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GRADUAL METRICS AND OUTER MEASURES

BY

LIVIU C. FLORESCU*

L. Introduction. The notion of probabilistic metric [PAf) spaces
was wtroduced by Ko A cuger in 1942 (sec [6]) for modelling those situa-
tions in wlnech we have only probabilistic informations about the distances
between poines of the space ([10] is a survey in this subject: sce 7] also).
The E-spaces of Sherwood (see [11]) are typical examples of PM
spaces. So if (T A, pr) is a space with a probability measure 4, then to every
two measurable mappings £,y « T ~— R we assign a distribution function
Foy R — R letting F,y(a) = p({t € T: te(t)— y(1)| < a}). Let = be the
equality p-almost everywhere and let A1 be the quotient space M=, when
M s the family of all measurable mappings of T in IR: then (M.FT,}is
e Menger space velating to the t—norm Ty, (e, b) = max(a + b — 1, 0}).

B.Schweizer and A Sklar provedin [9) that the probabilistic
metric on an E-space A of measurable mappiugs on a probability space
(T, A, g) yiclds as much information about A as all Fréchet-Minkowski me-
trics on LP(T). p > 0; so all such Fréchet—-Minkowski metrics are obtainable
from a single probabilistic metric.

In section 2 of this paper we gencralize E-spaces of Sherwood. So, if
#7 is an outer measure on T, then we introduce a gradual metric on the space
X of all real mappings on T. In the particular case of a probability space,
we obtain a probabilistic pseudometric on A € X which is the equivalent
forny of probabilistic metric on E-space M of all measurable mappings (see
2]). Conversely. we give the conditions as a gradual metrie be induced by
an outer measure (Theorem 2.15). So, an outer measure on T vields the
same iformrations as a gradual metric on X

This paper represends the written version of the communication presented at the
Proceclings of the University "ALLCuza” held in Iagi. October 21-30. 1994,


HP
Rectangle


LIVIE O R LORESCH 2

1971 MJ FPrag K iutroduced the probabilistic topological spaces
for wmodelling those sttuations in whicly we have only probabilistic infor .
tions concerning to the Statement: the poine belongs to the closure of
the set 4" (geo [51). Like in general topology, every probabilistic metpe
induces a probabilistic topology. We completed the system of probabilistie
structures by introduection iy 1] of probabilistic uniformitios and Proximi-
ties; in [3] we Hitiated a study of convergence i prohahilistie topological
Spaces. So. we introduced g probabilistie convergence funection which vields
"the probability that a net a converges to a point " G Richard
Soun and DC. Koy ¢ give in [§] a generalization of this theory of
convergence iy the filteps langnage., We must remiark that "y probabilistic
convergence function” aye independent, of any probabilistie determination,
hence the above mterpretation is nof essential. So, we uy introdnce iy
section 3 an indey of convergence of nets iy CVOLY space with an outer Nieg-
sure and we obtain the generalization of some well-known results In measure
theory {3.11, 3.15, 3.17, 3.18 and 3.19). The results in this section generalize
some results of [3), also.

2. Gradual netrics. [n g}y section we defipe gradual metries,
Every outer Ineaswre indices g gradual metric ay this mapping is an ip
Jection. We give the conditions as a gradual metric be nduced by ay outer
measure,

Let T be a set and p* 1 P(T) —, Ly be an outer measure on T
Let X = R7 denote the set of all real functions on T. For every » ¢ Y\
and « € R the sers {teT. [t > a}, {t e T . (1) = 0}, ete. will e
denoted by ( [ > a), (z = o), respectively, Thhe mapping o : X x ¥ n,
defined by dlz,y) = min{1, inf{a + e —yl>a):q> 0}} is a pseudo-
metric on X whicl, induces the topology of convergence in measure o Y
So, a sequence (r,) € X CONVErges i measure to < X if and only if
d(r,,2) — @ (Pquiva.]ently, for every - > 0, ]1-‘1‘11 (2, ~ Tl >e) = 0)

For every 4y € X, we define 5 Wapping H,, - | —, R, letting
Hyyla) = nf {*(|x ~ yl > b): b < a}.

