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CONVERGENCE TO PROPAGATING CLINES
IN THE FISHER EQUATION

BY

C.CORDUNEANU and JIANZHONG SU

1. Introduction. We are motivated by the Fisher model (1-2) of
population genetics. In this model, i{x,t) represents the relative density of
one (say, ¢) of two gene alleles (e and 4) at a particular gene locus in the
population of a migrating diploid species. Assume three genotypes mate
randomly. The function u{x.t) satisfics the equation

(1.1} 5 —Au=[fi + fo)u— flull — )
where the ratio of the fitnesses of the three genotypes is
(1.2} 1+ fila,t):1: 1+ folz,t).

Wheu the fitnesses are of seasonal tewporal variations only, f j are generally
considered to be periodic in t. Our study concerns with the situations where
there are some propagation effects in the spatial variations of the fitnesses
due to some factors (such as a spreading of "genetic defect” due to a certain
desease, or somne finite speed evolutions of external environmental influence).
Thus the fitnesses f 5 also depend on (12— ct} for some v € R™. We assume
that f; and f, are of the form:

(1 3) f:;(.’l'.,t) = .fj(’/ S —ct,t)

which are periodic in the second variable. In that sense, the fitnesses are
scasonal as well as propagating. We are interested in the population pattern
under such a circwnstance. Due to the form of £}, it is nature to consider
the problem in the whole " space rather than any bounded domain in .
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We consider the probletn in a slightly general setting:

du

(1.4a) %= Au+k-V‘u+[(fl + f2)u— folu( —u}, (a,8) e R" « {0.00).

(1.45) w(x,0) = wy(z), 0 < wuy < 1, for « € R,

One might expect the solution u(,t) € (0,1) would asymptotically
converge to 0,1 or somne limiting function of the formr (v - 3 - ct,t) as
t - oo Ifu=0 and v =1 are Liuearly unstable, then all solntions wonld
approach some propagating clines W(1ra—~ct,t) which is periodic in ¢ variable,
The term "propagating cline” is adopted from [9] in the expression of jtg
propagating pattern,

In this work, we give conditious on fi for the existence of a cline
solution which is an mteresting pattern in genetics. Further we show that
under the samne conditions, the cline is unique, and it attracts any solution
of (1.4) except for 0 and 1.

The problem of the existence of time-independent clines has heen
considered by many authors | e.g. [5-11]) in cases where

fr=filz), fy = fao(x).

The existence of stable periodic solutions for this type of equations was
proved in [3, 12-13]. Our work here is fluenced by a recent work of Hess
and Weinberger [3] which concerns the existence of time-periodical clines
at Fisher Equation and the convergeiice of any solutions at ¥ — o0, and
particularly by their novel use of maximum principles. Our result Lere 18
considered an exteusion of the methods in (3] in different equations, and
however, significantly differs from (3] in the way that the domain of & here
1s the entire ?”. and our cline solution is of a very particular form.

We organize this paper in the following way. In Section 9. we shall
provide some technical lemmas which will be utilized later to derive the
main theorems. In Section 3, we shall discuss the conditions that assure
any solution of its initial value bounded away from 0 and 1 to be forever
bounded away from 0 and 1. We shall then in Section 4 prove the main
result about the existence and unigueness of a propagating cline. In Section
5, we shall show that the cline is o global attractor. Some remarks will be
given in Section 6.

2. Convergence conditions. We state a maximum principle which
was first introduced in [3]. Our statement here differs slightly from the
maxinmum principle in [3] iu order to accommodate the k- Au term:
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Lemm 2.1, Assume u(r.t) ave solutions valued in (0,1) of the
equation.

