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THE ALGEBRA OF THE LOCALLY BOUNDED ELEMENTS
IN A STANDARD H-CONE

BY

LILIANA POPA*

Let § e a standard H-cone of funetions o1 semi-saturated set X
(1. Tu [6] we Liave proved thar the set of the locally bownded elements of S
15 A algebra for the usual prodinet of functions.

The purpose of this Paper s to investigate some new properties of this
adgebra. We prove that if f has the property that there exists a covering
of X with uaturally open sets Ui i & I, such that flu, 15 a difference of
bonnded and conrinmous clements of the localisation S{TY and } is locally
benuded, then & Las the same property.

1t 35 then possible to coustruct a partition of the unity with elements
of the previous algebra, which is subordinated to each local finite covering
of X0 Soua theary of the collomology ean he developped for a standard
H-cone, extending the coliomology of the harmonic spaces constructed by
B.Walsh [7]. Dropping the Liypothiesis of local cowpacity, the results of this
paper become wore general.

Let S be astandivd H-cone of functions on a set X, We recall that
every elemient s € S can be nuquely written

N = h-f-p

with Ir € Sy p € Sp. where Sy represents the set of all the subtractible

\=

elerments of S, that moenus

S”:{].'ES Vs _S:h_(_.-;::---- I.ES}

Thus paper represents the wriften version of the communication presented at the
Procecdings of the Cniversity "ALLCura™ hold in Lsic Ociober 21-30. 1994,
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398 LILIANA POPA 2

and Sp is the set of all pure potentials of .
Sp={peS|pAh=0.Vic Su}

We suppose that 1 € §y;.
If A C X, we define the balayage of 5 on A, s € §, by

Bls = /\{t ES|t>so0n 4}

where

/\ si(x) = i’lﬁ',e,rsl(.l').

ef

Here f is the lower semi-continuous regularisation of f.

If G € X is a finely open set, we denote by S{G) the set of all pusitive
functions f on G which are finite on a fine dense subset of G and for which
there exists a sequence (3a) In S, 5, < oo such that

Sy = B'\.\Gsn T f

where BY\Gy ) s the balayage of s, on X\ G. From [2] we know that S(G)
is a standard H-cone of functions on G. for which the fine topology on G
given by S(G) coincides with the induced fine topology of X on G.

If G is naturally open, than a similar assertion takes place for the
natural topology.

We suppose that the H-cone satisfies the nateral sheaf property. Hence
the map

G — S(G),G C X, naturally open

is a sheaf, that means that the two following axioms are fulfilled:
a) For any two naturally open sets G, Gy C X, with G, © Gy, we
have

fla, € S(Gh), Vf € 5(Gy)

b} If (Gi), i € IT'is 4 family of naturally open sets and ¢ UerGl,
then s : G — Ry belongs to S(G)if slg,, Viel.

We suppose that X is semi-saturated, that means that any H-integral
on § dominated by an H-measure on X (with respect to S), is also an H-
measure on X. From [2 | we know that if X is semi-saturated any finely
open subset G of X is semi-saturated with respect to the standard H-cone
5(G) of functions on G.
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Becatne X s semni-snenrated for any 4 C X and o+ € X there oxists a
POSIINE Ipeasnpe o1 Y denoted (B4, suel thar

s e S Blie) = /.~'r:’{15"‘]":‘r

We detposre Ly

Su={~€S5|3aeR. ~< a}

i et [Syj=5,y; - Sy Welntrodiee the next set of functions:
R={f:X = R there exists o coverig of X.U,.7 € I, naturally open

such that fli = s —t. st € Su(ly). naturally contimious}

We Lave proved in {6] that R is an algebra with the usual product of
functions. whicl is also a lattice for the pomtwise order relation. We recall
a sufficient condition of apartenonce of o general function to an H-cone,
which was proved in [6].

