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Remarque. Lapplication « du dingraunne T est monotane

En cffer. si (ro0) < (Jog) alors il existe B & 1 majorant comimn
de 7 ot j tel que fifr) = Fi ly) Compre tenn du fait que wg est monotone

ot des relations 1 oon o =uecessivelnend
olice) = vaye) = (e} = wpfile) S uefiply) = o) = ro,lg) = ol

et doae o{r o) < o y). Puisgque T~ est Uéguivalence associce i la relation
de préordre "< considérde sur S5/ ~. <) et ordonné, anssi. 1l existe une

unique application wonotone u telle que gy = o
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SOME ILINDS OF APPROXIMATE EFFICIENT POINTS
ANL 1I'TS APPLICATIONS TO THE VECTORIAL
OPTIVIZATION THEORY WITH MULTIFUNCTIONS

BY

CRISTINA GHERMAN

0. The approximate oxtremum points aud the approximate subdif-
ferential of & convex function lave heen proved to be a useful tool in real
and veetorial analysis from the theoretical viewpoint as well as for practical
PULDOseS

The veetorial optimization problems have heen studied specially in
finite dimensiouanl spices having in view to establish necessary, sufficient or
necessary atd suthicient conditions for the existence of the solutions and to
obtaiu duality results for veetorial optimization prograns with nmltivalued
objeetive mappings. Thus, for examnple, T. Tanino aud Y. Sawara
pioin (819 constructed aud developed a duality theory for multiol: jective
optunization problems and Ho K a w a s a ki {5] extended their results
nsing the coneepts of “sabdiferential” and “eonjugate” for multifunictions
frow o dinear space to RY - For optimization problews with the olijective
maps taking values w order complete veetor lartices then are sote notable
vesults in the wonogeaplnes [2]. (3],

In geseral veetoral ordered spaces. the optimization problews ave
strongly velated witly the efficient points of sets. There are some existence
esults for this in 2], [G).

[ [2] the efficient points ave presented iu connection with the study of
he veetorial seldifferential for mnltifietions.

This paper intends to present the natural extensions of the apprormate
ffivient pomts aud the approeanate scetorial subdifferential for wultifunc-
nons wath their general properties.

L. I what follows 1 Z. <) will denote a real vector space ordered by a
convex cone Zp o We suppose that Zy is pointed, j.e.
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Zy Ml=Z4) = {U].
We add to Z o smallest cleswent denoted by —oc and a lurgest element
denoted by +oc: we consider Z = Z U {+~x}U{ -~}
The operations on Z ean he extended to Z nsing the following conven

tions:
(tocl 4+t =+ (Ex)=*tx VerelZ

{Eoc) + (ko) = £
AlEoo) = (sgudlxoe) YAE R

We denote ¢ < bit h—a € Zy and « # b Let 4 be o nonemipty set of Z
such that A # {+x}umd pe Z. - € Z.

Definition 1.1. 1) We shall suy that p € Z ix an = wwfinwm for S of
there ix no a € A such that o < p— = The sct of = nfinwn points for A s
denoted by *Iuf A.

1) We shall suy that p € Z 15 wne 2 mamenwn for A of pas en = anfinwm
for A wnd p € A The set of 2 mannwwm pornts for A w denoted by *\Min 4

i) We shall say that p € Z s an s prozomal wfimum for A of poas
an s-infinuin for A wnd for all p € Z with p = p there is o' € 4 such that
a' < p'. The set of 2 proeonal tufirewm poinds for A s denoted by *luf, A

In a similar manuer, for a nonempty set 4 € Z A4 # {+oc).p € Z.
¢ € Z we define the sets “Sap A NMax A7 Sup, A,
For ¢ = 0 we get the notions from [2], denoted by Tuf A, Inf, 4. Min A,
Sup 4, Sup; AMax A I 4 =0 o A = {+c} we consider “Inf 4 = Z and
‘fA=0or 4= {-oc} weconsider ‘Supd = 2. Ve Z.

Remarks.

a) If =€ —2Z4 then "MNind ={.
by Infd=—"Sup(—A4)
Inf, A = —*Sup, (—A)
AMind = NMax(—4)
¢) Infd=Inf{d+:s)=Infd+-
dy “InfyA="Inf,(d+ Z,)
“Sup, A = Sup, (A - Z4}
e} I BCCZ. B#Y. BCC then we have
lnf C CPInt B and “Sup ¢ CSup B.
) &) < gy == Inf A C ¢ lnf 4.
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Proposition L1 i) If A is w woncupty sct on Z such that A # {+oo}
then .

Alind =4 Infd=407f, 4

WHf A as w vonempty set an Z such that A # {—oc}) then

AMax A = A0Supd = AN Sup, A

Proof. 1y It ix cvident that A ¢ Infi 4 € AN Inf4d Now let
o € A0 b A and p' o a0 We ger that thae is of € Ao = o < P oso
AN Inf 4 C A0 Iufy 4 and 1) is proved. i) Ie ix similar,

Remark 1.1. [t is obvious that for 4 © Z;

Min A CMind, vee z,

The converse inelnsion does ot Lolds.