(2.1) 9“‘,)‘:'—” = Au+ k- Vu+m(et w)hin), v € R, § € (0.00)

where &k € iR" s o wector. m{a tou) s nonincreasing in w and hiu) is
concave for w € (0.1) wmih M0) = 0. h{(1) = 0. If ur(x.t) and wo(z,t)
are tue solutrons of (2.1) and o < iy <1 =0 for some 0 > 0, then the
nenmcgetioe funetion

walr,f) - 2
i2.2) Z(.r',f):.‘-‘-’/ O

LIAP A} h(()

safrsfies the marinwm preveple. e max  Z(x,t) is RONINCTERs LG 1T
—o{r<oc
of

max Z(a, fy ) = max Z{x,1y)
4 2

for some #) £ty then Zir )=k

Prool. It can be ecasily verifiod that for any two solutions uy(x, t} and
-'f-z(.l'.f}.

0z | oy [~z ¢ Y Y gp
E—AZ—A-VZ—”'""’(/,(M»;) T i)
2ol
(230 = 2nletong) = m(e,d ) [ Mo
u i2
1 Yo, 2 . . “ g _‘,v./'?ﬁ_' <
__.'M‘”z} [h(uz}-—h.”l”.ﬂl h{(<) - i ’I-(C). =

When vy oy ave wiformly hounded away from 0 and 1, Z{z.f) is bounded
for all » ¢, Letuma 2.1 follows fron the strong parabolic maximum principle
in [14]. Lemina 2.1 is also true if the operator A is replaced by V- (AV) for
A=4A">0.

Lemna 2.2. Ifm{r b, u) is nommnereasing i w, rn(x,t, u) i periodie
ot oof period T, and h(u) is concave. Let u(w,t) be a solution of (2.1)
of ws walue bounded away from 0 and 1 uniformmly in x and t. Then there
cewts a solution G of (2.1) whech is perodic an t of period T such that
[1{ e t) i t) — 0 uniformly in 1 on cvery bounded subset of R" as

4

ro—
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Proof. The idea of proof is essentially adopted from (3], Take the
sequence of functions {u(r. 1T + )} to form a bounded and equicontitnns
family of fanctions. The bouudediess ad equicontinuity propertics of the
family of functions are derived from a simple a priori bowud for u{x.t). For
any R > 0. T > 0, there exist a subsequence {u{r, 1T +1)} which converpe
uniformly in [r| < B, 0 < t < T to o limit function afa,t) whicl 15 also a
solution of (2.1} onec the regularity is assured. Let

wla T4 t) 2
(2.4) Het) = [] % .
ul ) h(“)

Then z{x.f) satisfics the lmequality (2.3). The function 1 z(a, ) 18 uon-
re e

increasiug in ¢ and its limit satisfies

lim wax (1) =4 > 0.
t—oc pejitn

Let n; — oo, w{a.t + 1, Ty = dfa,t). Since u(ir, t) are aniformly bounded
away from 0 and 1. so does @(r.t). We have L et + 0, T) = (r4)
rl_'—s'.\-t

uniformly on o] < R, t < T with

w(e. T+10)
(2.5) Hod) = / &
wia,t) ""(c-)

2

Moreover, max z(x,#) — k% ag # — oo; then max Fat) = k. The strong
I r

maxinmum principle then implies that ooty = 8 s a constaut tudependent
of r and ¢. We obtain

wle F4t) .
(2.6) f %
alr.t} "’-(\')
Thus, we have
[P NIN N a
(2.7) / .
Jutrty "(\J

Because d(a, #) is uniformly bounded away from Qand Las r € Bt — o0,
we conclude

I pulr.ot4n 35
28 / ——| < Al
( ) F- u{r,f} h({) =
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Thus 4 = 0 which unplies that a(e. ) s periodic o ¢ with period T since

WEY = 0. Lot

wia.tl 0\'

Jalrf) <)

{(2.9) S t]=

Then =*(r.#) also satistios the maxinnm principle. If analogous arguments
ave appliced to w{r. 1+ 0Ty end af e dbn, TY=d(r. t). then st T =0

.

as ny — o¢ from the monotonicity of max (oo t). We pet 2*(r,t) — 0
A
nniforinly in v on every honnded subsct of R as ¢t — oo, The convergence

of u(r £) to i(r 1) follows from the faet that, i uniform positive.
)

