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AN EXAMPLE IN THE AXIOMATIC POTENTIAL THEORY:
THE SEMI-DYNAMICAL SYSTEMS

BY
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1. Introduction. The sewi-dynamical systems were introduced in
the framework of the axiowatic potential theory by Hmissi [5) and, in
the wore general form used in this note, by Bucur-Bezzarga {21,
[3].

The purpose of this uote is to continue the study of semi-dynamical
systews from the viewpoint of axiomatic poteutial theory. Mainly, two new
notions for the theory of semi-dynamical systems are defined and studied.
The first oue is that of & time chauge. It describes essentially the situation
when the excessive functions for one system are also excessives for another
one (see th, 3.3 and 3.4.)

The second one is that of boundaries. Namely, the entrance and exit
boundaries for semi-dynammical systems are defined. The relation with mi-
nmal funetions is considered (see th. 4.11.). The harmonic functions and
the potentialy appear now in a natural way.

The last two paragraphs present a method to obtain new semni-dyna
mical systems (namely the tensor product ) and a list of simple examples of
sein - dynamical systens,

Thanks are dues to prof. Gli.Bucur for useful discussions and sugges-
tions

2. Preliminaries. We recall the following notious and results from
[2]. Let {X,.V) be a separated and countably generated measurable space

Thrs paper represents Lthe written version of the communication presented at the
Pruceedings of the University "ALLCuza” held in lasi, Qctober 21-30, 1994,
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[4]. w € X is a fixed clewent: we denote by Xy = X\ {u}

Definition 2.1. 4 seme dynamical systern 18 o measurable meap
$:[0.+o0) x X — X

which has the follounng propertres:
1. (0, 2) =, Vre X
2. Qs +t,0) = B(s. D(t.r)), Vst € {0,400}, Vo € X.
3. ¥try=w and ¥ 2>t = Dt r) = .
4. ®(t,r)=d(t.y). YVt >0= r = Y.

Remark. If ®(ty,.r) = G(ty. y). then:

Pls +tg,0) = B(s, B(ty, 2 }) = B(s, Plto.y)) = (s + ty, y)

hence ®(t,2) = ®(t,y). V¢t > ¢,.

Definition 2.2. We call the bfe time (of the system @) the map [4]
¢ X — [0.4+00], defined by

Cla) = inf{t = 0|B(t,0) = w)

Eliminating those points « € X, for which G} = 0. we may aud do
suppose that {(+) >0, Ve € X,.

Remark. If ((2) < +oc. then P(((2),r) = w. Indecd, if

ro = Q{((a),r) € X,

then
Vi>0: ®(t,aoy) = B(t. PClw)r)) = V(t + (o), t) = w

hence ((29) = 0, contradiction. So. for cach v € Xy we have either

Clr) =400 or (((e) ) =w

Definition 2.3. For cach v € X, we denote by

Lo = {®(t,2)]t € [0.¢()))

(and call the trajectory sturfing from the poini ).
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Definition 2.4. The sems dynamical systemn @ 1x called transient if

theve carsts 4, & U sueh that No= U A, und:
nGEN

Ve Xy m({t €[0.42x)|Plt.r)e 4,}) < 4+

(i denotang the Lebesgue measwre).,

Remaik. There exist semi dynamical systems, which are not tran-
sient, of exo G{e).

Defini ion 2.5. We denote v g y of thern - msts t € {0.+00) such
that uw = Bt »)

If the - istenm under coustderation is trausient. then + <g ¢ 1s an order
relation

Definition 2.6. The fine tupology, denoted by to consists of the sets
D Z Xy for whach:

Voo D 3r e (0.¢0r)) such that ®(t,0)€ D, ¥t €(0,7)

Remark. Witl every semi-dymunical systemn @ one associates the
son-gronp P (Pt)se (markovian, of kernels on (X, X)), defined by
k= fi@it ). The sime definition gives o sub-markovian semi-group
o Xy if £ s defined, naerieal, positive on Xy, then we extend i1 to X
In f:w') = {),

The vesolveut Vo= (1, )as0 cousidered in [2] is that associated with
this seun group:

Vafiry = / ¢ TP fleydt

Proposition 2.7. (n) & w transient if and only if Vy is « proper
Lerned

(h) The crcessive functions wssociated to the sems group P {or unth
th resolvent V) oare vaactly these functions f - Xy — [0. +0c} which are.
tmeaswrable  decrensing (with reapeet to the associated order relation <g)
and right continnons (1.c. }%11 flet e}y = flr). Ve € Xy or equivalently,

contiwrous i the fine topology).