For exomple It Z = R with its usual positive cone and let, 4 =
{ey el + 02 < 1),

We have Min 4 =B but *Nlin 4 = (A —=)n(4+ ]Ri)‘] + =

Proposition 1.2, Let 4 be w nomempty sel from 2. IfInf A # 0 then
‘Min A #W. Ve Z.‘.\{U}

Proof. Let c e Inf dand = € Z,, {0}, Thus there is « € A such that
u + 2 = a. Suppose that « @7 Miu A so there is b € 4 such that b < a — ¢,
This implies that & < o, contreadicting that o € Iuf, 4 C Inf 4.

Remark 1.2. For : = 0 the proposition 1.2 is not true. See for that
the exanple froin Remark 1.1.

Definition 1.2. i) Let A be « nonempty set. 4 C Z,p € Z and
€ Ly We shall say that pois an s -ideal mingmum for Aifpe A and
P=i S aNa € A The set of = -ideal minimumn points for A while be denoted
by “InNin A

W If(Zo7) e a locally conver space, et A £ 0,4 C Z, peEZ e Z,.
We shall say that p ix an : - properly monsmun Jor A af there ws K o conves
cones. I #F Z anth ZL\{0) C K such that pous an o minamun pownt for A

wnth respect to K. The sct of all = - properly minimum pownts for A will be
denoted by *Prilin A.

i) If (Z.7) s u locally conver space and 2.1.7‘—' B et 4 £ 0.4 C Z,
PEZ €2, Weshall say that p is an & weak mingmum pownt for A of pis

i & —manernean, pownd for A with respect to {030 Z4 . The set of all c-weak
meanammn pounts for A unll be denoted by < WAHn A.
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For = = 0 we get the notion from |G} denoted by I AL Pedhin 4.
Wil A,

Also, sowe basic propertics. established iu |G] may he extendaed,

Proposition 1.3. For ell noncipty sets A C Z, we have e followsng

meliusions:

PrilinA C MmmAd C “WaAlin A
Proof. We are proviug the iuclusion
Pridin A < Al A

Let y € “PrAin 4 and posit to the contrary that ¢ € “Min 4 so there s

a € Asuchthat o <y -z Thus y — s € o + Z\{0} C o+ NC a+ K\{0}
which implies char gy @< 3Lu(AJA'). Fruthier, to prove TMin A CTW2Nin A et

€ Mind and Q= {0Z, . Suppose that » € Whin 4 and thus there is

[+
a € 4 such that r—s—e e Q\{0} =Z 4 . In this case r~z €k Z4C a+Z\{0)
which say that o & “Min A, This contradiction proves the nchision,
The following propositions are innnediare.

Proposition 1.4, Let 4. B C Z such thut B > A, Then
i) CIMin By AC IAln A

i) (*MinByndcMnd

) {FPrMinB)n A C *Privin 4

v) CWMin BYn A C *Walin 4

Proposition 1.5. Suppose thut there crists o convex pointed cone K
contarmang Zo. Then

1) TIMin(ATR) 2 IMin{4d | Z4)

1) *Prilingd | Ky C *PrMin(4d | Z4)

1) “Min(4A | ) C*Min{d | Z4)

v) SWMin{d | A7) € *WAlin(4 | Zy)

2. In this paragraph we present an existence resubt for 2 uunimmun
poiuts (proposition 2.1) and some scalarization propertics which are the
extensions of the siilay vesults from [2].

Definition 2.1. Lt 4 C Z, 4 # 0. ¢ € Z4, « € A The set
AN(r = Z4 + )= A% s called 2 section of A at a

Proposition 2.1. Let 4 C Z.4 # B.c € Zy. The set “NMind 18
nonempty if and only of 4 has ¢ nowcmply & seetion with ¢ manimumn points
set being nonempty. In fect we hawve that U Alin A% = “Min A,

red
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Proof. First we prove thar for every o € 4 we have ‘MindS C

C M AL Suppose to the coutrary that there is y € “Min A3\ Min 4 so
there is oy & 4 sneb that g =2 —ayp &€ ZA{0). Thas o, € y—i—Zyy €Al
which plies oy € v = 2, T o = Z, +zand 5o a, € AL
i Sinee y & NMin Ay then y - 2 —a ¢ Zo\{0}. This contradiction shows
that

|J "MinAf C Min A

£E

AT, L TN e R .
Now let o & “NMin A and we wanr ro prove that ¢ € *Min 47, Since 47 C 4

then iere s o 0 € A7 with ¢ = > @ sor € “Inf AL 0 4F = Min A2,
Thix shows thar “Min 4 € | *Min A7 and fiually “Min 4 = L Min A5 as
) 1 recl
claiined,
.Deﬁuitiou 2.2, A set ACZ. A# W is Zy ~convex if for all ne N*\{1}
and for all ay ag o0, € AN AN, 20 with Mth+. 4+, =1
there woa & A such that Njay + Moy + .4+ Mo, —a € A

[t is obvious that o set A s Z4 convex if and only if 4+ Z; is convex.

Proposition 2.2, If A s o Zy conver sct then “Mind =
= {*Ninlcone A0 4.