3. The existence of a propagating cline. We now analyze the
Fisher Equation with propagating fitiesses (1.4} The fitnesses that we
have assiuned i the moddl, me dependent on the propagation variable
£ rer = e and the the 40 The effect of a spreading of o penetic
thserse s modelled Dy a propagation of the fitess cliange with o directed
hnite speed. Along with that, there is g temporal (scasonal) change of
the fitnesses. For further consideration. we might also consider the cases
wlhere the fitnesses ape propagating along different directions (i.c., fir=
= fyle - =y — b~ it t)), or mayhe the propagation
e seasonal as well (el f€),¢) &+ X6, or the propagation is
vaelial ragher than divectional. The results that, we obtain below can be easi-
b extended to those cases by analogons analysts. Some remarks reearding
those cases will be madde in Section 6.

We now consider the e [Uon

i3.1a) = S AL -Nu+[(fe v fodu-- Folu(l — w)

{3 1h ey = wole)

wheve o= f (v —ef 1) are pertodic vt of period T. The coofficients
e Y. p e R are constant vectors ll7]l = 1. We are interested in ufs. 1)
of vadnes ng (0. 1),

Lennma 3.1. Supposc that there crsts & > —71 <0 that i = uil - iy

tL-Edu) 15 comeane, und Jor wny (e t)y e I > (), VAR v =0 Fo il #
satisfies (T4-0)f, + f < =10 fo+ fai Asswnee the vaticl palue tplr) satrsfies
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the property that 0 < o < vol2) <1 —0 < 1 for some 0 > (). Then etther
(a) A(zu.t,) such that iy, ty) = 0 ws 1w — oo or (b) M, b)) such that
U(Tp,t,) = 1 asn — oo or (¢) there exists a solution of the fm-m {1 r—ct, 1)
which is periodic in t of period T such that ul(z, t) = v -r—ct t) as t — ‘oc
uniformly on every bounded set of § S vew—ct, £,65, .. &, where Ei=w, o
are chosen so that (v.1y, vty ) are independend. ’

Proof. If we exclude the possibilities (a) aud (b). then the sohution
u(2,t) remains bounded away from 0 and 1. We take a new set of inde-
pendent variables £, = v g — ct, €2, .., &, and . Here £ =(&,...,6) =
=B (21, 20)" — ¢t(1,0,...,0)* with some nousingular B = .(V‘ Vi, y).
Without loss of generality, we assume B to be orthonormal, ie.. B-B* = J
Then (3.1) beconies - "

9 :
@2 % < otk 5 e e 2
1
FAE )+ fal €y, ) ~ F&r, (] — ).

F}ar the convenience of the notation. we may still use &, -V for the first derivi-
tives. We apply Lemuna 2.2 to obtain Wy oy t) — W&y, €, 6 1)
'for‘ some #(§y1,&z,....&,,t) which is periodic i £, In order to show that @
is lnd:’,‘pelld(.’llt of &a,...,&,, we cousider two functions: W&y, ... &, )
and 4(&. ..., & + X €l t) for X; > 0,5 > 2 We note that both

(€. &, Ennt) and u(€r, . &+ XL L 60 1) are solutions of (3.2} since
fi are free of &, ....£,. The corresponding funetion
’ = w4+ X 1)
(33) Z-\’j(flaf?s“--f)+—Yj~'“~fu,t)5 f ! _'a‘g—
ul€; 1) h(.'s}

satlsﬁc:s the maximum principle of Lemma 3.1, Follow the similar steps as
showing the periodicity of #(€, 1) in £, we can show

(3.4} W&+ X &) = GEy &y €t

for any X, > 0, j > 2. Thus, & = w11} is independent of £ for y > 2.
Corollary 3.2, If fi(v-r —ct.t) is alvo pertodic m & = v 1 — of

of period Xy. Then the corresponding functions (€, 1) = wly - ¢ — ct,t} are
also periodic in §,.

) Proof. The procedure is also similar. By comparing #(€, + Xi.t).
u(£1,1) through 3(£.t), we obtain

(35) ﬁ.(fl -+ AYI,I‘) - ﬁ({]f)
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Thus the corollary follows.

