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CONVERGENCE OF A FINITE-DIFFERENCE SCHEME
FOR WEAKLY-ELLIPTICAL EQUATIONS

BY

MARIA BECEANU and ARIADNA-LUCIA PLETEA*

L ths paper we study the convergence of o finite-difference scheme
approxituating o houndary value problem for a class of weakly elliptical
differential equations.

Let be @ € R honuded and open subset with a continuous Lipschitz
houndary T

We cousider a bhonudary value problem for the third order weakly
elliptical equation with variable cocticients:
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We lwipose the following conditious:

e € WiTHQ) p>2/(s=-2) 0<5-2<1,i=0,1, k=0,1,2

13 u=uy+ ZD,u,(.r). ay € L), e >0, a; € W;, O, i=1,2;

r=1

a(e) =0, Va & ()

Lus paper represents the weitton version of the ¢ vitantcation prescnted at the
Praceedings of the University " ALLCuza”™ held in lagi, October 2130, 1994
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These conditions are sutficient that e coctieients belong to rhe space of

ultiplicrs:
a € MIWI20)). 0 € MW Q) WY 0y

If we note

Uk if =4
(4) b= { t,_1.s i =2 =iy 2,
G+ If i=1

we suppose tlue

2z 2
. Z balaer,eg) E&0 2 4 iZC’jEA. o Ve omg b € §D.
(d) Lhk=u k=0

and V€ = (£5.6,.6,) € R”.
We consider the bhoundary value problen:

Lu=f in

(6) u = (), il =0,+v=0,1, ouT
A,

We assumne that the geueralived solution of the problem (G} belongs
to the Soboley space WHQL 2<-5<3

Let be the boundary value problem (G) for the third order weakly
elliptical equation iu the square @ = {0,1) = (0.1},

Let w be the uniform mesh iy € with the stephand 3 = I'nw.

Finite differences arve defined as usual:

o Bk p— Tt

(7) ey

vy, o= _h

where o = o4 + le ) and e, s the unit vector on the £ -axis,

On the set of the functions defined on w we canl define the inner scala

(eow)peyy = b7 Zu(.r)w(.r)

LW

and the nonn

lellzaie = 0 o*(a))?

r€w
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We mtroduee the averaging operators with e step b

I
Tf fi r) = / Flor + hie L Jelt s Tf flo + I'r(,ll = T,f(r + ]; ¢l
JU :"' I
t= 1200 =y e )
These operators g pothe paatial derivites onto differences
)

. . 0 .
T 57 VFlr) = W(Tﬁﬂ.rn = fo ()

P2
T Ha) = / o+ hte it = 1.2,

-1/

Wkl coustoner o <ralyle ifference selienie for the problems (61, We giart
fromn the adentit

1yt

i :’i 0% u [eAlE
H(H‘pl_' /( I“{—'.~_ S . P
Ju e )O.r?'_'a.r; (’).;-}“0.;.5 tatr)on m’)d"! )
I Hir

v k=0
= /fbn dr,
T
R
Ol'l ()J_r
The mtegrals over O ape replaced by

he Ll Z hyita )",.'f e,.,‘f',--- sk o), + L o, + 0, )

0y FE L k=1
=043 fl)a,, + Frg )

S EL

i38)

\\‘!h‘]"‘ an o=

Using rlie formmnla summation by parts we have:

i 2
ne — ) .
- Z 2‘ Z((”“d'r)u“"f_k"i j_r:-,‘_‘.' + (t.r,‘.[.r).ﬁ.!tz_“_; )r.'"r' I+

(1 rEa R0 fon : AR

+ i Z u(.rn’w,l toi,,h = L"’Z flry.

re. rm

“-(' seF

| 2
+ TEE L Ul ) ’ -
(1) S0 = =3 DD it o) e 4 ()i s oo )+
2 H F ¥, L'k, £y

z=l) k=g '
ol iy, + iy} = fle)
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where & are the grid funenons defined to be zevo outside w. The cocticients
Gy o, mnndd foare averages for a,p o and f.
We ntust couple this scheme with the houndary conditions:

(12) {{r:l) ong ‘ -

iy, =0 omA. /=12 7 =InNx,

The equations (11)+(12) form o linear algebraic system containing as numy
unknowns as there are cquations. The unique solvability of this system. as
well as the stability of the scheme. follow frow o prioti hounds for o

Theorem 1. Let v be a solution of the problem (11)4112). Then the

follounng estimate

{13) Cﬂz” r ”L?u..) < ” f “Ltsu

holds.

Proof. Weset & = &1n(9) and by the stracture of the grid functions
bit. @ at the poutts of w and the conditions (3) we obtain

th=uU

2 2
(14) D7 bkl o Bami oy + e gy o+ ) 2 4t Z SLPS L
Then

(15) it h? Z{Z C'_ffrrf-;-l_g)z <a(b.p)y=h? Z fio,. + )<

I€w k=y rEw
< N hezeallodline e,

On the other Land. for any grid funetion & preseribed on w which satisfies
the condittons {12) and equal to zero ontside w we have

22(- < C h? Z(ru,+t“ < W Z(ZC:' '-j'"l-; Vs

IrEw rew rEw k=)

and _ _
Cﬂz|lf-‘|h.,“|...-) < ||f||L-'(..-; < ||f L2egh-

Let u be the solution of the boundary problem (6) aud ¢ be the sohition of
the finite-difference seheme (11)4+(12). For s = 1. w(w) 18 continmons and

—_—

b CONVERGENCE OF A FINITE-DIFFERENCE SCHEME o
the error » = w — v is defined ot the nodes of the mesh @, So we obtain the
problem
{16)
i 02“ O
Ly =~ > L( bt ,_,(u,;, - ’. e +T2 [“Z _
U b= a 011
. =1
l 2
+Z,Z'(”"~“ - +”.~J. i 11_‘.)_,.- 4:—('12(1“
emdt ==t 1 ! L Py
and > =05, =0ouy,/=1.2

Using the uotation

. 2
117 ek = T,‘i, yodag j )

— Yy — =l u £k + 4ty
> ; . . ] ‘
dry "'01'."2‘ 2 h Ttk

sl

4

= TfT;(uZ g%] ‘.’Z“r.
=1 =

o

the vight-hand-side terms of (16) can be written as:

iz
119) Loz == % (i) p + 1.