Proof. Ler be *AMan A and posit to the contrary that ¢ “Min (cone A),

Leo there is v € coner 4 with < b — 5. so there s o, £ AN LA, €
it " "

€ R4 Z A = 1 osael that v = Z A and E Ait; < b — 2. Since A is a
1=1 =1 =i

Zo convex set, there s o € A sueh that

n

o = E A < h—

so ¢ < b — 2 which is coutradicting the fact that & € “Min A. Then we have
Min A C Minfcone A) Now let b & (“Mincone 4) N A, then there is no
€ cone Asuch that o < b= 2 sothere s no o € 4 with « < b — =, This
implies thar b € "Min 4 and thus (Mincone 4) 0 4 CMin A, Finally we
get the conclusion by the proposition

Definition 2.3. Let (Y. 7) be ¢ locally convew space and yy €Y. c€ Z,.
We say that gy €Y as a locally & manwmal point for o multifunction f:Y —Z
f o € DUS) end there is Uy, a nesghbonrhood Jor gy, Uy, © DUS) such that
Flyo )M fil, 1 # 0. (Here DUf) = {y € Y| fly) #M}-}

The set of locally & minimal points is denoted by “Min loe f.
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This concept extends to mndtifunctions the notion of loesl @ winimeal
point for funetions. Ou the other haud, we remnk that for = = 0 this notions
have beena given in {2].

Remark. Let 20 Y = R be a function aud we consider the wmlts
function
FrY — Ropty)={te (—oc. +0]. p(y) < 1)

Of course D(p) = Y and et & > 0. We ean show that do = YV s«
locally = munamal pornt for o af and ouly of yy s 0 locally © mmmal pownt
for o,

For that, g, € “Min loc £ if and only if there is U, such that
elyy) M Mina(Uy)) # ¥ This weans that ¢, € “Minloe if and ouly if
there is b € p{yy) such that there is no = € LUy with 2 < b—¢.

Finally we get yy € “Miuloc 2 if and only if there is b € (—o0, +o0] with
Plyo) < bsuch thar for all y € U, and all = € (—oc. +oo] with p(y) < = we
have = > b — 2 and thus the statement is proved.

The following definitions was givew in [2].

Definition 2.4. Let A be ¢ nonempty sct of a locally conves space 2.
We say that A ws strictly Z4 - conver fforallv € Non > 2. ap.ay,...,a, A,

n

Aty o dy =0 wnth Z Al =1 there s a € A sueh that

=1
Ma) > At @)+ o+ Aet(ay,). Yat € Z:3{0}
(Here ZY mncans the poler cone for Zi, e

Zi={t €M [t (z) S0V € 2, ))

Proposition 2.3. If (Z.7} us o locally conves spuce ordered by a
convex, closed cone Zy which has a woncmpty interior and f:Yy -2z
¢ o multifunction such that f(y) £ . {+oc}) for all y €1 and fly) s o
Z4 -connes set then

i) *Min f(y) U fue fly), o™ (u) > o™ (t) + 2" (). Ve Hy)}

€2y \{v)

) If fly) 1w a strictly Zy-convex sel then the converse nclusion s
valid that is

‘Min fly) = U {v € fly)atlu) 2 o™ (1) + £ (), VI € f(y)}

.t"GZ:_".[U}
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Proof. 1) If “Min fry) =9 then it is reivial that

N fly) o U {v € Fl.o™(w) 2 o2 (t) + 2*(z). Yt e flyl}

PR /,+-._{.p_.

Now we are sapposing that <AL ff y) # W and let zp €<Min f(y). We
et see tat

gy +int Zy — o) 42 Cint{ fly) + Zy =514 1)

(where it A denote the interior of o subset A of Z).
Sinee =y € A fly) we got

iut(f(f/)—i-Z.,. - 7l +-‘Jﬂ(—Z+)=w

So by theorew 1,14 given in [3] it follows that there exists a continnons anc
lincar fauctional +* o Z, 0* # 0 with the property

4~z 42) Sat{—n) Ve Hy)zi, = € Zy
So. () > e (1) + (). V€ fly).zi € Z4. On the other hand if t is fix
ad =0, we have for all A 0.5t + Az — 5 +2) <050 a*2) <0, V=€ A
which weans that +* ¢ ZY and i) is proved
) Let flyy be strictly Zy convex and € fly), »* € ZY with
FI) 2t ) Y E fly). We suppose that z; ¢ “Miu f(y) so there
1 22 € fly) with 1) — & > £, whiels nuphes that

ANz ) Sz ).

