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ON COMPLEMENTARY 2-FORMS
OF POISSON-LIE GROUPS
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[ZU VAISMAN

L. Iutroduction. In this Note, we asstume that the reader is faini-
linr with Poisson mauiolds and Poisson-Lie groups, at the level of mono-
wrapl [6]. for instiee, nud one framework is the € category.  Thus,
i Porsson structure of a manifold 1/ is o biveetor feld P such that the
Scliouten-Nijeulmis bracket [7. ] = 0. aud C™°(Af) becomes a Lie algebra
wath the bracker {fog) = Pdf.dg)i f. g € C™(M)). A Poisson mapping
S M Py — (M. Plis a mappiug such that Py and P, are w-related,
A Poisson structure o of o Lie group G 1s a Posson-Lie structure if the
multiplication of & s o Poisson mapping or, cquivalently, if w is multi-
plieatioe on G (e.g. [6). Chapter 10). The Possson- Lie groups are important
beeanse they can be seen as the elassical it of quantwmn groups. We also
recall that the Poissou-Lie groups (G, w) have the fundamental property
that their Lie algebra G is o Lie bialgchra. which means that w produces a
certain eanonical Lie alpebra struenure la. 3" of the dual vector space G*
of G (0,3 € 6" to be called the v dual structure of G. The conneeted
el =iply connected Lie group ¢* which mtegrates (G.[-.-]*) is called the
w dual group of G {For instatce. seo [6] again.)

Followig {8]. if (3. P) is a Poisson mauifold. a 2-form of M 15 com-
plomentary to P if it satisfies the condition

(].],) {w‘.w’ :' 0,
where the bracket is the natnral Schouten-Nijenlnis extension of the bracket
W dg) = dif. g} ([3):[6]}. Section 4.6). The wain property of w is that it

leads to a mew Lie bracket of voctor ticlds on M., given by [§)

(1.2) (X VT = [XOBY |+ [BX.Y] — BIX.Y] + #pi( X )i(Y Yoo,


HP
Rectangle


418 IZ VAISAIAN 2

where X.Y are vector fields of /. #r 0 T'M — T s defined by
< #pa,d >= Pla.4), aud B - #Froo, (v X\ := HX)w) Furthemore,
if one also has dw = 0, (P. B) is a Porsson-Nigenhuis structure of \f [3). [7].
and this fact relates the notion of a complementiny 2 form to the theopy of
mtegrable Hamilromian dynamical systems [3). .

In particular, it is natueal to study complementary 2 forms of Poisson-
Lie groups (G. w), and we shall give a few results abont this stubject here,
Namely. we will discuss loft (right) invariant complementary 2 forins, and
show that the Lracket (1.2} associated with thew yields o new Lic algebra
structure on the Lie algebra G of G. which is dunl to (G.[.]") vith respoect
to & vertain Poisson-Lie structure of the w-dual group G™ of G,

2. Invariant complementary forms. Fipst we EIVe A4 0w expres
ston of the general raclket(1.2).

Proposition 2.1. Fur any Poisson manifold (M, P).. ard any com.
plementary 2-form o of P, the Lic bracket (L.2) of two nector ficlds X, v
of M 1 equal to

(2.1) (XX =& oY e = #4, pt(X Frldlo( X 47))).

Proof. Iu this forula, aud iy the whole paper, # and » are always
defined as for P and « in Section 1,
Siuce B = #pow. we have OY = # o X e, whenee
NBY] = LA(BY ) = # pi(3 ho o #0r( (X Y] o o (1)L s
=SHFLorY de + HEpL i) e

Using these. (1.2) becomes

[.\'.Y]r z #;,V;:I()'_IH' #;_,.plf.’i-llt'-l-
FHPLx (Y o = Lyi( X e — IRV NS (X N(Y pdu),

and by applying the classica] forumlas of H([X, Y|l and Ly, we obtain {2.1)
Q.c.d.
Now. we are ready for the maun result.

Theorem 2.2. Let (G. w) b« connceted Poisson- L grouy, with
the Lie alyebra G. Then, o left (right) wnvareant 2 form 15 o complemmentursy
2—form of w iff 8 := O, (¢ = the unit af G) 1 a solution of the clussica
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Yang-Barter cquation of the w-dual Lee algebra G*. If this happens. the Lie
bracket (1.2 of left (right) wnvariant veclor ficlds is left (72ght} invariant,
and it define: a Lic algebra structure of G. which is cquel 1o the O dual
structure of G where ©F c= 0* = 0% und 60* (%) iy the loft (right) invariant

bevector ficld of the dual qroup G* of G. generated by 8 € A2G*.