2.1. Remarks. (1) For every ¢ € R and b e ¢ Jp with b < ¢ « o, we
have (|r — yl>e)C {Jo ~y] > b), so that e~y > ¢) < e =y > b)
and therefore H,y(a) = {Jirm 1{le =yl > p),

(1) Let My be the o algebra of al K measurable subsets of T, and
=y, be the Wmeasure induced by Iy = (4 s a probabili ty on
T'), then, tgrom the continuity of ;1 we deduce that Hyyla) = plla —y| > ),
for every measurable functions L4 on T, So, H,y(a) =1 ~ullr—y| < a)=
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= 1=F, {u). where F g the probabilistic metrie on the E space (ML F, T, )
(see (1)) Therefore, i) this particnlar case. H is the tz_ul of F.

i) According to tli previons reimawk, we may mterpret H, (a) as
the degree that e distiice hotween o+ and i he unt.. Hlllil.”t"l' tthn 73

In the following theorem we BIVe s0me propertios of mapping H,

2.2. Theorem. Fyr coery oy s € X we hape
(Hi) H,\, 15 0 decrvasing. lefi continuons function

(HZ) HJ‘!;“” == ]I*(TJ
{Hy) H,  (04) = sup H, (a) = 0 if and only if » = ¥ almost everywhere

a =il

{10 # g = 0).
(Hy) H, (o) = H, () for encry o € IR,
{H:} H,(a+1) SH () + H.,(0). for cvery o h e .

Proof. (H,) It ix ohvious that H,, 54 nonereasing function; if an T a
and H,yta) < +oc then, for overy £ > 0, there exists b < ¢ suvhh that
Hoyla) + 2 > UL =yl > b). Let ny € IV such that, for every n > ng,
h< o < then H, (o) + ¢ > Ple =yl > by > Hoyla,) > H,,(a), hence
lim M, (h) = H,. (o) If Higla) = Foo, they Hoylan) = 400, for every
b

e N The conditions (Hu) aud (Hy) follow from definition.
(Hyd I Sup Hp (o) = 0. thew, for every @ > 000 (e~ y| > a) = 0. But

e 1)

> 1 n . . 1
u"(.r#y):/f*(l.r—-y] >())=ﬂ*(U(|.r—-y|> ;,I)*‘-_T Z,u (Jr—yl= n—)= 0.

n=| n=1

Henee v = g
(Hy) We uu{\' suppose tut H, . (a) -+ H.,(b) < +00. Then, for every = = .
there exist a1 <o and by < b sucl that (e — > a) < Heda)+ ¢ and
=yl > 0 < H.,(h)+z. Henee =y > ay+b) Sitle-z] > )Ti-
Mz =yl > bijy < H,.(u}+ H.\ (b} + 25, Beenuse 1 +b <a+bandeis
an arbitrary positive munber, we have that Hola+b) < H, {a)+ H‘.‘,{(b).
I [2] we proved that every probabilistic metric can be (‘lla.l:zi(‘liQI‘]Z(‘(,l
by a family of sew metries  so called probabilistic pseudo-metric (see 2,
Prop. 1 and Th. 1)
lu the following we define the gradual metrics. As we shall see, every
onter measure on T induees o gradual metric on X,

2.3. Defuition. 4 gradual metric on X is 4 fawily v = g4, -
*E A0 +00)} of sers tnes on X (a semi-metrie on X 1 4 symmetrie
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function defined on X x X assurniiy won negatvoe read valnes, and zero on
the diagonal of X x X' satisfying:

{(m)daolz.y) = 0, for every oy e X
(v2) dugale, y) < du(. =) + ddz.y). for coery o yor € X, s (.

{v3) |l_1'11 di(z.y) = dy(x.y). Jor every rye X, . € (0. +00).

L>e

2.4. Remarks. (i) Generally, o semi-metric d, € 5 18 not a pseado
metric: the triangle inequality acts on the whole tamily 5 but 1 ot oy every
d, € v, individually.

() dife.y) < d (. y). for every oy € X and 0 < s < ¢ Tudeed, from
(Y2 ) delyy) = dyyqi_ . y) < dley)+di_dy y) = da(e,y).

(ii1) From the previous vemark and (3) 1t follows that (s y) =
= supdi(a.y). for every v,y € X, s > ().

>

2.5. Theorem. For every s € (0, +o00] we define d, 0 X x X — n,
letting d,(x, y) =wmin{l.inf{«>0: Hoy(e)<s}) Then v = {d,:s€e(0, +00))
e gradual metric on X,

Proof. We denote by A,y ={a>0- H, (a) < s} fde.y)=0
then inf A, y) = 400, Lence dJr.y) = 1. From {H,} it follows that
do(2.y) = do(y,r), fon every w,y € X s > ().