Thus we obtiaing o4t Dbt 4 et
For A =0 wo get

MY E N F I N

which is comadicting the hypotesis. so

ﬂ {o e Hyhatoy > e (4) + ) Ve € Fly)} M fiy)
SR A [u)

and nsing 1) we obtain ii).
b faet we have
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Proposition 2.3." Let {X. 1) be o locally convcr spuace ordered by o
conver. closed cone Zy which hos o nonempty wterror and A © Z u Z,
conver sel. Then

) MindC | feedietlu) 2ot 4otV e A
rrexyfu)

i) If A 2w strictly 2y comver set then we have

‘NMinAd = U {u€_-L.l‘*(r.'}:_'-'..«"il':+.1'I:}.Vl‘f_ -l}
rreziNu)

3. In the following. for 4 € Z aud & € Z we shall say that A4 lias the
property

(PP if *lufy A # 0 {—>c) and AC" Infy A+ 2,

(P*yif *Sup, 4 # B {+oc) and-A CP Sup 4 - Z4

(Py if "Inf A #£ 0 and Inf A C (*Infy 4 - ZyUu{—c}

(P i PSup; A # 0. and Sup 4 € (*Supy A+ Z4) U {+ox )

When & = 0 we denote simply PP PP In the end of this para
graplt we shall present sowe sufficient conditions for a set 4 ta have these
properties,

We begin with sowe auxiliary properties

Proposition 3.1. Let A C Z be . nonemply sef sweh that A # [ =20}
and &0 € Z.

We haoc: 1) “Sup”Sup, 4 27Sup, 4

i) If A has no property (P then *Sup, "Sup, A ="Sup, 4

Proof. 1) If “Sup, A = # or {+ac} the inclusion is evdent. Now
suppose fSup; 4 # Wy {+oc} aud ler o € “Supp A Posit to the contrary
that « ¢ “Sup *Sup, 4 so there is 4 € *Supy A snch thar 5> o + - Sinee
3 €Sup, A will exist @ € A with o > o 4+ 7 whicl s i contradiction with
a £ “Sup, 4.

i) We lave from 1) that “Sup o4 Sup "Supy A, For o €75up; 4 et
a' < o and thus there is o € 4. @ > ' Sinee A Las propeety (27) there is
4 €Sup, 4. a < 4 which implies that o' < 4 w0 Sup; A4 CSup, "Supy A
Now if a € ?Sup, *Sup, A. suppose that a ¢ "Sup A, e this cases there s
@ € 4. ¢ > o + 7 Sinee A Las property { Py there s 4 € *Sapy A 4 > o0
so 3 > a + 2. contradicting o € *Sup, "Sup; A Ler of < ol then there ds
B €’Sup, A. 4 > «a. aud so there is o € 4 with o > o', This shows that
Sup, " Supy 4 CSup, A and finally we get the equality.

Corolary 3.1. Let A€ Z. A # 0 {—x]. We hane
1) Sup, 4 C SupSup, A

Y SOME KINDS OF APPROXIMATE EFFICIENT POINTS 4589

W) If A has property (P} then Supy Supy 4 = Sup, 4.

[ the =inne way we have,

Proposition 3.1." Let A be o nonempty set, ACZ A# {0}, 202,
L'Vf JI'l'l||l‘

1l "Ity 4 DIt A

) If A has property (PP then *Tuf; *Tuf; A =*Inf; A

Corolar 3.1." Let A C Z.A # 0. {~c0}. We have
1 Ity 4 © Infinf, 4
iy If A has property (P') then Inf; lufy 4 = Inf, 4.

Proposition 3.2, Lot A © Z.4 # . {o0} and InfA # {—oc}. We

hane
i) Supylufd Clufd
W) If A has property (Py) then Supy Inf A = Inf; A

Proof. First we observ the Supy Inf A # {400} because for 0 € A
there s no o € luf A with o = o

The conclusion is trivial if Sup, Inf 4 = #. Now suppose Sup, Inf 4 # ¢
and let oo € Sup, Inf A If o € Inf A4 thew there s ¢ € A,a¢ < . Since
a € Sup, Inf A rhere exists 7€ Inf 4 with # = o contradicting the far t that
1 & Inf .

i) Now let A Lias the property (P

Using 1) we get Sup, Inf A € {Inf 4 ~ Z4)u {—o0}.

But —~ ¢ Sup Iut A hecase Ind A4 {00} then for all € Supj Inf A
theve 1= o' £ Inby A I A suels that o <’ <0 0 =’ and Sup; Inf AC [nf; A

I Iuf, 4 = B, the converse inclusion does hold trivial, so s ippose
Infy 4 # ®. Let oo 2 dad) 4 and suppose o @ SapInf A, Tu this case there is
delnf 4 with J > a wnd o e 4,0 < 8, false.

Now if o < a there s 4 = o € Iufd,3 > o'. Thus we have
Infy A4 < Sup, Inf 4 and finaly we get the equakity.

Stmilar, we por

Proposition 3.2' Lot A C Z. 4 # 0, {—oc} and Sup A # {+oc} We

Lpne:
1 Infy Sup A < Sup 4.
Ul If A hax property {P)Y then Infy Sup 4 = Sup, 4.

Proposition 3.3 1) Let A C Z, 4 # 0. {+0}. We have “luf, A <
CSapy It A CfInf 4

n) Let ACZ, 4 #B {—00}.

We keve “Sap; A 7 Inf “Supy, A C78np 4.
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Proposition 3.4. 1) Let A C Z. A # W {+oc) and Inf 4 £ {—oc}. If
A has property { Py) then

Supluf 4 = Cilof Ayt 4

i) Let 4 © Z,4 # 0. {—c} and Sup A # {43}, If A has property (P
then

Inf Sup A = C(Sup A) U Sup, A

Proof. From proposition 3.2 we have Inf, 4 = Sup, Inf 4, so that
Inf; 4 < Suplaf 4.