Proof. In tlus paper. we always denote by a bar left invariant objects.
and oot - vight invaciant objects

O @ ¢ nneered Poisson-Lie group. the bracket of two left iright) in
vartaur 1 for s a0 8 o, 1) defined by a.3 € G is the loft ivight) invari-
ant forn [c_;— $ (_n._.f]'l {{1]: [6), Proposition 10.7 and Formula {10.25")).
Henee, by s g lofr triglit) invaziant bases. it follows that the same result
is true for th e general Schonten-Nijenlots l)l'él(‘k('f of forns, and, in the casc
of the theoriu, we have {0.0) = (0.6 (= [¢.6]%). Therefore, {©.0} = 0
it

122 6.6]" =0,

wlieli s exactly the clussical Yang- Barter equation of G* (c.g.. [6]. Section
10.4).

Furthemore, i this ease {2.1} beconwes
(2.3) XY] = #y VB — 4, N, (XY € G).

stiee HX Y} = conat. A, since the waltiplicativity of w implies that
Ly, Lyw are left invariane ficlds ([4]: [6]. Proposition 10.5). the resualt of
1230 15w et invariant vector field Clearly. o similar result holds in the
nght invariant cuase.

At the unit clement « € G (2.3 vields «# Lie algebra bracket [X, Y]
ot G suech that, Yo € G*. oue has

< IV 0 =Ly 0 (Y ), ) (Ly ) (i(X)8, 1) =
=< X, [i” ]ﬁ.u]' >—-< Y, [ﬂ.\’)ﬂ.a]' >,
where the last cquality follows from the usual defimtion of the star bracket

i the theory of the Poisson-Lie groups {e.g.. [6], Section 10.2}.
Forumla (2.4} is cquivalent to

{(2.5) < X V)0 s ~Bleoud XY ) - (X, coady V'),
where we nse the condjoint represeutation of the w-dual algebra ¢*. and,

i the theory of the Yang-Baxter equation, it is known that formula (2.3)
provides the ©* dual off-.]* (e.g.. [6]. Formula (10.31)). Q.e.d.
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Fou the coufigiration of the Tlooren 2.2, we shall denote by Gy the
Lic algebra defined by (2.5). and by Gy the cotresponding conneetod el
simply connected Lie sroup. These stmetures will be ealled the 9 bichals
of ¢ and G, respectively

Remarks 2.3. 1} Formula 124} ean be red also s

(2.6) {_\ )']' = ('(mr.":( \ w(l-) - r'uurl’:” jﬂ(_Y }.

2} The Lie algebia (G.[-. ') is abelinn iff ¢ € NG s o cond® iuvaring
form,

3} The group Gy Las o natural Poisson action on G, Indecd, 1t s kirowny
from (8] that [X. V] = (X.¥) = [X.¥]. Honee, X o X (X € G)ivan
wfinitesimal action of Goeon G Furthewore, sinee ¥.X cG. X = #aby X,
where 0,X is a left iuvariant 1 form. it follows thar X s 1 dressing veete
field. Henee, we have o Poisson action, beeause of 4 known theotens o
dressing transforations {{4]; [G). Theorem 10.31).

Some conerete examples are following.

a) take G = SH2.C'). and G = sU2.C) with the basis

=01y (oo w10
'TRo 0 tF g g )= 0 -1/

and the brackets

(27) i(;.(): 'f-;_[('|.l]_|— —2(1. |.(_g.(';} 2!_}_

Then. r = ¢, A ¢y is 0 solntjon of the Yaug-Baxter cquation of G (e,
[ror] = 0), and w = # = Fiwa Pojsk u-Lie group structine of G, where the
Lie algebra G* of the wedual G* b the hrackets

EEl s, A= o (5.3 = 0. (2.8)
(et &%, %) being the dual cobasix of (21,2002 (2] [0], pp. 170,171),

Now, for mstance, we can take § = (1/4)2% A 2% From (2.8). we got
[6.6]* = 0, henee 6 is o lofr Invariant complementary 2-form of . Usiug
(2.6). we obtain its associated @ bicdwal Lie adgebra bracker-

(2.9} [(|.(_;]J =0 ey =0, :r _;.f-,r = .