We remark that Adecy) 2 (0. +00), henee dyr.r) = 0. for every
" TEX, 5> 0. Therefore ~ {dy £~ > 0} is a family of semi metries,

(71} 18 & consequence of definition of oo Lot wiy, 2 € X oanel ot > 0,
Because dyq (i, y} < 1. we may suppose that o (o, z) + diz.y) < 1. For
every & > 0, there exist o < dde sy 4+ cand b < di{z,yt + ¢ sueh that
H,.(a) < s and H.,(by <t Frowm (Hs ). it follows that Hyfla +0) < s 414,
iience deyilr,y) <a+b < d (e, 3) + di{z oy +2: and we have (¥2). From
Remark 2.4 (ii), it follows that ¢ = !im dila,y) = supd(r,y) < dolir,y).

z>: >4
Because d (@, y) < 1, we uay suppose that € < 11 € < d /. ¥ ), then there
exists £ > 0 such that ( + ¢ < dfa.y) < mf A y). Heuee Ho (046} > s
Let ¢ such that Hey(0+2) > t > 5. It follows that ¢ 2 dir,y) >+ ¢ and
this is a contradiction,

2.6, Remarks. (i) For every s > vy € X, dufe.y) = min{l,
inf{a >0: (e =y = @) < 513 Indeed, if Alry={e>0: H. (a) < s}
and B,(r,y) = {a 20 pi|r — yi > a) < s}l then Ada,y) C Bylx,y), so!
that inf By(r, y) <inf Ay, y). For every € Bl y) with o> inf Bufe,y)
there exists b € Bu(w.y) with b < . so that H, (a) < sl —y| > by < 5§
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Therefore b € A,(e,y). hence inf AJ(zy) € b < a; it follows that
inf 4 (r.y) < iuf B, (., y). . .
(i) do(r.y) = 0 if and only if supy*(lr — yl > a) < 5.
a>(
Gil) Let dy(r,y) = supd,(r,y) = limdy(z,y) < 1. Then dy is a

x>0 5 .
psewcdo metric on X Indeed, letting st — 0 in {(72), we obtain the tri-

angle inequality for oy,

(v) In particular case of Remark 2.1 (ii). dyz,y) = inf{e > 0 :
Foy(a) 21— s} 5o that 6 = {d -, : 5 € (0, 1)} is the probabilistic pseudo-
metrie indueed by probabilistic metric F on T (see [2]).

2.7. Definition. We say that graduel metric v defined in 2.5 is
wdiced by outer wmeasure 1 In the follownng proposition we compare the
psendo metric of convergence 1n measure with semi-metrics ds of 7.

2.8. Proposition. For cvery v,y € X and « € (0, 00,

min{s, (. y)} Sdle,y) <dday) + 5.

Proof. From Remank 2.6 (i), d,(x.y) = min{1,inf B,(z,y)} where
Be.g)={a20: pu*(lr - y| > a) < s}. :

If By(x.y) = ¥ then inf By(e,y) = +oo so that ds(z,y) = 1. For
every @ 2 0. p*(fe —y| > a) > s, henee @ + p*(|z — y| > @) > 3, so that
mind s, oy (2, ¢} = minds, 1} <dle,y)<1+s= dz,y) + s.

If Bor.y) # 0 let by = inf B (a.y) € IRy, For every a € (0,b,),
1=yl > a) > w00 that atp* (Jo - y| > a) > a+s and inf{atp*(lz—y|>a):
w€ (0.0} > s > minds. d (o, y)]. Obvionsly, mf{e+p*(le—yl>a):ia>b,} >
2 b, > dy(e,y) 2 minds.d{r.y)}. Henee min{s. dy(2,y)} < d,(z.y). Now,
for every « € By(ay). p* (|l = yl > ) < s, hence at+p*(jJr —yl>a)<a+s,
for every a > b,. Therefore we have d(r, y}<b,+s and d(x, y) <143, so that
dir.y) < dfe, y)+ s

2.9. Remarks. (i) For cvery « > d{r,y), we obtain from 2.8,
dor.y) <diry).

{ii) d < dy = supd,

Ep-11)

As we shall see in the following example, we can’t improve this last
meguality.