Remark. The condition that fj{v - @ — ct,t) depends on v - 1 — ¢t
periodically represents the situation where the propagating of the influen-
cing factor is also scasonal (periodical). One might also think certain defects
of generic properties arve inhabited by generations. Hence the propaga-
ting change of generic fitnesses is also cyclic. Corollary 3.2 then states
the corresponding propagating clines are also of the periodical propagating
character.

Corollary 3.3. If filv - —ct.t) = fi(v -« — ct) are independent of
the warrable t. then the corresponding limiting solutions 4(v - x — ¢t,t) are
of the form u = 4(v - v — ct) which are travelling waves.

Proof. We can follow the analogous argument to show that & is
periodic of period Ty for any T\ > 0.

Lemma 3.4. Let the same assumptions in Lemma 8.1 hold. Assume
there are two solutions 4, end 4z of the form: G; = ti;(v -z — ct,t) which
are periodic in t of period T. Suppose that 0 < @, < 1, end 4; are bounded
away from O and 1 uniformly i x and t. Then

(1} Either uy—ay are bounded away from 0 uniformly in (2.t), or ity = ii,.
(2y  If fi + fy is not identrcally zero, then uy = 14,.
(3) Iffi+ f2=0but folvr-a — ct, t) £ falt), then iy = 4.

(4) If there are two distinet solutions &y and Uy which ere pertodic i t of

pertod T, then d)(v - v —ct,t) = 4(t), L+ f2 =0, f2 = folt) and
T
Falt)dt = Q. If this s the case, then all periodic solutions form a

(] r -
uniformly continuous, one parameter family of solutions, which satisfy

the equation

i 3.0a) uy = — falOhu(l — u),

{3.6h) uloy =L, 0<L <l

Proof. It was implied in the proof of Lemma 3.1 that there exists a

constant k such that
fln,(:.i) d'] E
uq(2,t) h(")

= |2

(3.7) Z(x,t) =
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From this fact, we deduce that if W ) = Gulat) at sowe {o.t).
then & = 0. which then mplied @, (r ) = vl ) If A 20, since hoth
u;(x,t) are hounded away from 0 and 1, we get that do(a ) are bomnded
away from & (.r,t) from {3.7). This shows (1).

The assertion (2) can be derived from the maxinnug prneiple in
Lemma 3.1 by substitute 2(.:‘.1‘) = 4 mo (2.3). Siuce lefthand <wede o
identically zero, if fi+ fo 00 then vy = ;.

We also observe if H+for=0adif ty Z uy. then Wlug) = 1w,y
and [Vuz| = 0. Thus y = uy(t) which implies fr= - . 0“'&) = fulf)

h(ll_::) 0?‘ :
This is the conclusion of (3).

(4) is a degenerate case which has been widely studied. Reforepees

can be found in (3] or [13]

4. Sufficient conditions for stable propagationg clines. We now
consider the conditions upon which any solution u{a, ) with any nontrivial
initial condition would converge to one unique solution of the forn o -
Wy - x —ct,t) C (0, 1) that is periodic in ¢ of peviod T,

Lemma 4.1. Let tgla} be the wmatrad puine of a solution u(r, ¢ of
(3.2) and satrsfy 1 > wo(r) = o > 0. Suppose = F2&1.8) > py(t) for some
T

T -periodic function p () w:iihf Pi(t)dt > 0. Then ule, t) is bownded iy
o
from 0 in o wniform fashion in {e,1) € R" % {0, 0).

Proof. We find o positive constant wy > 0 such that wlirg) > wy. For

0 < u <1, we observe that the function ¢y (2, wy). which is the solution of

{4.1a) e ={pi{t) = Mu)u(l - u)

(4.18) w, = uy

where M = sup|fy + fof, is o subsolution of (3.2). This i due to the fact
G < ¢i(t.1p) < 1 and the fact that

Ap.)
ot
St=fo+(fi + f2) ) {l—g,) =

=Dedy + b -V 4+ [(F + 231 = £2]61(1 ~ 1)