It is well known that the equations (2.9) define the 3 dimensional
Lie algebra which Las a 1 dimensional central derived algebra. It can be
realized by the following infinitesing) trausformations of K73 - e = (9]},

5 ON COMPLEMENTARY 2 FORMS OF POISSON-LIE GROUPS 421
_“_‘—'~—-—..“H = - - o

€2 =(0/dy). «y =(0)0=) + ylO/Or). and it follows that the 8-bidual group
of SH2.C') e the group of the watrices

P a O b

:; :} (1) ‘l. (o b & C).
i

00 01

b} The speeial nuitan group SU(n) has a well defined Poisson—Lie
strueture ay whicl is chavictorized by the fact that the wy-dual Lie algebra
(si{n})* is isomorphic to the Lic algebra sA (1, C) of the traceless upper
friaugular complex matrices with a real main cdiagonal ([4; [6], p.181). This
oo plisan s sueh that the duality Pairing is expressed by

<& x=DiltracenE), | € suln). £ esAnC).

Now, take # = o A 1, where

AU 01 o0 01
0 Ay 0 0 0 py .. 0 0
o=l . : S R : .
0 0 .. A 0 0 0 .. gy O
0 o .. 0 A t] 0 = 0 0

fall the wissing cutries arve 0, and A oare real numers with A = 0,
V7 = 0. Sinee the matrices o and 4 cowmute, we have [6,8]* = 0.
Henee, 8 s a lefr invariaug complemcntary 2-form of wy on SUn).

3. Closed invariant complementary forms. Now, we shall con-
sider the situation where © of Theoren 2.2 15 a closed fortn. This case is
rnportant hecause, then (w, B) is a Poisson Nijenhnis structure of G, We
Liave

Proposition 3.1. Lt (G.w) be a connected Porsson Lie group with
the Lie algebra G, wnd O o closed left (rght) wnveriant complenmentary 2
form of w. Suppose that the devived alyebra G' of G 1s tncluded in the kernel
of ba (6 = O(¢) € A2C*). Then = #u0be w a multiplicative tensor field on

G

Proof. The definition of multiplicativity (e.g. [6], Section 10.1) ex-
tends to mixed tensor fields like B Ly the condition

Byiy, = Ly: By, + Ry, B, ,
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where Lg- . Rye ave to he understood s L, R, relatedness of tensors. Then,
the usual multiplicarivity conditions ([4): [6]. Proposition 10.3) continuwe to
hold, aud. in partienlar. since G is a couneetod Lie group, the multipliea-
tivity of B is equivalent to Bic) = 0 and Ly Ly =0.YX.Y €¢.

Since the same properties old for w. we get Bled = 0 indeed. i
then

{3.1) Lyly =#,u G0y e

Furthermore, from (3.1} and sinee w is skew syvnetric we get, ¥Z € G and
Va € G,

(3.2) SLyLyB(Z).6 >= —(LyHNZ, #1, 0i).

 From (3.2). it follows that L8 = 0 implies Ly Ly B = 0. But df = 0,
Lx6 =0 hold together iff, VX.Y.Z € G 9(X.[1. Z]) = 0.

The right invariant case is similar. Q.c.d.

Remarks 3.2. If we add the condition Uyegtm#, vy = G(=(Y) :=
Lyw(e)) to the hypotheses of Proposition 3.1, the condition G' C kerby
becomes also a necessary condition since then, by (3.2), Ly L ¢ B = 0 implies
Lxg = (.

The interest of Proposition 3.1 comes from the fact that. if B is mul-
tiplicative, all the Poisson structures which belong to the Poisson hierarchy
of (w, B) (e.g.. [7T]) ave multiplicative. and G is cquipped with many Poisson
Lie structures,

But, of course, Proposition 3.1 is useful only if G has a small derived
algebra G'. For instance, if G is the additive group IR", the ouly possible
Poisson-Lie structures w are the linear structures, obtained as Lie Poisson
structures of dual spaces H* of n-dimensional Lie algebras H (R is identi-
fled with H*), and the w-dual algebra is exactly H (e.g.,[G]. p.171). Then,
in order to obtain invariant complementary 2-forms, we Lave to start with
a solution 8 € A*H of the classicul Yang-Baxter equation of ‘H. The cor-
responding 2-form @ on R" will have coustant natural couponents, and it
will be closed and biinvariant. The tensor B has linear natural components,
and it is a multiplicative tensor field,

A less trivial example is that of a Hewsenberg group Hayqyp de. a
connected Lie group which has the Lie algebra Hangy o= span{X,. Y., T}
{t = 1....,n) with the brackets

(3.3) No V)l =6,1 (X, X)) = (1,Y)) = [X,. T] = [V, T) = 0.