2.10. Example. For every A, B C T, dy(xa,x5) = 1if0 < s <
< p*(AAB) and dy(\ 4, vp) = 0, otherwise {x 4 is the characteristic func-
tion of 4, and AAB = (A - B)U(B ~ 4)). d(xa, xs) = min{1, u*(AAB)}.
Ifp*(AAB) € (0,1) then d{ya, xp) = WAAB) < 1 =dy(xa,x8)
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372 LIVIG C FLoRESCH i

2,11, Remark. d(r,y) =0 for every s =0 iff r = gy g Indeed, if
do(a.y) = 0. for every s > 0. then, from 2.9 (ii). dir,y) = 0. hence » = y
almost everywliere, Conversely, r = Y e amplies, fronm 2.9 {Hy). that
Hyyle) = 0. for every « = 0, henee 4.0, y) 2 (0. +oc ) for every & % .
Therefore d (.. gl =0, for every s > 0,

Lt the following theorem we add 1o () 1-094) a few other properties of
a gradual metrie induced by an ourer micaste.

2.12. Theorem. [t 1Y b an onter measure on T and 5 =
= {d, : s € (0. tocl} be the gradual metric induced by p*. Then we hgwe:

) dylery) = dla = 4.0}, for coery s >0, oy e x.

(75) dy(,0) < d,(y,0). for “very s >0 and ooy € X, il ] < Iy

I-

e
(36} L0V S D a0 01, for every () € (0, 400). (40) € ¥

Ha_cl - B
with s = Z Sy and = Z £, 6 X {Z Lall) = r(#),
n=] n=| n=|

for eoeryt € T).

{v7) dol2.0) = unn{l, inf{a > ¢ . do (o, 0) = 0} ).
for every s >0 and + € X, where ot = Nlezay @ > 0.

Proof For eVery s > 0. diar,y) = min{ 1, inf B, (¢ i}, where
By(e.y) = {a > 0 . e~y > u) < shoSo (1) follows direetly from
definition. If Ly € X with o] < [yl theu (f2] > o) C Uyl > a) 50
that B,iy,0) C B(r.0), for every s > 0 awd we obtain {(vs3. Let & =

fe

(s

= Zo’,, >0 and r = Z Ly € X Becnuse rl,.,{.r..Q) <1, we WAy suppose
u=1x n=|
that Z dy {0,.0) < 1.
Hn=]

=
For every > Zr!,"(;r,,,g) there exists sequence (e, ) C (0, +o00)

n=\
e

such that ¢ = Z ay and @, > do, (r,.0). for every n & V.
=]
Therefore, there exists (b, ) C R sueh that by < @,y and P > b,y <
< 34,. for every n € IV,

GRADUAL AETRICS AND OV AMEASURES 373

e = = =] = o]
Lot b = Zh,, < a.. From ﬂ(,-l‘nl < b)) C (le"nl < an)

w=1 = n=] n=]
Lo o
it follows that prlel > b = ,u“(lz.r,,f >h) < ;:.*(U([n:,,| > b)) <
= =]
— e 1 n
< z e > by < Z S = soso that (e 0) < b < a. Then we obtain
n=| N n=|
dyr.() < Z danien Q). From 2.6 (ii). do{e? . 0)=0 if sup e > o)< s,
o a0

n=]
bur this is equivalent with O] > a) < s Therefore {aEO:d_,(a:"._Q)=0}=
= D,(r.0) and. from 2.6 (i). we obtain (5+).

2.13. Remark. The properties (47} (37} are not independent; for
example (43 J4+(5,)04+(5 ) = {72} Inrdeed, for overy st >0, 2y, € X and

e a4n—2
2 >0, let us denote s; = s, sy = by =w—:ay =z—yand sy =¢g/2n72,
D o0

Iy =0, for avery o > 3: then Z Sp = s+ 2 and Z ry =& —y. From
n=I n=]

(v6) we obtain d, gy (0 — y.0) S e —z.0) + dy( = y,0}. Letting ¢ — 0

and wsing (44), o g (0 — . 0) <die —:.0)+ di(z — y,0) and from | Y1) we

obtaii (4,9

2.14. Definition. We say that o grodual metric y = {d, : s > 0}
which satisfies the propertics (vs)-(v=) from Theorem 2.12 is o gradual me-
iric in measure.

Therefore o gradual metric in measure Is a family of semi-~metrics
7= {d, 1 5 > 0} which satisfies:
(1) docla,y) =0, for every o,y € X,

(v2) dys(roy) < dofie2) + di(2.y). for every g€ Xosit >0,

Pa) i di(r, ) = do(e, y). for every sy € X, s € (0, +00).

