (3.7) and then into (3.9),
we find

(3.11) AiTrjrt + AT + AkTijri + AiTijer =0

where
Trjkt = Rejrt + (¥ + a)(grigjx — grkgjt)+

+ B(griArA; + grjAr Al — g1 Ar A — greAj A1)

Now, the relation (3.11), in view of (8], Lemma 4, yields A; = 0 or
Trije =01ie Tryp =0 because of the assumption A; # 0. Thus

Theorem. Let the associated vector field of a generalized recurrent
Riemannien manifold satisfies A, A' # 0, (8.1) and (§.10). Then the cur-
vature tensor of the manifold satisfies

Rejrr = (¥ + a)(gregjt — gr1g56)+

(3.12)
B(gjtArAx + gri Aj Al — griArAj — grjA1AL),
i.e. this manifold is a space of quesi-constant curvaiure.
In the next section we consider the question: under which condition
the space of quasi-constant curvature is a generalized recurrent Riemannian
manifold?

4.A manifold of quasi-constant curvature. Let us consider a
manifold of quasi-constant curvature, i.e. a Riemannian manifold with pos-
itive definite metric whose curvature tensor is given by

Rkt = algugix — gikgit)+
+ b{gitv;vx + gjRViVI — GikV;VL — G5IViVE),

(4.1)
where a,b are differentiable functions. Without the loss of the generality,
we can suppose that v* = g'‘v, is a unit vector field. Then

(4.2) (Viv;? =0.

Also, we suppose a # 0, b# 0.
T.Addattiand Y. Wan g ([1]) proved the following properties

of a space of quasi-constant curvature.

Theorem A. If a #const., then a; = 8%,- = tv; where T = av’.
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Theorem B. Vector field v; is gradient if and only if b; = %”T = nv;
where n = bv'. Moreover, then

(4-3) Vjv. = p(g.'j - v;"Uj)a where p = 5%

From (4.1), in view of theorem A, we have

VieRijer = Tv.(girgse — girgs)+
+ br(gavjve + gjrvivy — guvjor — gjvive )+
+ bgir(vi Vrv; + 0;Vo0x) + gji(viVevr + V) —
~ git(v; Ve + V,v5) — g1(vi Voo + v Vo).
Now let us suppose that the space of quasi-constant curvature is
generalized recurrent. In view of (1.1},(4.1),(4.2) and (4.4), we have
24r[a(gugsx — girg;t) + blgavjve + gixvivi — gixvvy — gjivive )]+
+ Aila(grigie = gregst) + b(grivive + 9550r01 = Grivrvr — girveve )]+
+ Ajlalguger — gikgri) + bguvevi + grevivi ~ gikvevr — grvive )]+
+ Axla(girgjr — girgst) + b(givjvr + gjrvive ~ girvyo — gviv, )+
+ Adla(girgse — girgjr) + b(girvive + gk0i0, — gikviv, — girvive)] =
= Tvr(gitgjk — gicgjt) + br(gitvivk + ginvive — gikvsv — gjivive )+
+ g1 (ve Viev; + v;Voug) + giu(viVivi 4+ v, V,u)—
= 9ik(v; Vot + iV,v;) — g50(viV ook 4 ve Vo))
Transvecting with g%, we find
24.{{(n — 1)a + blg;x + (n — 2)bv;v}+
+ a(Argik — Ajgek) + b(Arvyv + Av'gjkv, -
Aev'griv; — Ajvevr) + a(Argjx — Akg;r) + HArvjvk + A'gpv,—
(4.5) — Apvyu, — Apv'girue) + Aj{[(n — Da + blgrk + (n — 2)bvpug}+
+ Ai{l(n — Y)a + blg,; + (n - 2bv, v} =
= (n = 1)1vegjr + be[(n — 2)vjvx + gjx]+
+(n — 2)b[ve V,v; + v; Vg
Transvecting (4.5) with g%, we obtain

(4.6) [(2n—1)(n+2)a+4nd)A, = [n(n—1)7—4(n—2)bA,v |v, +2(n—1)b,.
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Transvecting (4.5) with v/v*, we get
(4.7) 2(a + b)[nd, + (n —2)A,V'v.] = (n = 1)}{1v, + b,).

Thus, if a + b = 0, we have b, = ~7v,.
If a + b # 0, eliminating A, from (4.6) and (4.7), we find

(n? = Da

1
EEN br = [2(n — 1)(n + 2)adv' - =

a+ b

(a = nb)7| v,.

Thus, in every case, b, = nv, and, according to Theorem B, v; is a
gradient vector field. Now, in view of second part of same theorem, the
relation (4.4) becomes

er;Jkl = T'Ur(gi!gjk - gikgjf)+
,
‘2”[(9'jk9rl — 519+2)vi + (girgrr — Girgri)v;+

+ (gitgrj — 9519+ )0k + (95%9ri — Gikgrj)V1]+
+ (7 — TN Gitvrvj Uk + GjkVrVV — GikVrUIVj — GikVrVED;).