We denote by £ the set of excessive fuuctions with respect to the
s group P oon XX
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Remark. Hmissi [5) considers a ocally compaet space ¥ with
countable hase. & is supposed to be continuons and with propertios 1) aped
2). I this case. the associated sew group is Feller, but ot strongly Feller.

Proposition 2.8. The fine topology 14 is separated.

If the systen is transiont, tien every trajectory T, s ot open and
closed iu the fine topology.

Definition 2.9. The naturel topology. denoted by ty is formed af the
sets D C Xy such that

Yiee Xy and fo € (0. ¢ )) For which Plty.r) e D, 32 =0
such that © Ve {(fo—stu+2)N 0.Cley= dit.r1e D

Remark. For cacli » € Xo. the map ¢ Qi r) is continuons oy
[0.¢(2)), in the natural topology.

3. Time change in the senti~dynamical systeims.

Definition 3.1. Let & be o semi dynancal system on Y.V We
define ¢ time change (for ©) ax any measurable Ly

T 4oe) x X — 0. +o0)
. such that:
1. Vore Xy Ttao)=0 = +t=1
2o (s P(r(toa). ) + T ) =r1(s+ 4 1)
3 VreXy: limr(t.r)=0
AT

Remark. (i) If the other twe properties hold, then the st oue is
equivalent to r 2 0. Indeod, Jot us consider:

fu =supl{t 20| rit,¢) = 0}
Ity € (0, 4oc), then taking # =~ = 2 wo pot

4t 2t 2¢ 2f

T(_-JU"") = 7( TU« (7 —3U.J')J')J + T('g—”..r) =1

which is & contradiction. Henee cither r{t.e) = 0, W & ). +2c). or [4]
Tty =0t =0

jo2
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(i) It vesudes thar the map # o= #1400 s strictly inereasing on 0, (1)),
Indecd, i # = ¢ thenr

Tithey=r{t.0)+ s O{r{t.adr)) > 1t )

{111} For cuely 4y € [0, +20) we have ]\i\lll rit.a) = 7{ty.2). Indeed, let
: EANE

ne denote by rg = @(7(tg. r)0) (when T{te) < {{)). Then we have
Tt + ) = rlfg )+ i ay)

henee the coaelusion.

Examsle 3.2. Scarching for a time change of the form 7(t, 0} =
= flaht, one fnds ont that the function f must be constant on every
t l'iljt'l:'!‘ul')'

Theorem 3.3. Let 7 be a time chunge for the semi dynamical system
b Then Witory = S(r(t.rhr) is a semi dynamacal systemn on (X, X)),
Jorawhach £ C &y and {r) < 400 = ((r) < 400, (where {3 denoies the
hfe tome of the system ¥,

Proof. ¥ ix & measnrable map s
V(0,.0) = S(r(r)e ) = B0 4} = &
Next:
Wis+t o) = P(r(s + b)) =@(r(t.r)+ (5. ®(r(t. 0}, 1)), )

=@{r(t. o). P(7(x, B(T(E, 1), 1)) =Pt ¥(s,r))

It W(t,r) = «w and # > #, then T(t'.w) > 7(t,x) hence ®(r(t,xr),x) =
« = W) = B ar)r) = w. If O{t.r) = V(t,y). Vi > 0. then
Dir(t.r)or) = $(r(f.y) y). Let us denote by 5, = *r(,ll._:::)1 L = T(%,y).
Henee sy, t, — 00 If we write Sn = Sppr oy, and t, = ¢, + 4, then:

(I’{"'N-"'.) = (b("*la+l +ag,x) = ‘I)(“rr-q"("‘n+l“")) = q’(avn‘b(tﬂ+lvy“ :

= (I’“rr-_“ +oauy)=O(t, 0 + .dri-y)

Frouw the injectivity [2, prop.1] we obtain that o, = d,. Hence. if for
exanple s; =t +a. then s, = ¢, + a.Vu. It results that @ = 0, hence
Suo= 1Y and By, ) = B(s,, y). Using the remark 2.1., it results
Pl = Plsy) Vs > 0. and finally + = 4.