>
D) dulecy) = d (e ~ 1, 0). for every rye X, 5 > 0.

{75 ) o, Q) < d (5. 0), for every & >0 and », y £ X with [ < fy].

o0 o s
{(7v6) dy(e, ) < Z dy (., 0). for every § = Z s >0, 0 = Z Ty € X,
n=| n=1 n=]

{(97) dy(w,0) = win{l.inf{a > 0 : dy(2.0) = 0}}, for every s > 0 and
€ X, where ¢ = N(Je[>a)y @ >0,
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In the following theorem we prove that the properties (=, ) {4+ ) ¢ha-
racterize gradual imetrics induced by outer measures.

2.15. Theorem. The mapping ¥ : p* — v, where W{p*) = v s the
gradual metric induced by the outer measure y* is o bijection between the
set of all outer measures on T and the set of all gradual metrics in measure.

Proof. We recall that ¥(u*) = 7 = {d, : 5 > 0}, where d,( r.y) =
= min{l,inf{a > 0 : p(fr = yi > a) < s})., for every 2.y € X and
s € (0,00). From Theorems 2.5 aud 2.12 it follows that Yip™) = v is a
gradual metric in measure. We must prove that for every gradual metric in
measure 4 there exists exactly one outer measure ;* such that P(p*) = 4.

Let ¥ = {d, : s > 0} be a gradual metric in measure: so, the fa
mily {d, : s > 0} satisfies the properties (v )-( 77) from 2.14. We define
4 P(T) — Ry letting p*(A) = inf{s > 0: d,( 4,0} = 0}.

From (7,), dac (3 4,0) = 0, for every A € T, so that 4™ 15 well-defined.

#°(0) = inf{s > 0 : dy(0,0) = 0} = 0. For every A,B C T with
A C B, ya < \p: from (7s) we have dy{y 4,0) < d.(xB.0). for every s > 0,
so that u*(A) < u*(B). -

Let {4, Juepv be a sequence of subsets of T, with 4, n A, = . for

[s¢] e 9 o>
every m # n and let 4 = U Ay then yy - Z v, If Z AL = oo

n=| n=1 n=]
oo o
then we have u*(4) < 5_’ #7(Ap). We may suppose that Z LA < Foo;
n=] =}
for every £ > 0 and n € IV there exists sp > 0 such t.h'ztt Sa < pr(A) +
e s o .
o and d,, (xa,,0) = 0. Let s ZJ" < Z;t*(.-’l,,) + ¢ < +oc. From
- n=] ne=l o5
(), du(x4:Q) € D _du(va,n0) = 0, 50 that p*(d) < s = Y4, <
n=l n=1

=]
< Z pH(Ay) + <. for every £ > 0. Now, if (4,) is an arbitrary sequence of

n=]
n—1
subsets of T we denote by B, =4, and B,, = A,— U Ai. Then B,NEB,, =0,
for every n # m and 4 = U 4, = U B,. Hence p*(4) < Z wiiB,) <
n=1 =l n=])

Q0

< Z #*(An), because B, C A, for every n € IV, Therefore 1T 18w outer
n=l

measure on T let ¥' = {d, : 5 > 0} = ¥(u") be gradual metric mduced by

) GRADUAL METRICS AND QOUTER MEASURES 375

7. From Remark 2.6 (1), (0, 0) = min{l.inf{a 2 0: p*(|z] > ¢) < s}}.
el > ay=inf{s > 0 dulx(e)par-0) = 0} =iuf{s > 0 : d,(x*,0)=0}.

Now. from {74}, there exists s, > 0 such that s, = p*(|z| > a) and
dy ta*. 01 = 0. Therefore

dgr. @) =mm{t.inf{e¢ > 0: 5, < s}}=min{l,inf{e > 0: d.(x*,0) = 0}}.
So that, from (17), {0, 0) = ds(a,0).

Now. usiug (74). we obtain d{a.y) = d' (v, y), for every &,y € X and
s > 0. so that ¥(p*) = 4.

If 4} is another onter measure on T with ¥{u]) = 4. then, for every
A C T, we have do(y 1,0) = min{l.inf{a > 0: pi(jxal > @) < s}} hence
de(va.§)=0 1 p(ya>a) <o, for every ¢ >0, or equivalently iff uj(A)<s.
Therefore p*(d) = inf{s > 0: d, (7 4,0} =0} = inf{s > 0: uj(A) < 5}, so

that g = pui.