Lemma 1. Jff X o Ry is natwrally continwous. dominated by an
clevwent of S| wnd for any o € X, A4 C X nutwrally open the next wmequality
s walid

then f belongs to S,

Froui the proof. ir is sufficient that the previous inequality is valid on
the sets

{r € X|f(e)>8Rf1.6 ¢ [0.1).

where Rf = inf{s € §[ » > Fr We reeall also that a result of A.Cornea
4l states thar if § s naturally comtinmons. Rf Las the same property. We
shall denote sucly sets by [f > 8Rf].

Lemma 2. Let u £ Sy, wetwrally continvouns and « € R such that
there cxists m M > 0 for which:

O<mSuw—a<M

Then for any v € N, nw > 1. we have:

e [S_.\,r].

{re — )
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400 LILEANA POPA |

Proof. For any natural open set 4 © X, we can apply Holder 1n
. 4 . b N
equality, because (BY) =, < i an H-weasare, Wo get

B"l(.r}*—-(f ,J(B-‘)'.-.J) “(/ ‘“‘1—-;'(~—~;"’—T'J(B"J':n) f;
¥ N {u—a) ™=
1 o
< (/ .-d(B*‘)'s,) (/{u —u)r!(B")‘fj) <
- vl — el JN

1 !
Clu—=a¥" ) -w——]rl(B'l') 2,
- Sy (e —a)?
If we chose 4 = {a = pl.with p € §p. naturally continuous then from
[1], we know that
Ble>rl, = ¢

hence
B>l =

and from the above inequality we Liave:

1 ) 1 -
< 1B "2y
{1) (H—H)”_I(J') _j\ (“_ ”)H—l( ! )

and if a = (-;:-'-)", then

. 1
/ « —}-—-—) d(B*) ¢, <a ]
5 (v =)= ut"

Let f=a— W We show nexe that the set [f = aRfl,8 € [0,1)
18 mchuded in o set of the form o > ),

Lndeed, let Rf = p/ + 1", with p € Sph' € Sy because f is naturally
continuous, 5o is R f and &' results continnous . being majorated. Hence p!
1s naturally contimmous. Then for any » € [f > 6Rf]

a > fla)> 8 («)+ 2'(&)) 2 8p'(a).

From [f > 8Rf] C [a > 6)'], we deduce:

1 *

’ FHE ALGERRA OF THE LOCALLY BOUNDED ELEAMENTS 401

1 Gy T 1
< 0 - —e fu}-‘fp} :, < .
/( [ —u]""')d(ﬂ ) I (”_u)n--l('r’

Henee

1

(4 — )

€ {Sa
The next vesult was proved iu 7} and has as consequence, that R is
an algebra

Lemma 3. If t € 5y 1 naturally contonnons and maugoreted by o,
then o < fa — H* & 5.

Henee tor any p e Sp L uaturally continnons., we have

B[">"J(u” —{o —H") L " = fa — )"

andd

(2} {0 — ") < /(u —)"d (B'">"’)‘cu-

Theorem L. Let f € R f # 0. such that % w locally bounded. then
e

Proof. Let U,r e [, U, maturally opeu sueh that f|, ¢ [Sat U
aud 1t s continuous. Let fle, = <=t For any ry € U,. there exist

aod e Ry S e S and o uaturally open neighbourhood Uy, such that

AMs =)= —a = (# = )

mud & - s 2. b e 2,
Frour the uatural shieaf property flo, € {Sar(Uy)]. We can write

1 B A B A N A 1
s=t U Ms—tl M —a o (F ) M —alo =

i ! :
Beeause ,,i_n < Faud | —a < 2 the next convergence is assured;

1 = H ]' ! "
= =Y (-1 (‘—-—‘_,_u) (@ —t')" =

al—n =l

1 o 1 " 2 1 2n ‘
= 5{2(—1)” [(:.;__:) +(u—1'3'r} _(‘___(_) _'_(u_!l)Zu _
=l S~ —
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o 2 b2
i 1 - : 1 &
SRR v () -
= — ~ y
~ u=o ’ a !
2
. 2n+1 1 i
- (—1~—) L G R (—- ) Fle =)'
2 & — €t = — ()
n=

Beeause .','T” < % and [ 11 —a < o the partial suns of the pPrevions
series, are uniformly majorated by a rveal constant. denoted by 3. They we
can use Holder inequality and the relations (11 (2} for any o= N oaud we
get:

i

[(_rl )" + (0 —f’)r']—I: ') <
D ]

) U ((H'i_“) ” +la - f')“) d (Br-f;»pj)‘ ] .
E /[( _1_“)”+;(, _ﬂ)“r"(B[b"')"* [ra(srey

If we denote by sp. #4 the partial sins then the previous iequality

we g(‘t
) < / wd (B>,

hi{r) < /f“] (B[.’:.—.-p])t .