It o € Cllnfd) there s no F € Inf 4 with 4 > o so a0 & Suplnf 4
and C{Inf 4y inf) 4 < SupInf A Now ket o € SupInf 4. If o & Inf 4 then
a € MaxInf 4 € Sup,Infd = Iuf; 4. So a € Inf; A U C(Inf A) and 1) is
proved. For starcurent i1} the proof is similar.

Proposition 3.5. Let 4. B C Z. A.B # W~} unth A c B - Z,
and B has property (P'7).

In these hypothesis:

*Sup, A« n (*Sup, B—Z, +:).¥o € Z
reZyv o}

und *Sup B < "Sup A. .
' Proof. Ir is evidenut that if A & B — Z4 then

"Sup B C*Sup A, e e Z

Now if *Sup; 4 = ¥ the conclusion is trivial. Let *Sup, 4 # B and
a €°Sup, 4.

If o = +oc then forall 2 € Z thete s v € B and b, € B such that
=4 < a < b, oand thus "Sup, B = {+2¢}. But B has propety { P*) so
*Sup, A # {+oc}.

Let oo € °Sup, A aud 2 € Zy. Thus there is @ € 4 and b, € B such
that b, > ¢ > o — z. Since B has property (P'7) there is 3 € *Sup, B such
that f > by > ¢ > o — 2 and tlms o €7Sup, B — Z4 + = which hnplies the
conclusion.

Iu the same way we got

Proposition 3.5 Let A, B C Z. A.B £ 0. {—oc) unth A = B+ Z4
and B has property (P*).
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In these hypotheses:

*Inf, 4 C ﬂ (", B+ 2, —2). WoeZ

rE AU}

and "luf B C*lut A

Now we ire interesed to get sowe topological proprieties for the efficient
points set. Thronghout the following we'll cousider (2, 1) o separated, locally

=
convex space, ovdered by Zi = {0JU Z4 whicl is normal.

{We denote by A4 the closure and the interior of A, respectively.
A space (Z07) s called normal if for all Ve Va0V = (V-Z,0(V +2Z,)
see (4]}

We observe that the assmnption abour the space and cone implies
that Uta) = {{la—z.042). 2 € 2.\ {0}} forms o foundamental system of
neighbowhoods for « € Z. (Heve (o b} = (a+ Zo\{0})N(=Z {0 C V,
and 17 C Z is a neighbourhood for +o¢ if there is « € Z such that
{xoc}utlax 2o C 1)

Proposition 3.6. i) Let A C Z. A # . {+oc}.c € Z. Then
It 4 = Inf A =<Iuf 4

Iuf) 4 = Inf, 4 =7<ni; 4

i) Let ACZ. A#0D. {—oc}. =€z Then
SupA="Supd=Supd

Supy A =Sup, A =Sup, A

Proof. i) Since 4 C A we get frow proposition 3.5, “Inf A < “Inf A.
If “Inf 4 = {— x} we have “Tuf 4 C“Tof A and thus the equality does holds,

Now suppose “Inf 4 # {-o}.

Let a €7Inf 4 and posit to the contrary that o ¢ *Inf A, In this case
thereishe Awithh<a —=2. Lot V = {2 — a4+ 7,0 — =) € U(h) and since
be A wepget Vi d # 0 Wefouud a € Ao < o — g, false. So we have
fInf 4 =*Inf 4. .

Now if “luf; A=0 we have “Inf; ACInf; A Thus suppose Inf, A #0
and let o €fIufy 4 and pf = o, (Of course o # +o0 because A # {+o00}).

Thas implies that thee is b€ 4, b < . If b = —oc then *Inf; 4 =
= {-ocj and ‘Inf 4 = {~2c} ~o “luf; 4 = {oo} and we have the equality.
Now for h # —o¢ siwee Vo= (26 = p' )} is o neighbourhood for b we get
Vod £ thusthereis e € A o < g soa €luf) A and “Inf; A CInf,; A.
If fInf; A = 0 the equality does hold. Now suppose “Inf; 4 # @ and let
o €FInf| A; we already kuow that o €“Inf 4 and let o' > a. In this case we
get ¢ € A C A a <ol soa €7Inf) 4 aud TInd, A4 =Inf, A
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Always we Lowve “Inf 4 © fluf A aned FIufy 4 C cInfy AL I lnf A =
= {—oc) then ‘luf A = {—ox¢} = “luf 4. o

Suppose fInfd # {—oc} aud let @ € “lnf Ao # —x. Posit to the
contrary that o @° Inf A, This uplies that there exists o e oo <o = 3
and thus (¢ + 2.0 +2) € Via). Weshall ger £ &7 Inf 4. § = 4 - aud tlus
contradiction prove that “Inf 4 = “Inf A

Now. if ‘Inf; 4 # ¥ or {=oc}.  equality does hold., o let
fInfy; AZB {—x<}andag Inf, A. -

Of course o # —oc because TInfy 4 = {—oc}. We get alveady
@ € ‘InfAd and let of > a. Thus (o = 20.0’) € Ula) and there is
g € fluf; 4. 3 < o' Now we pet o € 4o < a' which implies thint
fInf, 4 C<Iuf, A aud finaly Inf; 4 ="l A

i) The proof is similar

Proposition 3.7. Let 4 C Z:A £ W {—x} {+oc}. A has property
(P') if and only of for all o € A there is d > a such that M By # 0 where
By = la.d] N Sup A.