(1) = Moy jo(l - ¢) <
{4.2)
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Further, sinee ]y, Lincarized cquation of ¢(#) at 0 has the form:

a‘,.)l(t)

{4.30) o

it )on(t)

(1.3 e[ 0) iy

!
with / pifh = 0. we obtain o,(f) — 420 as t — oo, Thus, we get that
Eal
i 0(t} 2 o) > 0. Sinee (£ is a2 subsolutlon of {3.2), then (e, t) > &, {f)
frme o,

15 bounded iway from 0 uniformly in (e, 1)

Lemma 4.2, Let w(a.t) be e solutron of 13.2) unth the matial value

Hr 0) = vyl ) which satisfics 0 < ulr} <1 —a < 1. Suppose f; < q(f)
i

for somc T periodic function it wzih./ giltydt > 0. Then wlx,t) is

v
bounded wway from 1 i wnaforue wanmer.

Proof. We follow w analogons way as iu Lennna 4.1 to achieve the
result

We now state our main result

Theorem 1. Let ujc.t) be any solution of {3.1) valued in (0.1}
Suppose there crsts & > —1 such that (fr f2) satesfies (1 4 8)f; + fr <
L —ollfy + Fof for (ait) € R" <« B Further we assume f < —q1it),
Ja < =pilt) for some periodic funetions pi(t), qiit) of perod T wath

7 .

i
/ mt)dt > 0, and f n(t)dt > 0. Also assume fh = Hlvr~ctt)
{

] 0
which s periodic wn t of period T. Then

(1} gioen any wy which satsfies the property that 0 < o < wple)<l—o <1,
the solution w{w t) of (3.1) wath the initial vabwe w(x,0) = up{z) sa-
trsfres the property that lim [ t) — &y -2 — ct.)] = 0 for some

t—o
uli o — ot ) whach woa solwtion of (3.1). and is pertodic in toof

period T

(2) - —ct. t) s wiaque, and stable. Gren any 0 < o < wy X l—0g <1,
wlw t gyl — oo oa supernorni, ve., the basin of attraction contains
at least all points

(4.4) b= {HU(J:)I()<0'_<_!IU{.I')SI—J'(].}.
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(3) Iffi=filv-z—ct)is tndependent of £, then & = (v - x — ct), and
rest of the results in (1), (2) hold, i.e.. rvery solulton of initial value
uniformly bounded away from 0 and 1 will be attracted to i unique,
stable travelling wave a(v - v — ct). If fi{&1) s periodic in €, then
u(€) ts also pertodic i €.

Proof. It follows from Lemnmas 4.1 and 4.2 that i, ) is hounded
away from 0 and 1. Theu Lemuna 3.1 assures that

(4'5) u(.’ﬂ,t) = u(fl‘fz?"'l E“,t) T ﬁ(&l,t} = ﬂ(f’ R HE Ct,t)

as t — oo for some u(v - r ~ ct,t), a solution of (3.1) which is periodic in
t of period T. Also &i{v - & — ct,t) is bounded away from 0 and 1. Since

T
fi + f2 £ 0 by the condition H+ o < ~(p1 + q) with f pr = 0 and
0

T
/ q1 > 0, if %y, 4y are two solutions of the form ty; = t;(v-&—ct, t) which
0

are periodic in ¢, then @y = i#; by Lemma 3.2, From the uniqueness of the
attractor, any solution u(x,t) which is uniformly bounded away from 0 and
1 will approach (v - x — ct, t).

(3) is a special case of (1) and (2).

Remark 1. Exaniples of qualified systems can be handy, such as

(46) u=Au+k Vu+ Al o —ct,t) fa(y o — ct,t) —uu(l — u)
T T
where A - a > p(t) with / pr>0and A-(1 —a) > ¢,(t) with / q > 0.

o 0
Special cases can be A -« > o, > 0 and Ml—a)> a3 >0if both A and «
are taken to be constant.