3. The index of convergence in measure. Let ¥ be the gradual
metrie nduced by the outer measure p* on T. For every s > ( and
> 0 let us denote Ulr) = {(wy) - do(x,y) < r} and for every s > 0 let
U, ={UCX xX:3r>0.3t > s such that Uy(r) S U}

3.1. Theorem. The family i{ = {U, : 5 > 0} has the following
properties;

{(Uy) For every s 2 0. U, 1s a semi-uniformity on X (U, 1s a filler on X x X,
ACU and U™ €U for cvery U € U,).

{UZ) u, = U u,. fu'r coery s = 0.

Iy
{Usg) For every ~ 2 0 and U € U, there ensts V € U, such that VoV C UL

Proof. Forcevery s>0and U, U; €ld, thercexist to> 5, ta >3, 1, > 0,
ro > 0 sucl that L (1)) C Uy and U, (r2) € Uz, Let t = min{t;. 63} > s
and r = min{ry.rp} > 0. Then d, > dy,. dy > dy, (see 2.4 (i1)) so that
Uilr) SUL N T e C U Uy Tt follows that U, is a filter on X x X
Obviously, & C U, for every U7 € U, and, because U,_l(r) = Ur), 1t follows
that U= € U, for every U € U,. Hence U, is a semi-uniformity, for every
& 2 0. From definition, it follows that i, C U, if 1 > 5, so that i, 2 U U,.

>3

U € U, then Ugir) € U for some ¢ > » and + > 0. Let w such that
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t>u>sithen U e ld, © U Up. Now, for every s = 0 and U7 ¢ Uy, there
=¥

exist t > s and r > 0 suel that 22y T U. For every (o, yy € Uiirjali,in),

there exists > € X such that d,(z.~) < » and ddzoy) < . Fram (43) we

have dy,(x,y) < dile,z) + di(z.y) = 2r, henee (o ) € Uy 2r ) therofore

Ulryo U, (r) C U and we remark that Udr) e id,

3.2. Remarks. {i] i is an wntformity on X o« X and U, T Uy. tn
every s > (),

(1) U 15 a pseudo-wmform structure on \ {see 40

Using 2.8 and 2.9 we may prove:

3.3. Proposition. Let Uy be the unzformity induced by pseudo
metric of convergence tn measure d: then Uy = Uy.

Proof. For every U' € Uy there exist s > 0 and » > 0 such that
Us(r) C U obviously we may suppose that » < s For every (r,y) € Uy(r).
d{z,y) < r and from 2.9 (i) we obtain dle.y) < dlaeyy) < r. Beeause
r < s we have d (v, y) < d (. y) < r. hence (r.y) € Uy(ry CU. Therefore
Uglr) C UL so that U € Uy, Tt follows that Uy C Uy For every U € Uy thore
exists © > 0 such that Uy(2r) C U If (wvy) € Un(r) then dp(a, y) < » and
from 2.8 we obtain die,y) <d(e.y) +r < 2r, henee (g} € Ug(2ry C L.
Therefore U,(r) C U, hence U € U. CU,.

3.4. Definition. We say that U is the gradual wniformity of conver-
gence i measure on X

Now. we iutroduce an index of couvergence of sequences in Y.

Let X' be the set of all sequences on X for every o € Y and r € X
let @ — ¢ denote the situation i which the sequence o converges to g in
semi-uniform space (X. U, ).

3.5. Theorem. Leta € V. v € X und ~ 2 0 the follounng are
equivalent:

(i) a - .
(it) di(a,z) — 0. for cvery t > 5.

(i) sup I g*(Jev(n) - x> a) < s
a>l n

Proof. (i) = (it): Fa -5 + then. for every t > s and r > (),
there exists ny, € IV such that de(e{n), ) < », for any n > ng, hence
limd{a(n),z) =0, for every t > s,

n
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(i) = (iii) : If »~ < suplim g (Ja{n} = #| > «) then there exist ¢ > 5,
a> M
o > 0 and (A,) € IV, &, T 400 sueh that g1*(|a(k,) — x| > a) > ¢t for
cvery o & IV We choose o munber b sueh that 0 < b < min{1,a}; then
ok, = ¢l = B > 1. From 2.6 (i) it follows that dila(ky).2) > b, for
svery o £ IN O so that dy(a,r) £ 0.

o r
() = () : For every # >~ and » > 0. hun g (fJa(n) — x| > S 8,

. 2
henee there exists g € N such that p*([a(n) — o] > 5) < f, for every

I .
i 2 g sothat de(an) o) < 5 < r for every v > ny.
—— *
We obtain ta(n)oe) € Ur) for every 1 > ny, hence o =2 .