Proof. " = " If 4 # P {—oc}, {+oc} and A las property (')
then Sup, A # 0. {+oc} and 4 € Sup; 4 = Z4 so for all @ € A there is
d' € Sup, A suel that @ < d < d'+:2.¥: € ZA{0}. Ford = &+ t.hlv
set By = [a.d]) N Sup A contains &', We posit to the contrary that th-(-rtr Is
6 € SupA.a < d' I this cose there is b € A0 > a whnch s contradicting
that o € SupA. Sode nf BN By = Ain By

=" Lot o € A and d > a swel that By = {o € {eod].a € Sup 4}
has Min By # 0. Tu this case By # 0. Let o € Min By, so o € Sup A and let
o' < a. Ifa=athen a € MaxA € Sup, A4 aud thus o € Supy A4~ Z4 I
@ # a. then ¢ < a and let V= (.20 — «) and 13 = (o' 2a — ') be two
neighbourhoods for a. We cau get g € Z3\{0} such that (a — g + p1) €
€ V3 N 15 In tlis conditions we hiave a0 > a = p > ¢ and o —p > o s0
o — p € [a,a] sud o = g & Sup A beeause o € Min By and o — gt < a.

Then there is b € A such that b= a —=p > asoa € Sup; Aand a < a.
so ¢ € Sup; 4 — Z4. In the sane way we get:

Proposition 3.7." Let 4 C 7.4 £ W {+oo).{—oc}) A has pmp(:r"t‘_u
(P) if and only if for all a &€ A there s d <« such that By = {d,a] N Inf A
has Max By # 1.

Theorem 3.1. Let (Z.7) be o separated locally conver space ordered
o
by a convex pointed. mormal cone Zy such thet Zy = (0}U Z4 . If one of
the following conditions is satisficd:
a) Zy s locelly compact;
b Z4 ts supernormal and Z s quasicomplet;
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e Zyows Dagedl:

by Zo s ! based by o complete sl
then

i for all sot A ZoA4 #F B {—oc} {+oc} with Inf 4 # {-o0}, oL has
propecty () and

Int A = {Inf, 4 - Z 0 {—20}

) for all sebs 4 C Z0 4 # U {—ox). {4} with Supd # {+o0}, A

haes proporty (P and

SupAd = (Swp, A+ Z)u {4}

Proof. 1) Sinee Sup A # {+oc) we lawve that 4o ¢ A Ler e € A
and ¢ € Sup A, ¢ # 4oc. Siwee Z4 # O from [4] thereis d € Z,d > a, d > e.
The ser B ={a + Z4 )N Sup 4 is a nonempty |, closed set and ¢ < b for all
b & B. Thus by ) and Lema 3.5, from [6] we get Min(B|Z4) # §. We
observe that By = B0 (d — Z4) is nonempty . closed and bouded so from
a, bod and Corolliny 11,2, Theoremn 4.1 and Corollary 4.1.2. respectively
from [2] we get NMin(By|Z4) # 8.

Now. ket o e Min(BlZy). U =¢then A CSup, A~Z4. lfa #a
let C'=la+ Zy)Nia — 20, which is nonenpty. closed and O # {a}.

There is no 4 € Sup AN C. J £ o beciuse a € Min(B|Z4). Let
s€ Z A0 and D= {Mae+ (1~ MNa. Ae[0.1]} € C. Since {a —c.a+¢)is
a convex ucighbourhood of o we get p € DNija — 2.4 + 2) and thus there
speC p#a.p>a—:s0a—:&Supdauda e Sup; A Thus we get
ACSuyp,4-2,C ﬂ (Sup, 4 = Z4 +:) = Sup; 4 - Z; \{+oc} =

e/ \{u}

= (Sup, AUSup, A - ZLA{OP\ [+,

Of comrse 4 = Z\ {0} = Sup, 4 — Z3\{0}.

We can prove that Sup, A= 24 = 4 — ZL {0\ {+oo} which gives that
A CSup; 4 = Z,. Sinee Sup A # {40} we have that +oc ¢ Sup; A.

Let o € Supy A — Z4 o then oo € Supp A or o € Sup, 4 - Z.\{0}

If o € Sup, A~ Z A\ {0} thena € 4 = ZoA {0} € A = Z\ {0}

If o € Sup, A then for oll = € Z\{0) thereis e € A with a > a —¢
and thus o € U (4 =20\ {0} + ) =4 - Z,\{0].

reZ4 o)

Now we have Sup, 4 — Z4 © 4 — ZLA\{0} and let o € 4 — ZL\{0}\ {400}
Haecd-Z A0} =Sap, A - Z200) then o € Sup, A - Z4.
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If « ¢ 4— Z4\{0} then o € Sup A Let 2 € Zi\{0}. »o there as
a € 4—Z 00} o > a -z Weean found a € 4.0 > 0 =< and thus
a €Sup, 4 CSup, A - Z4.