HP
Rectangle

HP
Rectangle


388 FUGEN POEPA and LILIANDY 1POPPA [

If({r) = +x. then:
W= ‘I’((l:.l'],.l'; ‘I’(T(('l{.! 15 I'),-l‘)

which proves that 7(¢(r}).0) = () Particulivly Yo € Xo 0 (01> 0.
Let be f € &6 It <y . then there exists # > 0 suel thint y =

= ¥(t.c) = bir(t. ), r). Henee o Se g whicliimplies flr) > fiy). Fuually
sinece lim r(, ) = 0. it follows thar:
tN\U

lim f(9(t ) = i f{R(7{t. ). 1)) = fte)
N 0

In fact, ¢ () is uniquely determined by

im 7t} <) < 7{Cr)r)
7Gx}

Indeed. if not. there would exists o to < Q{e) for which C(a) € ity r).
Hence w = ®(r(ty, r).0) = O(t,. ohanckty > ¢t ) which is a contradietion.

Theorem 3.4. Let (X V') be « lusin spuce; and O U be Lwo sem.
dynamacal systems, such that: £ © &y and Cle) < +o00 = (&) < 40c.
Then, there exists a time change v for @, such that Wt o) = Q(r(t.r),r).

Proof. For v € Xy aud t < ¢ (s} let us denote g = Wt r). Henee
¥ € Xy and ¢ <y y. The characteristie funetion \Noyts, (the trajectories
being considered with respect to the system @) is measurallo, Aeereansing
and right continuous: it follows tht iy, € &b Henee Vi, € &y
which implies that y € T,. There exists then unique Tt ) € {1 +x)
such that y = $(r(t.e). ). Frow the unicity. we get r{{,r) = 0. For
t+ s < () we have:

Q(rit tarlrl=Wt+a )= Wi~ Bt 2)) =

=@ (s, V(t,0)) Br(ta), o)) = Pr(t o) + s S{rit, r) a) r)

and again from unicity we get the formula
™+ so0)=r(f o)+ B (f.r) )
In order to prove the measurability of 7. let us denote by

Do ={(t.e)lt <)} g = {(y.e)|y € T
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The map ¢y 0 [0, 40) = ¥ —= X = X defined by &4t 0) = (Pt ), ) 1s

ijective on the set Dy
(Bit i) = (B ) y) == Plt.r)= Oty and &=y =

/
== =y aud f =

Uang L usio’s theorewn [4]. 7 appears as the cowposition of measurable

fuaterions ;

¢ " T
Do Lihiny — Img = [0, +90) « X24[0. +o0)

The funetion 7 is extended now fromr the set Dy to the whole [0 400) x X

|))-.
ritord=Cle) i Q{r) < 4o and 12 (x)

T(t.w) = 0.9t € {0, +oc)

The definition is correct, ad the measurability is clear. The property 2
frone Def. 3.1 1s adso valid: ar holds for ((r) = +oc if + < () and

= < Qiyp where y = $(r(tor) ok now, for (ir) = +oc. we have also
Olyy = +06,9s € [0, +0c). Fually, for ¢(0) < +oc and £ > (;(x), then
r{toe) = Jir) henee ${r(foo)r) = w awd the relation 2 becomes 7(f +

sor) =Tt = ) Vs g [0 40 The case ¢ = w is trivial.

4. Boundaries for the semi-dynamical systems.

Proposition 4.1, By: v ~; y of T, N, # B one defines an equiva-
lence relation on Xy,

Proof. The relation defined above means that, from o point on, the
frajectories colneide:

a el NT, = a=0t, )= B{s.y)

Lence ®(r.a) = O(r +t.0) = (7 -+ 5, y). The reflexivity and the symmetry
bemg obvious. let us prove the transitivity, Let us suppose that 0Ly # @
and Ty NT. # 8. There exist then s, 8" w € [0, +00) such that ®(,2) =
= $(s.y) and P(~,y) = B(u,2). For v = max(s.s') we have Dlv.y) €
r,nr..

Definition 4.2. The cquivalence clusses for the relation ~; will be
called final points (of the sema- dynamacal system @) We shall denote by
I the cyuivalence class of the point r € Xy with respect to the relation ~j.
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The sct of all fined poinis is called the crif howndary of the system © and
wtll be: denoted by O.

We have: &+ <¢ y = r ~; y, but the converse is not true (cf.ex. 6(b)).
Definition 4.3. Let T be the set of all purts of X which are totally

ordered with respect to the relation <¢. Clearly. cach ') belongs to T.

Uamng Zorn's lemna, we conclude the vaistence of mozimal elements i T

These elements will be called matial poinids for the system &, The set
of the imitial points will be called the entrance bowndary of the systemn @
and will be denoted by 7.

Proposition 4.4. There coists o canonical, surjective, map.

I— 0.