3.6. Remarks. (i) If & = « then lim d{a(n).r) < 5. Indeed, from
3.5, 1t follows that dy(a. .} —— 0. for every ¥ > s. But from 2.8, dlax) <
< dido.e 4t hence, i dla(n)ore) < ¢ for every +> s,

(1l o converges in mcasare to o if and onlv if d(a,2) — 0, for every

s = 0 Indeeds from 3.5, dy(acr) — 0 for every s > 0if and only if

o 2t 5 but Uy = Uy (see 3.3).

We say that o € U is s Cauchy if o is o Cauchy sequence in the
seml uniformn space (X4, )

The proot of the following theoren is analogous to the proof of Theo-
rem 3.0 s we omit it

3.7. Theorem. Let o € .V and s > 0: the following conditions are
cqenalent
(1) v s Canchy.

(11) o 1e Canchy sequence in the sema metric space | X, dy ). Jor ecvery d > 5.

(i1} suplim g alm) = a{n)] > a) < .
TR

3.8. Delinition. For coery a €.V and r € X we define
fa.r) = sup Lim g {(aln — ¢ > a),
i ) _-,>1"uEt'\. } (I ( )

eflon] = -".|pm dralm) —a(n)l > a)
o =l mn

thmy a0 = It sup a4, for cocry (am ) © R).
ITRE PEN m>nEp

We say that o{a,e) (ele)) is the indez of convergence in measure of
sequence o to  Lihe mder of Cancliyness in measure of o).
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3.9. Remarks. (i} If we denote Use = {X x X} then, for every o € X
and x € X, there exists s € [0,00] such that a - » (or a is s-Cauchy).
From 3.5 (vespectively, 3.7) it follows that cla,x) < « (ela) € s). hence
cloyz) =inf{s > 0:a - v} and cla) = inf{s > 0: o is s ~Cauchy}.

(ii) ¢(a, ) = 0 (c{a) = 0 if and only if a COLVErges in measure to
{a is Cauchy in measure),

(iii) If My is the a-algebra of all ;" —measurable subscts of T and
B = %] 5y, 15 & probability on T'. then plese) = 1—c{a. &) is the sequential
probabilistic convergence function on the space of all measurable functions
on T relating to the t-norm T, : T x [ —— I, Tila,b) = max(a + b - 1,0)
(see [3; sec. 5 and 6]).

Now, for every o € X', let A, be the set of all subsequences of o, The
following two results are extensions of stnilar results in E-spaces (sce [3:
sec. 4 and 6]) and we omit their proofs.

3.10. Theorem. For every a € X' gnd 2 € X we have:

(C1) ela,x) = 0, when a C {x}.

(C2) cla, ) sup{inf{c(y.2) : 4 € Xs):de X, )

(C3) For every (5 )nemw C X there crasts ¢ strictly mercasing sequence of
neturel numbers (L, Inemn such that

cld ) <o)+ sup{c(3”", a(n)) 1 n € N},

where b € X', §(n) = B%(ky), for every n € IV.

3.11. Proposition. For every a € X. 4 € Xy and 2,y € X we
have:
(1) le(a, ) = c{a.y)] < R # y).
(1) efa) < 2cla, x).
(i) e{a.2) < e, r) + cla).

3.12. Remarks. (i) If z = y e ola,x) = cla,y), for every « € .Y
(see 3.11 (i)).

(ii) If o converges in measure to then @ is Caucly in measure (see
3.11 (ii)).

(iii) If o is Cauchy in measure and jt has a subsequence # which
converges il measure to , then o converges in imeasure to & (see 3.11 {1ii}).