Finally we get Sup, A — Zy = A — Z3\{0}\{+oc]} and thus A Lo
property (P'). Siwmilar we ger that A has property (P)in il

Let p € Sup A\{+oo}, 7€ Sup, 4 # W and 5 < g v < 3.

Since 4 € Sup, A and 3 < 3 we get that 5 ¢ Sup A

The set B = (3 — Z4) O Sup A N {4 4+ Z4} is nonempty, closed and
v < b <y for all b€ BsoMin(B|Z4) #6.

Let o € Min{B|Z4} (o #4. 5 ¢ Sup A).

The set C=(a—=Z4)N (= Z4IN{5 + Z4) ={a - Z3)N{5 + 24)
does not coutain auy 4 € Sup A since o € Min(B|Z4).

For ¢ € Z.\{0}, (o — z.a +2) is a convex neighbourhivod for a and thus
Sup A\{+oc} € Sup, A+2Z4+ € ﬂ Sup, A+ Z4y—s=Sup, A+ 24 C

sezi\{u)
C ﬂ (Sup 4 —2) = SupAd+ Z4 =Sup .
ecZ\{u}

Thus Sup A = Sup, A + Z4 U {+oc}.

But Sup, 4+ Zx\{+} = Sup; AUSup; 4+ Z N0 {+o0}. (D)

Sup, AU (Inf, Sup; A + Z4).

Let o € Inf, Sup, 4 C Sup A. I there is 2 € Z3\ {0} such that o —< €
€SupA CSup, A+ Z4 —swegeta €Supy A+ Z4. Buta € Inf Sup, 4 and
s0 & € Sup, A, contradiction. So Infy Sup; C Sup, A and Sup, A+ 724 €
C (Sup, A+ Z4) U {+2c}.

Finally we get (Sup, A+ Z4 )\ {+oc) = Sup, 4 + Z4 and Supd =
= (Sup, A+ Z4)U {+oc}.

In a similor way we get Inf A = (Inf; 4 = Z3)U {—oc}.

4. Let X and Y be two real Hnear spaces:

Definition 4.1. Let F: X — Z o muliifunction such that —oo ¢ flu)
for all v € D(f). Here Dif) = {r e X|. fle) # 8} We define the = -
vectorial subdifferential of f i g € D(f) the set denoted by 05 f(ay) gioen
by af}f(.ru) = {T € L(X,Z) such that therc cxists yo € Flag) with Two—1yo £
£ Tt~y 2 Vu e D(f). y € flu).

Throughout this paragraph we shall consider that L(X,Z) contains
the linear and continuous operator from X to Z whenever X and Z are linear
topological spaces.

For = = 0 we obtain the veetorial subdifferential for a multifunction
introduced in [2].
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Obsevrvation 4.1. We can uotice that tlhiere exists a stroug connection
between the approximate vectorial subditferential of w madtifunction and the
clasical approximate subdiflerential of & function.

hulvt.-d. iV isa 1:(':11 tn.lmlugu'u! veeton space and o0 X — I is a map,
we can define the wualtifunetion 20 X — R given by

) = { {t €l—2x. 4] t 2 flr)} Yo e D(yp)
+x r ¢ -D(\,J)

We con see that Doy = X and —oc € p(wr). Ve € X, It can be shown
that 07 2ley) = & fles). Yoy € D). 2 > 0. Indeed for #y € D{p) we have
Oiplen) = {T ¢ L{X Ity sucl that there is gy > p(rg) with yy — Ty <
S;;~——Tc1+.— NVu g Xoy € flu)) = {T € L, R)such that there s yy > \,9(.:'(;-)
with gy = Ty = ¢y = Tu+ 2 Vo e Dip).y 2 plu)}. B

Let T e O ptwy) then play) = To < olu) — Tu + 2, ¥ u € Dip). So
T e & plag) and thus & 2ig) S F plag).

Nowlet T e Fptry) then @y =Ty < flu)=Tu+z2, Yue D)
T!ms for all £ 2 lu) we have pleg) — Tag <t =Tu + &, Vu € Dip).
We can get gy = 2lrg) € pley) such that for all v € X and £ € 2{u) we
Lhave yo = Ty 2 f — Tu + 20 Finally we get 9 p(ay) C F pleg) and thus
Folaogt = J° plaal

Observ.ul,iuu 4.2, The umltifunction £ X — Z with the property
that —oc & flr). ¥V o € D(f) is & -vectorial subdifferential in zq € D(f)

\\!'it.h flrn) # {+oc) ifond ouly if there is gy € fluy) and T € LY, Z) such
tlint

yo — Trw e " Min{y —Tu. vweDIf),y € flu)}

) Obse.l'vntlun 4.3. If M € X is 4 nonempty set of o real linear space
X, we consider e set

M =T eL(XN.Z) Ta f —z. Vo € M}
L(:t I .\" — Z he aowmdrifunetion and Gf)y = {{r.yhy € fle)r € D)}
We liave T2 O fluao ) if aud only if there is gg € f(ag) such that Taq - '.l-Ju <

< Tu=—y—:forallye flu)ou € DOfY. Thas T € & fay) if aud ondy of
(=T fHvu — vy — yo) & —c and finally

T e 0 f(ey) fandonly if (=T.1) € (G(f) ~ {0, Ho));
for some ye flog)ond [+ 2 = Z I == ¥-€ Z.