Proof. Let be a € I. We define ola) = & where + € a. The
definition s correct, since w, g € o weans that » and g are comparable for
the order relation <g¢. for example v <¢ y. In this case, we have Ty C T,
hence & = ¢.

We prove now that o defined above is o surjective map: if 4 € O,
and « € 4, then, I'y being a totally ordered part, it follows that there exists
a € T such that T, Ca. It results that p(a) = 7.

Definition 4.5. Any measurable map I : Xy — [0, +00), such that:
MO(t.a))=ha) vVt 20,06 X

(that s, It 28 constant on cvery trajectory) s called harmonac function,

The harmonic functions belong to ¢ and coineide with the mmveriant
functions with respect to the semi--group P.

Within the classical {semi-Jdyuiunical systems, the harmonie func-
tions are exactly the prime integrals of the veeror field.

Definition 4.6. We catend cach function f € €4 to T and to O
throwgh:

aed = f:(u) = sup flr)
rEaQ

and: .
re@= fliy=if fiy)
yEr

We cell ¢ potential cvery function p € £ for which:

Yo = .YU = p(.i’) = ()
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Proposition 4.7. For cuch functron f: O — [0, +00) we denote by
H_; Ny, — [(), Foc ) the function defined as: Hy(r) = fle). Then:

i Y Hy s o havmonic function,
bt Let b be a harimome function, Let ws denote f = hlo. Then h = Hy.

o For cach ~ € E¢ let us denote; g = s5|p and o= Hy. T]u:up sy
s poteniial,

Proof. a) If + € Xy. then T, € &, which proves that the function Hy
i COLSTALE O CVerY trajectory.
L) Let be » £ Xy, hencee

Hpay= flr)= i.'[ v il hjy)

s B

Smce for auy g~ o there exist s € [0 +50) with ®(1.0) = P(s, ¥} it
vesults that we have

higy=MP(s,y)) = e ) = hlx)

¢y For each v € Xy we hive p(#) = () = b} = 0.

Definition 4.8. a) s € & s ellcd mnzmel when:

s1.00 € & and s =5 + 52 = Ja € [0.1] such that s = a.s

bi For cach 3 € O we denote by Iy @ Xy — [0,+00) the function
defined as

1. ve3

o) = {0. Y

¢) For cach vy € Xy we denote by pr, : Xy — [0.400) the function
defined ws:
I, & <¢ Ly, F X
Pate) ={ £ &, 1 Zo

0, clsewhere

Definition 4.9. 4+, € Xy is called @ ramafication point if there exist
v#y and tos > 0 such that @t r) =0y = $is. y) whale S, a) £ Byl
v e {0.1).5 € [0.5).

Proposition 4.10. a) lry is @ harmonic. minimal function.
LY If g s not @ remification point, then p,, 1 a minvmnal potential.
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Proof. aj Let be v € X, and 7 > 0. Sinece » ~f @it r). we obtain
that: for « € 4. we have (. r) € . heneo hal@itoe)) =1 = hyie): while
for « ¢ 3. then $(t.r) @ 4. whiclh eusures that hal®(t. ) = 0 = hylr),
Hence Ly is a Lharmonic funcetion.

Let be syp.5y € & suel that by = <, + so. For v @ 4. we have
si(x) = so{r) = 0. If w € 4. then for any + > 0 we obtain:

1

Ng(P(t,a)) = s{ Pt r)) + syl Pitor)) = s () + splae) = hgle)

Since s (B(2.+)) < () and s2 (P ) < sala) it follows the existence of
a; € [0,1] (depending on ). such that sy =, s2(ae) =1 —a,. Let us
consider then y € 4. Since o ~ 7y 1t follows the existence of s.t > 0, such

that ¢(t, 1) = &(s, y). Then:
Ay = sily) = 51(Pls.y)) =~ (Pt ) = sy {u) = a0,

hence s; = ah,.

b) pro is decreasing: indecd. if Do) = 0and r <g g then y <g w0y
cannot hold, since the trausitivity would ply that & <g @y and p, (&) = 1.
Hence p,,(y) = 0. p,, is clearly right continnous in every point. Finally,
Pro 15 a potential. since clearly po(7) = 0 for 4 # &, while Proly) =0,
sice for any ¢ 2 0 we Lave PPty }) = 0. .