3.13. Definition. We sey that ¢ sequence o € X s Cauchy m
measure on A C T iof, for cvery a > 0, limp™(4n (la(t) = aln)f > a) = 0.
"N
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Forevery o = (r,) € .V let us denote Cla) = ﬂ ﬂ U (Jrp — gl < a)
w20 neN p>a>n
and o) = {t € T : (ry())en converges m R} We define o 1 T — R
letting #(f) = lim e (t) i+ e Aa) and #(1) = 0 otherwise. Then we
H— X,

obtain 4fa) - n U ﬂ {Lew =] < a).

a0 nGiv et

3.14. Remarks. (i) A{a) C C'({a). for every o € ., Indeed, A{a) =

=AU N deo—r<anteo—r<arc (Y U [ epyl <

Az uElN pey>n a>0nEN p>¢>n
< 20} C C(a)
(il) () € Cla). for every 3 € X, _ _
(ii1) If e is Cancliy in measure on 4, then ACC(a) (we say that ACRB
if 5(A4 — B) = 0). Tudeed, there exists € 1, such that g converges to &
ac. o A so ACA(H) C C(i3) € C(a). Therefore C(a) contains every set
A C T with o Cancly in measure on A.

The following theorem gives a sufficient condition such that a to be
Canchy in measure on Cla).

3.13. Theoremn, If a € .\ satisfies the condition

() sup inf  sup gt U (s — ayl < al— (|, — rl<a)| =0
>t RN a0 =y

then a v Cunchy in measure on Cla).

Proof. For every o > 0, n€ IV and Pge N, Cla)—{]z,~z,| < a)C

U (loy—ajl < a)=(Jop— 2] < 0) so that 1 (Cla) =, —z4) < a)) <
t=j>n

T

T | U ([#; = 25| < a) - (lzp — 24| < «a)). Therefore lim pH{Cla) —
e P
{lrp =yl < ap) < sup | U (J#; — ;] < a) — (lzp — z4] < a)}.

P>y n i>i>n

The proof follows munediately by letting n — oo and using ().

3.16. Remark. Let o € .4 be a sequence which satisfies (x) of
Theoremr 3.15. Then, from 3.15 and 3.14 (il1), there exists 8 € X, such that
A(3)=Ca). So, we obtain an extension of a well-known result of Riesz,
becanse Cla) = T in the case where o is Cauchy in measure on 7.

In the case of measurable sequences we obtain:
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3.17. Theorem. Let o € X b « sequence of ¢ aneasurable fune
tions Then the followmy conditions are cquivalent:

(i} a it satisfies ().
() ca) = (T - Cla)).
(iii) a s Cauchy in measure on Cla).

Proof. If & = (i, } is a sequence of measurable functions. then FTa
& measure on the sets {{le, =~ oyl 2 @)t pog € IV} Then (#) i equivalent
with lim g* (), — 4| 2 a) = sup p*i ﬂ {|ei = aj] 2 w1} for every o = 0;

P nEIN . :
1> pEn
letting ¢ — 0 and using the continuity of weasire 1% we obtain that 1) is
equivalent with (i1).

From 3.15 we obtain (i) =_ (i}, Conversely, if o is Canchy in
measure on C'(a), then ¢(a) =suplim ([, —wy| 2 a) < i i p(Clay N

a>0 Py ==l " prg
N (o, — gl = aly + 5" (T - Cla}l. Therefore () = p*(T = Cla)) =
= jiuli] Tl ey, — | 2 a)) < i lim e, — g 2 a) = o).
e I =il p.g

3.18. Corollavy. If a ws a sequence of 3 wmeasnrable functions wiheeh.

satrsfies () then there cursts 3 € N\, such that pUT — did)) = o).

Proof. See Remaurk 3.16 and Theorewm 3.17.

We remark that 3.18 generalizes Theorem 6.6 from 13]

3.19. Theorem. Let y* be a finite outer measure on T and o €\
be a sequence of p* -measurable functions on T which safisfics (%), Then
there caasts v € X such that c{a,r) < 2e(a),

Proof. From Covollary 3.18 there exist . € X, and o+ € X suehy
that c{a} = (T - A19)) = ;:*(U ﬂ Uty = ol 2 ap =
. a>0 e m>n
i

= supy(hl3ny — el 2 a)) > suplim g (| Hny - L2 a)
a>0 & az0 M -
From 3.11 (iii) it follows that ¢(a, o) < 2e(a).

el gor).

li

3.20. Remark. A sufficient condition for {#) is that the series
> ™
Z Zﬂ‘;( =l <a)Ntle, — 2y 2> a)

=1 =y

to be convergent uniformly for p.g € IN aud o = (.
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