{Notice that the Lie algebra (2.9) was of this kind.)
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Then, v = T2 X, AT, satisfios the generalized Yang- Baxter equation
m.’rl!i,r-_' = 0 thae [ror] # 0) and w0 = r — & defines a Poisson-Lie group
structiae on H,, 00 faganin. see [G]. Section 1004, for instance),

[t ix ensy ro compnre the w-duad H* of H by using formula (10.13) of
TG] whicly i ('qni\':ll{'llf to

(3.4} [ S = coad,,,),3 — coudy g0 {a, 3 € H*).
Namely, {7, 4", 7) is the dual cobusis of (XYL T) we get
351 (€] =€ ] = L T = € = ) = 0.

Now, we see that 8 = S €9 A 5t is o solution of the Yang-Baxter
equation [#.4]" = 0 such that the corresponcing left nviniant form 8 of H
is closed. In view of (3.3). the derived algebra H' = span{T} C ker 8, and

we are du asituation where Proposition 3.1 holds,

4. Move general complementary forms. We finish by a few
remtarks coucertang other types of complementary 2-forms on Lie groups.

a) 1t is kuown that, 1f G s a Lie group and P is a right (left) invariant
Poissou stinerure of GLoany left (vipht ) imvariant 2—forn w of G is a com-
plementary formn of £ [3]. 8] Formmla (2.1) shows that the new bracket of
lefe {right ) invariant vector fields in zero i this Case,

by Let (G o) be o Poisson Lic group. Iu principle, it is interesting to
study complenenrary 2-foris © of w on G sucl that vhe associated bracket
[+ )" of left fuvariant veetor fields is left invariant. while the form O itself is
not necessarily invariant. If we assume that G is connected. this condition
means LN Y] = 0, VX, 1.Z € ¢. Using (2.1), we sce that © must be
sucli that

|41} #[_\.,fl}')[’.z(;)' #""“":_Y:Lz.e_
~# 1,k {O(X. YY) ~ #adl(L,0)(X.Y)) =0,

Unfortunately. condition (4.1) is not very illumnnating,

¢ Another natural question is that of finding multiplicative comple-
mentary 2-forms of a Poissou-Lie group (G, w). The simplest idea is that of
trying to fiud a corresponding type of a generalized Yang-Baxter equation.
Namely, if # € A2G*. and © = 0 — 8. then O(e) = 0 aud LiyLv® =0,
7X.Y € G henee, if @ s conmected, O 1s a multiplicative 2—form, and we
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should express the condition {©,0},. = 0, Le o view of the explanation
at the beginning of the proof of Theorew 2.2,

(4.2) [66]* + [6.6]* - 2{6.0}.. = 0.

In order to express the last term of (4.2), we need to oxpress the e bracket

(e.g.. [0], formula (4.6))

(4.3} {a. f} = d{w{a, .-ﬂJ + .'(#u.n-)d--i H# Ada.

for o, € G*. Using that VX € G, L, s left mvariaat, and that L
anibilates right nvariants objects, we get first

i(.’[—){ﬂ,_.:.f} (L.\-u'_)(n,;}) - u?((_l.i(.‘-f )d.';’) =

(4.4) = (Lyw)(a,3) + (#aa) I X))

Then, the evaluation of (4.4) at ¢ € G using the corresponding values at the
unit point e of G gives

{a, 3} 0Xy) =< L3{a, 3} X >=

(4.5) = la. Coudy-1 "X ) + (Burigpo X(HX)) 0 L),

where wi(y) 1= L,-1(w(y)). In (4.5). the last terms the directional deriva-
tive of the function

,.}(X) oL,(5)=<Coady1 Condy-13. X >,

where ¢ is fixed, and v Is the virtable in &, Hence, this derivative is
. £ vields
coad#““g]u, and (4.5) yields

(4.6) {a,3}y) = Li-ilad, Coudy-1 3 — coudy,  oCouady- ).

Now. the operators involved in (4.6) have natural extensions to forms of a
higher degree. Hence, a shmilar formuda will hold for [6.8] of (4.2}, and (4.2)
will be equivalent to

[6.6]* + Coudy-1 (6,6} — 2[0, Coad -1 6]* -

(4.7) —cou.d#u‘maCuudy-19 =0, Vgeg.

Unfortunately again, condition {(4.7) is not very dhuninating either. Bu_t,
the result (4.6) obtained on the way is an interesting formula for Poisson-Lie
groups.

L]
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