Let be sy, 50 € £, such that Pog = 51+ sy For oo €4 g, we have
si{) = s{x) = 0. Let be v,y <¢ wy. Since ayg is not a ramification point,
there exist t, s such that ${t.0) = B(s,y) = o <g & ro- & 7 g, Henee:

U=y (2) = spl@) + 520} 2 s1{e) + syla) = pygia) = 1

V=peyy) = 51(y) + 5209} = sla) + sala) = py(a) = 1

and it follows that s,(2) = 5,(a), hence the existence of an a € [0, 1] such
that s,(x) = o,Va <¢ vy, 0 # 2.

Theorem 4.11. a) Let s € £ be o minimal function. Then s 1y
esther harmonic, or u potential.

b) Let h he o harmonic, minimal function. There czists then de0
and A >0 such that h = A L.

c} Let p be a mimmal potentiel. There costs then i € Xy, which s
not o ramificatron point and A > O such that p = A - Paigs

Proof. a) Let s = li+p, with & a harmouic function and P @ potential.
The minimality of s nuplies the existence of an o € [0, 1] such that: & = as;
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p=IT=eds IWa = 1. then s = & aud ~ s 0 harmouje function. If v € [0. 1).
then L = Lp. Lietiee f.u(.P) =0.¥r. Weobtain h =0 sl & = p results a
-«

potential
Wi Let & e mindmal. harnonie funetion. If there oxists 4 # 3 e O,
suclt that B4 # 0 aand L) # 00 then we can define fi and £, by:

SRS B 27 10 T S A=
felh) = {{). it not

andd

o fo =
f(4) = { i) if not

Smee b= Hy o+ Hy, . while Hy, and b are not proportional, one contradicts
the wmmality. U 04) = 0,V4 € O, we would obtain &t = 0. Hence, there
exists o unigne /€ O, for which £(:4) # 0. So. we obtain i = Alg. with
N = b(.3).

¢} Let p be o minimal potential. Supposing p 2 0. let 29 be such
that plry) # 0. 1f vy <4 o, then ple) = 0. Indeed, if not, let us denote
A= pled # 00 we can write p= Ap, + (g — Aps ) and this wonld contraclict
the mnimality of po Let then p = Plag) Again p = pp,. +(p — Pz h
toghether with the minimality of p inplios that p = up,,.

I vy would be o raification point. then the set of all points from I
whichi coutain vy conld be divided into two now void, disjoint parts. denoted
by Z, resp. Z,,. one heing formed of the points whicl contain » (the notation
front def.9). Detining f. resp. g as the characterstic fanetions of the sets

ce Tz <o wo]oresp. [z e T,z <y rol. we would obtain p = f + ¢,

coutradicting ouce again the wininality,

Remark. ¢ may tims be considered as the Martin boundary of the
system, while the set of points which are uot fine accumulation points of
vaunfieation points, way be regarded as the canonieal space of representa-
tion 1], for the systen.

5. Tensor product of semi-dynamical systems.

Definition 5.1. Let &°.8" be tuo sema-dynamaical systems on (X', X'}
resp (XX We denote by: X = (Xg x XYu {w) and w = (&', u")
thenee Xy = X§ <« XU') We defiue the tensor product of & and " by
Do+t s X = X where 1 (a7 I = AP ), B(2 M),

Theorvem 5.2. (0} $ 2 a sems dynamrcal system on (X, X).
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by We have: C(a' o = g a0t i)
ic) If at lewst one of the fecters s franseent, then the tensor product
13 also transient.

(e} The product topologics T, = Too vesp. T < Y wre courser than

the topology e, resp. 7. on Xy,

Proof. {a) The verificition is imnedinte.

(1) Indecd: Bt (r.gl) = w = ®'(t,r) = w and {4y} = & henee
the conclusion.

(¢} It 15 enougl to consider the following sequence of measurable sets:
(4, < X", in order to get the conelusion:

Yir.y): m{{t € [0.+oc)| @it {e )i € 4, x X' < +c

() If D' and D" are open sets, then, for cach (e oy} & D'« D",
3z € (0.¢(e. y)) such that $(¢,0) € D' and $"(¢.y) € D”. V1 & [0.2).

As for the natural topologies, ket DY and DY he naturally open sets.

It follows that, for cach » = (' ") and ty € [0.¢(a" ")) with
D(ty.r) € D' x D" we have 4y < min(¢' (). (")) and @'(ty. ") € D',
d"(ty,r") € D", Henee. there exists = > 0 such that: Vi€ (fy — 2.ty +210
N[0, () we have ®'(t.0') € D' and ¢"{¢.+"} € D", Henee ®(f.r) €
D' x D", so that D' x D" is naturally open with respeet to .