* -
Because sp, f are increasing, the H-mieasure (B> - commutes with
the limit. Let

alo) = liun sp{a) efr) = lin fele)
Ko koesx,

then we have -

u(w) < ‘lim sped (B[”>"'|) ’ e / w2y (B“b"])‘ y

and
o o (4> p} : - e\ .
t-(.r)Sﬂlﬂi‘/f“I(E ) =y / !l)n’(ﬂ ) g,
Hence

/.Ilj — udd (B[")”])*.-J = - ufr)
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'l

Y

/-( 3 5 )of (B["-""') i< F— ()

and

helongs to [ wllw].

From [enwa 200t vesults that *,—L“ € [Sutliy)]. heneo } € [Sailiy)].
Covering €7, with sueh £ and using the natural shead property, it results
that T'—' € [ witl')]. henee j}- is from R.

Lemna 4. For any r € X and wny neturally neighbouwrhood 17 of x,
there vrists & [S]. such that

1 0= f<1

2 f=0on X VO

3o F Y on a weghbourhood of .

Prool. We adapt at this cuse o proof of [1]. Let F, the cone of
functions of the form
infls, inf(~, + ;1)
€f

where s Biite, g s, s € Sy.op € Ry
From {1] for any + aund any natural neighbourhood U of «, there exists
~.1 i f:‘| \\'itll

DS s=t=< 1, sey=He)+1, 5= ton Y\ U
Because s — ¢ i naturally coutintons, there exists a natural neighbourhood

Veosueh that s - ¢ > :, on V. Then the function f = inf{2x,1 + 2t1 = 2
satisties the reguicrements of the Lemma.

Deflnition. ({',)./ ¢ . U, naturally open is o locally finate, open
vomering af X, of

1 ¥ = Uey T,

2. for any r there cxists o naturel neghbourhood of r. denoted hy V,
sieele that the sed LIV N, # B} s finite.

Let (U v € 1.0, naturally open a locally finite covering of X

Definition.  The fuimily of functions b, - X - R, € I. naturally
combinns wocellod w partatron of the wuity subordinated to the locally finite
rovering of ot hos the properties:

L L, >0 viel

20, =0on X \Uvre I
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404 LILIANA PORA ]

3 VYre ‘\.‘Zrél o) =1.

Theorem 2. For any locally finate. opeu conerng of X there cpuls g
subordinated partition of the wnity (h, ). 1 € . with hoe R

Proof. Let 0,1 v € I rhe locallv Hnite covering of X with nararally
open sets, For any o € U0 there exists frow Lemma 4 fo. & I owih the
properties

LO0<f,=1
2. fras 0 on XL
3. fesda)=1

We deuote by 1, = [fi, > 0]. The sets< U, vealize au 0Pl Covering
of X\ Beeause X with the narurs! topology Is paracolpiet there exists
a finer locally finire covering 11

ot that weans rhat for any o there exjsts
e ) e(a), such rlat

”.u C 1;(ul.r:u! & I--: i
Ler f, Fitoyrioys we dofine
e = Z fl'l
il =7

We observe that ¢, = 0 on [,
Let we show that ¢, = 0 on X V0, H o4 is wot frowe £, then f, = 4
on X\ Ut aas sieh that 1 = ia ). Lewee o, =0 We Lave also oy Y

Dot =3 N fui) =Y fater 20

. el e, “

[t vesules that the family

T“,.: 1l i

]

s a partition of the unity subordinated to e locally finite covering of .
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