Proposition 4.1. If (Z.7) is a locally conver space. ordered by a com.-

wew, pomnted cone Zy anth 2y = {0)J Z4 and of £:X — Z iy ¢ maltifunction
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with the property that —>c & flr). Yre DI ) then for vy & DUFY wnth flry)

a compuct set feacnre

ﬂ 0, ,H-*‘u )= Or-_“. ol

rede o}

Proof. Obviously. we have always O, flau) € & flra) Ve € Zy aud
thus J. flry) © ﬂ & fleg) Now Lot T & ﬂ &) then for all
s\ o) €74\ v}
s € Z {0} there s g € Fla) sueh that

Toy—yf & Tu—y—:. Yu€ DUF). gy & flu)
It means that
Tep —Tu 4y € Cl=Z ) U {0} =& + .
For anuy u.y tix we gt Z. € C(=Z4) U {0} sueh that Ty = Tu +y =
= 2. — &+ y5. For any 2 € Z3\{0) we have Tug = Tu+ g =54+ y — <

Sinee flry) 1s compact, then {ng)
geuerality we cal suppose that (45 e s convergent. Thus(z; ). is @ couvergent

. Lias @ conversent subscequence and unless

sequence atd lis it belougs to Ci—Z1U {0} which is a closed set m Z
beeawse Z4 = {0JU Z4 - Sorthereis 2 € =24 U {0}, g0 € fla ) snch that
“Tay—Tu+y=z+yosnd thus forallw € D). g € fla). Tu=Try & y—4u
which weans that T € df(ry} and U d flry) C Jdflrng)

YN
These two conclusions proves the equality,

Definition 4.2. i) [9] For a maltifenction f DfiCX — Z we
define = - D(f*) C LIN.Z) — Z by f~(T) = Sup, {Tu—y. w € D{f),
y € flu)} called the wectorial congugute of foowhere Dify={Tel{X.2)
with Sup, {Tu—y. w€D(f). ye fln) #£93.

i) For o nadiifuncton f o X — 2w define jt’ CL(X.Z) — Z by
f*(T) = Sup{Tu —y.u € D(f)y ¢ fla)} ealled the ertension neetorial
congugate of f.

Proposition 4.2. A multifunction fo N = Z wmth —c ¢ Flr).
Yr € D(f) 1 2 vectoral subdafferentiable at oy € DUF) wilh firg) # {+oc}
if and ondy if there 18 yo € flay) und T € LiN.2) wuch thet Tre — Yo €
e f(T)—=z.
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Proof.  Firsr we suppose that f s s-vectorial subdifferential in
oy = DU fieg 4 ~h.os0 thore s gy € fleg) aud T & LIX.Z) such
it

Tow=—y & Tu—y—-: Ve Dify. g€ flu)

Thus. Tug—go+- € Sup{Tu—y. v € D(f). y € flu}} = 7(T). Converselly
let gy € fley) ol T € LIN. Z) sueli that Try —yo € f'(T} —:.

This wcons that Tag = go + 5 & To — y. Yu € D(f). y € fu) and
nuplies thia T & O fleu ).

Observation 4.4. 1If ¢ 0 we can replace f7 by f* and we obtain
the Theorenn 2.1 Dy (2]

Proposition 4.3. If {: N — Z ws w mullifunction with —oo ¢ flue),
W DUFY we baoe:

1 for all vy € DUS) wnth flag) # {+oc) and coery T € L(X,Z)
with the property that there ceist gy € fleo) end y* € (T such that
o+ 4y =Ty + 2 we haoe T £ 5 flae)

i) for all oy € DUFY with O] flra) and coery T e & flag)ND(f*) there
s gy = flay) such that

Tog £ +n" =20 9yt € fAT). Ve >

Proof. i} Follows directly frow proposition 4.2,

i) Sinee 7€ 02 f(ay) we got g € flen) such that Tag— g € Tu—y—=.
Yu € Dif). Yg © flu). Suppose by the contrmy that there syt e fHT)
suel thot Ty — gy < y" — 2 with ' > &

Since y* € (T Af follows tha for all &' > o there s« € D(f),
g € flu) sucly il

Teg =y o<y — < Tu—y.

This courradiction proves the proposition.

Proposition 4.5. If [ is maltifunction f Y — Z with flyy # 0,
fly) # {4+ Yype Y wnd —oc ¢ fly), Yy el then 0 € O flay) of and
ondy of flyo) DAL fly) = B

Proofl. 8 < 07 f(y b if s only if there is 20 € flyo) such that
wft—1—2 Y€ fly)h yeY

and this is exactly the conclusion.
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