Remark 2. In degenerate cases where f; = fi(&1,1) are periodic in
€1 of period X, the conditions for instability of u = 0,1 can be strengthen
into

X T
(4.7) I [ sienaas <o

With periodic f; on the variables ¢ j» We can simply consider the equation
(3.2) with the periodical boundary conditions. Using the couparisons with
the first eigenfunction with the semigroup generated by the linearized ope-
rator, we can derive that (4.7) implies u = 0, 1 are unstable. References can

be found in [3).
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Remark 3. When ¢ = 0, the condition about (f1. f2) in Theorem
Lis simply that fi + £, < 0 which is always satisfied in the case where

I = L&)

5. The global attractor. So far, our attention was focused on
the solutions whaose initial values are hounded away from 0 and 1. In this
section. we show that ander sae conditions every solution of a initial value
wo(r) with sneasure {a | uy # 0, 1} > 0 will converge to 4y - @ — et, ). Thus
wly v = ¢t t) is a global attractor.

Theorem 2. Let w(a,t) be any solution of (3.1) valued in [0,1]. Let
fy = Fiv - —ct. 1) be periodic in t of period T. Assume there exists § < —1
xiech that

-1y I+ afi+ o < =Plifi+ ol for (2,t) € R" x R,
and further fi < —q(t), fa < —pi{t) for periodic functions P1(t), @)
i "
wiath prriod T, / mitdt >0, / qi{t)dt > 0. Then given up(z) such that
0 0
measurclr | ugle) # 0} = 0, measure{r | ug(x) # 1} > 0, the solution
1 1) of (3.1) wmth the matzal value wy(a) satisfies the properiy that
(9.2) li Jae t) = @y -0 — et #)] =0
—ox
unaformly m coery bounded set of £ = {E1.- &n) where E =1 — k- ¢.

Proof. Without loss of generality, we show that given any uy(x) with

(5.3) mmn={1>"“”}° v €1=(ab)

=10 @ ¢ {a,b]

whicli is of & compact support, the solution w(r, t,ug) — u(v - x — ct,t).
With au anclogous result showing w{x,t,vg) — w(v - x — ct,t) for any v
witl

0<wle)<l re(ed)

=1 & ¢ [e,d],

the comparison principle would force all solutions to go to u(v -z — ct, t).
We show w(e.t,uy) = 4(v -z - ct, t) in the following manner. First we write
the equation in the new independent variables

{5.4) vp(r) = {

[r-El = £y - A'I’-fz =y — "‘Zt!“w{" =aIry — kan.k = (k]..kg,..., kn)
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Then (3.1) becones

(5.5) %;' = Qg+ [( L&, 1)+ Fl &1 — fl €. 0)]ull — ).

Let o1 (.1} he the solution of the equation:

(5.6} e = Agee + (pfd) = Mol — ).

(5.6 &,z = el €]
Evidently. for sufficient lavge AJ = M(f,) > 0. o100, 4) is a subsoltion of
{8.5) sinee gy (wit) 2 0 and —f > pi(t). fi+ fo 2 =ML We intend to show

that there exists a > 0. such that

(9.7) lirlllililf ulE ) > li’mini' GE )20 =0

untforinly for every bomided subset of £in B The equation (5.6) o e
rewritten as

58 Ju Ari 2 pyif : ()i
; — = bie 4 o eplan, it
(5.8a} o et (LR J
(5.80) “(E-”l, = ugl€)
where p(#) 1+ periodic and _[;’I';m(f) > 0,
Lot
(59) Pyt = / gt edt I
1}
wher
L
{5.100 Pr= 7 /. peltiedt >0

Then Py is periodic of period T as well, We let

‘511) ”T’.‘(’J(]IE‘_ _‘.l pilride—pyy
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The equation (5.8) becones

{5.124) v = Dgr 4 o+ n"’h(r,P.{fJ,pl(t)),

{5.12h) &t mp = uolé)

where (e Py, py) is wniformly bounded in ¢ since it contains periadic func-
tions py(F) awd Py(t).
We now consider the function (. ¢) which is the solution of

{5.13¢) = Nevr e - Aot = Aeo + Fi{v)

{5.13h) w(& 1), = uo(&).