Remark. (i) The order relation associnted with the tensor prod-
-uct is not  the product of the order relations on the factors. (0" <
&(y'. ") means that there exists £ 2 [0, 4o0) such that ¢ = @14 4"} and
' = @i, ") Henee (o' ") <o 1y y") = (0" <o ¢! and o7 <o 4",
but the converse is not rrue.

We may say that one does the produet of the trajectories, with the
sawe speed.

f11) It is possible that & and Epe be staudard H ocones {1], while
Ear xgr hias no wore this property (ef ex. T G6id)).

6. Examples.

We are going to illustrate the preeceding notions on some simple
examples.

() X = RU{w} and ©(f.0) =1 + ¢ is o semi-dymamical system for
which ¢ is a standerd H cone [1]. The entrance and the exit bonndary
contain eacl one a polnt.
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{1 Let ns denote:
_\' = {{-—-_f'_‘]"}l 1> (]} \J {(—,t'. —l” f - U} L) {!l,(}]l £ 2 [)} U {u}}
aned detine @ [ +oe) x X — X by

(—o +tr —=1h a=({—rv.r) 1€ [(].J‘l

{t— .00 a={—r.r), t€{r.+0o0)

(—a+t =+t a=(—2r.—r). € {U.J']
P ) = }

1t — 2. 0h g ={—r.—r). t € (o, +oc)

[ 40 = (+.0)

. =

This senu dynamical systemn has the entrance boundary formed of two
poiuts, mud the exit bowdary formed of one point.

(0.0} is # rawification point: if one considers Xy = X'\ {{0.0}}, and
Dy 0.+« Xy = Xy s defined by

(=t +ta—=1)  a=(=t.r) tel0.]

' a={—ur.r) telr.+oz)

(—r 4+t —r+it), a=(—c.—x) t€[0,]
$iltelimg 0= {—r.=r) 1€ (2.400)

{+s +1,0), a = (a0}

o, a=w

then one obtains o semi-dyimical system, whicl has the entrance and «.
bomudary formed eachi one of three pomts.

¢ We consider now X = {? e C| <l = 1} (] {w} and define @
0. 4ac) x X = X Dby:

T %
Bit,-) = { S ¢

=W

One obtains iu this way o periodic semi-dynamical system, which is not
transwent.

d) Let X = R? U {w}. We defiue two semi-dynamical systems by
bp: 0+« X =X h=1.2

Gt e y)) =(o+ty+1) resp.

Gyt {r.y)) =(r+Fty}
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These twao SYStIs are isomorphic iy tle following sense: defining

Pr Ny

by

2

) Iy o
p{-r..w:(—,,—".'——"l)

one obtains a bijection. whiel, satisfies the pelution:

PPt (ry))) =  PIERCIRT

PRy g 205 res I o ' M
Hm}u: Ly we cannot obtain one system from another by fime change. Alse
@, is a product s¥stem. while @, is ot 5 product systeqy ‘
The natural. vesp. fiue topologics for Dy oare strictly coq

‘ i 1ser thay tle
product of the o responding topologios o facrors,
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THE ALGEBRA OF THE LOCALLY BOUNDED ELEMENTS
IN A STANDARD H-CONE

BY

LILIANA POPA*

Let § e a standard H-cone of funetions o semi-saturated set X
111 Tu (6] we Liave proved that the sot of the loeally bounded elements of §
1= i algebra for the usual produer of functions.

The prrpose of this paper is ro mvestigate sonte new properties of this
algebra. We prove thar if Fohas the property that there exists a covering
of X with naturally open scts Uio v 2 1. such that flu, 15 a difference of
bomnded and conrinmous clements of the localisation S(T7Y and } is locally
botwded, then & Las the same property.

It 55 then possible to coustruct o partition of the unity with elements
of the previous algebra, which is subo dinated to each local finite covering
of X Sola theory of the cohomology ean he developped for a standard
H-cone. extending the coliomology of the harnnonic spaces coustructed by
B.Walsh [7]. Dropping the hiypothiesis of local cowpacity, the results of this
l’(ll)('l ])('('(l“l(' 1ore g(,‘ll(‘l‘:ll.

Let S be wostandind H-cone of functions on a set X, We recall that
every element s € S can be uniquely written

N = fi‘-f-[)

with I € Sy p € Sp. where Sy represents the set of all the subtractible
elernents of S, that menus

Siu={heS|VscSh<ssa-les)

Tlus paper represents the weitten version of the « oinnntcation presented at the
Procecdings of the Vuiversity “ALLCuza™ held in Lagi. October 21-30. 1994,
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