1= &=

Lenuna 1. The following u priori estimate

|2
120) =llLeiwy € ClbllLeg., + Z Z .kl L2¢y)

e=0 k=0
halds

Proof. By the cuergy method it follows that

2 &
(lpzoop, + S0y L) = _ZZ((”‘*)I:_'E;’ ey F I )Lyt

= A=0
+(‘l: =y + :-l"; )L’(..J‘j-

Using the fornmda stummation by parts and Cauchy's inequality we obtain
the nequality (20).
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Theoremn 2. If condidions (31 (4], 13) are sabwsficd. then the finate
differcnce scheme (11) and (12} conneryes and the estunate

(21) e = ellpeiey < CH ¥ nllwogy. 2 <5< 3

holds.

Proof. L order ta obtain the convergenws rate estunate for the finite-
difference seliene {11540120 1t 1= =ufficienr to esriate the terins i the

sum on the right-hand-side of the megualiey (205 We represent i the

following manmer

Mok =l F o F i+ e (=001 A =012

where
(22) |
; PR v T+ T T' d*u "
e a.rf‘*'a.,-’;} rlimbeuwd To i 5
o 9
?isz( +1 —.;l.”lk}_ (”1‘- +” ”TH_]T 0-2 *Or))
4 1
] 1 . o + 3 9% N 1 . 1
0 :?:(u,;,-%-(rﬂ_ T Tic! .1']’“*0.:'.’_;') 2(4: - +u :;"
1 '
J]'l‘* — :1- — i + u ) (w Tk “Tf"";-{i)
for e =0.1. L =0.1.2
We set
On :
|:23:| h = ”l] Z (9— i |T T tigy lz_:! Uy,
2
(24) =TT} (Z—Du, (TIT!Dt)y ey 1= 1.2
=i

We itroduce the cells
eo={C€wi i, —rj<h 7=12}

= {C Wy < (:a <.+ It |C'i—i - -*'-'i—ll <h o= 1‘2}
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Using thie linear transfornation
{:[ = . +h.1'r. t:_)-m.l‘z*f'hl';,
weap the eells el o) on standard eolls Ey(a) and re spectively E(x):

Ey(rv) = {0 ey | < 1.4

I
—
]

=

Efvt = {20 < o+ <1, | o= 1,0 1.2 }.

t

The Jacobian of this linear transformation is J = A2,
We nse the iolln\\mgD regularity hypothesis: if o € W3 (e;) and the diameter
of the element eg i b then it follows thit there exists coustant € such that

(2:” '“lWZ;-i['.'LZ = ¢ ']_!“ ff"-.i’“wi:u_q)

for 7 = 0.1,2. {the diameter of o quadrilater cells is the length of the longer

diagowal).  In deriving bounds on bilinear forins we use the generalized
Brawbic-Hilbert Lena, [2].

Let he
i {at) = (e + ety
a™ ) = alr + hrT),
u (™Y = wlx + b)),

e

We estiate g, at the node » € @

: 0
%) i) = }L—' {1 [3 e L™ ) 0[ "~ d't Ty —
(2 |
* = = - - 1 . alun . X
- 1-.'.{] = leyag, e )t h_z f:‘l(l — |es]) _lT_(?IE dajdvy,

i1 () is the bouuded bilinear functional of (ugy.u*) € Wo(E) x W"’(El)
fora>0,822¢>2 4y} = 0if «* is a secoud degree-polynomial or
iy is a coustant. Using generalized Bramble-Hilbert Lemma, we obtain:

*

I : * * - K )
Yost = h_,|"'ul Wity ot |W;‘:(E'.) for 0<a<1,2<9<3.

By the regularity ypothesis we have:

C'hn+£i—1

(27) il < i MNeoiliwyeen i W (o)
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Summating over the nodes of the mesh w one obtain

12

”’hﬁl”L?w) =h Z('h:l(‘l'))g < C”"+J_2”ﬂm”w;,-(su : ll"llw;:(g;,-
FEw

Setting « = ~ — 2,44 29 = 2p/(p - 2) from the imbedding Sobojer
Theorem we have:

(28) M llLzoy < C=jay, w200y * el

Similar estimates Lold for Hoos Mo g, It i nt and 92 foy j = 0.1;
k=0,1,2

u}’,‘, is a bounded bilineay forin of (a0 1€ Cle;) % Wile,) which va-
nishes if u is a second degree polynomial,  We obtain for these bilineay
functionals an estimate of the foru (28),

Similarly iy() is o bounded biliuem form of (o) € L¥ey) x

xW;q_/'(q__z..(fU] which vanishes if « is o fpst degree polynomial, wheye

2<g<min{?+e, ;') }. We obtain for e an estimate of the form:
=12

- ' 2
fnollLzy < Che laoffLas o llullws ).
Thus we proved Theoren 2.

Remark 1. As usnal. the sae letter C stands for various coulstants
mdependent of i and the various fuuctions involved

Remark 2. Sta ting from the same Principle of approxunating the
identity (8) we can constinet other difference schemes They are different

. - Ht
from (11) by the way of replacement of the derivativey 0_:2:}"'3:* by the

difference quotionts,
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