When My as sufficiently lavge. y (€, £)eP1 s 4 subsolution of (€, t) in

(9.8). Lo (68 2 A (&0 A famous result of Aronson and

Wertnberger [4] tells that if Fi(e) > 0for v < v, and lim+ Fi{v) -
v—0

1+ 2 .
e S 0 and ME.0) = uylé) > 010 a set of nonzero measure, then

the solution e(r.#) satisfies liminfe(£,1) > o in any bounded set of =
—o
(£1v. &) i Y. Thus we obtain that, li'm inf w(£. 1) > a uniformly for every
—0

honwdes set of € in B, Upper bonuds can be similarly achieved provided
fir < =qil2).

We now show w(€,t) — 4(€,1) as ¢ — oo where (€, t) = a(v-z—ct,t)
ts the unique solution of (3.1) which is periodic in ¢ according to Lemma
+.1. We consider two functions

(5.14a) uT(€.1) = lmsupfu(€. 1 + nT)},
nerz+

(5.14h) w”(E.1) =l'i'|‘:51725rf{u{£,f+nT)}.

There exist subsequences u(€, ¢ + nfT] — u(£.t) uniformly in any
bounded set of £ € R". Assured of the regularity of u(€,#), we get that
#*® are solutious of (5.5). Following the same procedure, we can drive that
uHE) = uF(r o = ct.t) from the fact f; = f(v-r — ct.t). Also, we
enn show o (E 4y = v (v o = et 1) are periodic in the second variable t.
The argument nsed m Theorem 4.1 s still applicable here since u®(¢,t)
are hounded awsiy from 0 aud 1 which was achieved above by the estimate
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P&, ). We then obtain that ut(6.+) = o (£.8) = o by the wriqueness of
the propagating periodic cline shown in Theorem 1. Also for every bounded
set B of £ ¢ "

(bt +nT) < ut(E4) + ¢

f(.)r n 2 Ni(B), and also ut(£,t + nT) > u (§.8) — = for v > Ny(B). Then
since (€, 1) = u=(£.4) = (&, 1) and Q(&.8) = W€t + T We obtain that
for t > Ny + Ny, Jua.t) = it t} = z. This concludes Theoren 2

‘Remark. When & = 0, the convergence is uniform at any bounded
set of € =r e IR".

6. Some remarks about propagating clines and convergence.
We make some remarks about the existenee and the convergence of propa-
gating clines.

First if the fitnesses are evolving aloug the radius rather than some
particular direction, ie., f, = f;(r — ¢t.£). Then the resulting propagating
cline solution &(.r,t) are also of the forn @ alr = ct f) as well, This result
can be achieved by showing that 4 is symmetrie along any spatiad direction.
Further, under similar conditions. every nontrivial solution will CONVOeTge Lo
4 as well. These systems have realistic examples. considering some of the
diseases can spread equally in every spatial divection.

Second, results can be extended to the cases where the fitnesses are
of the form f; = Jilow - —citioy - =gt ug - r - it 1) which are
. propagating aloung several divections. The resulting propagating clines are
expected to be of the same form. Yet, the conditions for COUVCLECHCE are
essentially the same,

Third, if we remove the conditions that 0.1 are unstable, then the dy-
namics beconies more complicated. There could e a faily of propagating
~lines rather than one, or there conld e the cases wlhore every solution is
attracted to 0 or 1. We consider the following exsple:

7]
{6.1) 0_: =Au+b-Vu+ ('n - %) w(l—w) in R" « R*

Suppose & = 0. and we consider the standing waves, We find the steady
state v = 3 is unstable and there exist a faniily of periodic solutions wy (. ).
As the analysis of a general systens of (6.1) indicated i 115] that there
are some soluttons of form w(e -+ ~ ¢1.#) whicl is of !-11(-‘-1)1‘()[)6‘11}' that
t_lil_noo wlr.t) = 1/2 and ,liff,'u w{r t) = (e — ) where uy is a periodic

solution. We observe also that w = 1/2 has at least two unstable manifolds
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as any spatially uniform solution v = w{t) will go to u = 0 or v = 1
respectively according to the initial comditions.
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