Supposing i # 7, we can rewrite this relation in the form
Vi Rijit = Tve(gitgse — gikgji+
-
5[(9;&9& ~ Gy1Grk 0i + (Gitgrk = Girgri)v;+

+ (g.:gr; - gjlgr:)vk + (Q'Jkgn - gikgr‘J)v‘]+
-7
+ n

{20, (gavev; + gjkvivi — gikvIv; — g10Ev, )+
+ vi(grv;vE + gikVrV1 — Grev;UI — 910,V )+
+ V;(guvrvk + gravivi = gikVeVt — grivive )+
+ ve( v v + girvavi — Girvj0r — G0V )+
+ vi{girvive + gjkViVr — GikVjVr — ¢5rVi0k )],
or in the form

ViRl = QA,-E,'J“ + AiRpjit+
AjRip + AcRjp + ARy

(4.8)

where we have put
n—T
27

r
A: = ‘2;13;', b] = a
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Rijrt = a(gag;x — giegjt) + b(girvjor+
Gikvivp — Qikvjbr - ngUiUk)-

It is easy to see that R;itr = Rijrg if and only if =Ta = b. In this
case (4.8} becomes (1.1).
Summing up, we can state

Theorem. A manifold of quasi-constant curvature satisfying a #
const., is a generalized recurrent Riemannian manifold if the vector field v;
is gradient and § +b = g (T = aw', n = b'). In the case n = 7, its
curvalure tensor satisfies

-
VeRiju = 5[20,-(9.193'1; - gikgii)+

+ v.'(g,-kgr: — gitgrk) + vj(gi!grk — Gikgri)+
+ vk(yugrj - Giigri) + Ul(gjkgri — GikbGrj )]

5.Remarks.
Remark 1. If # =0 (i.e. if v = 1), the condition (3.12) reduces to

Rejrr = (¥ 4 a)(grkgji — grig;e),
i.e. the manifold is a space of constant curvature. Thus
The associated vector field of generalized recurrent Riemannian man-
ifold cannot satisfy the condition

V;di = agi; + AiA;.

Remark 2. If in (3.1) a = 0 i.e. if the the associated vector field of
generalized recurrent Riemannian manifold satisfies

(5.1) V;Ai = 7AiAj,

then A; At = 0.
In fact, if a = 0, then W} = 0 too, and (3.5) reduces to

(5.2) AtR'a,j = (1 Aj — v;Ar)Ai.
Transvecting (5.2) with A*, we obtain

AA' (1eA; — 7;48) = 0.
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Thus, if we suppose 4, 4" # 0 then v, A, ~ v Ax =0 and (5.2) reduces to
(53) Athikj =0
Differentiating (5.3), we have
(V.!AI)Rt{kJ' + A‘vthikj = 0:
from which, substituting (5.1) and (1.1) and using (5.3), we get
AgAtRaikj = 0

But this contradicts assumptions A4,A" # 0, Ryirj # 0. Thus

There does not exist a generalized recurrent Riemannian manifold of
a positive definite metric whose associated vector field satisfies (5.1).

Now, let us suppose 4,4 = 0. Then (ViA()A* = 0 and transvecting
(3.1) with A' we get ad; = 0i.e. @ = 0. On the other hand, in view of

a =0, W;=0and A,A" = 0, the relation (3.9) is satisfied identically and
the way described in Sec.3 does not give the result.

Remark 3. If the associated vector field of generallzed recurrent
Riemannian manifold satisfies (3.1) (including o = 0), the gradient of the
scalar curvature is codirectional with associated vector field.

In fact, trasvecting (1.1) with ¢'g/% we get
(5.4) V,K =2A4,K +4A,S;,
where K denotes the scalar curvature of the manifold. If o = 0, transvecting

(5.2) with ¢** we have
A;Stj = (‘hAa)AJ’,

so that (5.4) reduces to
V.K = (2K + 4v,A%)A,.

If a # 0, we have W; = ¥ A; because of which (3.8) becomes
A8 =[(2-n)¥ + Q4

and (5.4) reduces to

VK = [2K +4(2 — n)¥ + 4Q|A,.
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ON UNCONDITIONAL BASIS AND SEQUENCE SPACES
BY

L.M. SANCHEZ RUIZ

1.Introduction. The theory of Banach spaces has been widely studied, and

exposed in several text books, by a number of authors.The purpose of this note is
to approach some properties of Banach spaces with unconditional basis by means
of their associated Kothe's sequence space.

Hereafter X will denote a Banach space, Bx its unit ball and X* its topo-

logical dual.A (Schauder) basis [z, : n € N] in X is said to be unconditional if
£, aiz; converges unconditionally whenever L2, a;z; converges in X, and the
basis {zn : n € N} is said to be shrinking if lims . [[z*]|,, = 0 for ea.ch- z* € X*,
where {{z*||,, 1s the norm of z* when restrited to the linear span of {z; : ¢ > n+1}.

Given a basis {z, : n € N} in X, we shall denote by S|,,) the Banach

sequence space

Siza]=f{a€w: Za;a;,- converges in X},

=1

endowed with the norm defined by

llalll = sup{}i Y aizill : n € N}.
i=1

Clearly, ¢ C S;,) and when {z, : n € N} is normalized, then 5;,] C I*°.

So, when {z, : n € N} is a normalized unconditional basis, S[;,] becomes an ideal

inl* witha+b:=(a; + b.-):.’f__1 and ab := (a;b;)

and

=3
i=1"

We shall denote by

Stz = {b€w: Zb.‘:t: converges in X*},

i=1

S(zs)r = {bEw: Zb,-:c: is weak® convergent in X"},

=1



