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WAVE PROPAGATION IN A PLATE WITH VOIDS
BY

A. MANOLACHTI*

0. Lut oduction. Iu what. follows we cousider the problem of propa-
gation of pli ue waves inm infinjte layer (plate) of constant thickness 24,
made trow @ houogencons materia with voids, We approach this problem
m fwo steps o the first oyge, following the conunon procedure, we derive
the general toem of tle solution and frequency equations for symimetr.c and
auby syanue rie vibrations, Then. i the second step, we discuss the orained
cquations in tettns of cireudar frequency o i the ease of anti-synuuetric
vibrations {hending vibratious)., For the analysis we define a characteristic
freqneney wy proper to the meditun and introduce the reduced frequeny n=
w g which enables 1s to chnrae terise sowe speeific properties of propaga-
fon phenowena, Generally, the plae wives, which propagate in a mediam
with voids are accomplished by dispersion gl attenmation.  Although. in
the complote forny the frequency equations ape complicated, however, i
SO cases tliey ean e stiplified and the resalts Lecome quantitatively.
These cases ape identiticd by a cortaiy relation hetween w and wy. Thus, if
@ <<y the frequency cquition differs, in the fise approxiation from that
met iy tHie elissieal clasticity by o term mdependent of w and, we conciude
that the waves Propiate without dispersion. In the case w >> wy the
form of dispersion cquation becowes more ctmbersome in comparison with
the above sttuation hut we can devive a correction of order ¢ = o~ of
the classieal Rayleigh solntion whicl, wchentes explicitely the dispersive and
Space attennation cliarieter of waves

Tlis papper represetis the written version of Le vetinunncation presented at the
I'l‘m'm-dmg.-' of the Piiversity “ ALLCugn™ held i Bust, October 2 30, 1994,
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1. Fundamental Equations. Weo start from the equations of o hi-
near theory of materials with voids ax was proposed by S.C.Cowin and

JW. Nuunziatoe mi3.
According to this theory. the ficld equations governing the defornation
of an isotropic Lomogeneous body consist from the following set:

the cquation of smotwen P the ahsense of hody forees )

di...)

‘7:;.,;=I’i;i (}‘J:_
(1.1) 5 Or
Tu;o
h,,: + § = /)f.-[u'}! ,-}‘- = a—f:— o} F 1.2.3.

constibutine equations

oj =AM+ gy, + 2z,
(1.2} hi=au,
= —~ir— €1 W He= o,
where o, 305020 A kg ave material constints,

geomnetrical relotions:
g:ij = 1, + Wy
bowndary conditions:
{1.3) Tty =a; hyn, =10,

1y are the components of the ontward novmala at the hods surface aid o,
are given surface loads. (The weaning of all Held variables and notations
are those appearing i [3].)

On substituting (1.2) into (1.1} we obtain the Lamé's formn of the
equation of motion, namcly:

P, FUAE e, e, = pili,,
(1.4) 'y, 1)

Wy, — b =& — 18 = plyi

To solve the problem we assime the displicement vector components and
function of volune fraction be of the for

(1.5) i) = H]I: r...r;;.l‘). ty = h'.-;(.l'l..f ;.f]; ey = “, Pro= ;/( rl__i';;‘f).
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Tie view of 41 31 Egs 11 4) becowee:

PNy N+ i+ Foe o= pedi )
i1.6) PNy + 10X+ P+ ey = iy

Y “pe = Ep — 4l prheg i
I the case of free bonndary conditions we st have:

Faldh) = gl ) + 0y ) =0,

(1.7) Tog{ 2l = (A 4+ 2p)uy 4 + Auy gy + A =0,
Ilthy = ary = 0.

2. Solution of the problem. Lot ns sssume that the direction of
propagation of wives i parallel ro the Qe -axis. As usually, we represernt
the displacomenrs wy, uy in ters of potentials ola ey, t) a:nd Wiy, ry, t),
as follows:

l) —
(2.1] U =0 =D, Hp = Oy e

Inserting (2.1} inro (1.6) we obtain the ser of the tfollowing coupled equations:

1 %
Ao — == =k,
Y]
. .
(2.2) Ar =~ —p =)
e3
: 11
A= = =i =50 = A1,
u L)
wliere
s A+, 7 a
= —— == s —
” ” prhy

L S AP T i .
,\-_‘-2,';‘ i o ‘},...“‘ ('12_“ f—m >0, 3]

The solution of 1l system (2.2) s songht under the form:

@ = {Ashory + Deliday et ~%0)

(2.4} o= {Ayshdyaey 4 Byehaga ) =tk
l r.
v=—S(Ae - 56),
h &4
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wlhere & and 8y are to bhe determined.
By substituting (2.4} iuto (2.2), we obtain:

{2.5) ()u = ’..2 Tz_ T =

12
. 1 5 . .
(2.5) hf'.z = {%(ﬂ +h—rid )+ 5[.‘” +h—nid)) — ab— f.,f_‘fll."’]l“}

where
2 ’ 2, 1 22 “"'2, 2 w?
a=k -0’ b=kt ten - 002 5 f =
£ 9 <
Note that
(2.5)" Ot + 0F = a4 b—nd). 8}0] = ab— 3 rk?,
Using (2.4} and the notations:
(2.6) o,luy) = A,8ho,u3 + Bychd,ey, j =103,

where 4, and B, are coustauts, we can write the general solution of the
system (2.2} under the form:
o= (.Q)l + @2)(r(wi—k1‘1]

(2.7) g = qye R

v=—{li¢ +('-_u§2)f'("'” kry)

1 = . . )
(2.7) (== =k +o%), j=12
Iy
In view of (2.1), (2.4) and (2.7), the displacement field throughout. the plate
read as follows:
Wiy a3 t) = —[ek(@) + @2) + oplet R

. wi=kr
wylry. g t) = (¢ +d)'3—1l'q)u)f'( )

viay, Iyt = =10, + (o, )(alw'r—k.r:l)
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In ordey v express the stresses, we use the representations (2.1) in the
stressestrain relanons (1.2). After soie transformations we obtain:

oy = 20 45 4 0 — ey,
)
Ty = =20 1y + 770 — 207 44)

Iy = ooy,

When the expressions of functions ¢ and o are substituted in these formula
with the notations (2.3) aud (2.5). oue Las:

anifar oact) = —p[2k(0] + o)) + (2k7 — r)gy|e ke
12.8) Fyglayorgd) = —pl(28 = 7o) + o) - 2ekoyJett=im ke
Il gt = —u((]o', +(20;J(““’.‘_k1'i

Solunions {2.7) coutain both the synnnetric aud anti synunetric modes of
vibratious, We can separate these modes, as follows:

i) T the case of symaneteical mbrations:
L g il = =g ) = {uy =g e g oy, t)

whack ave satisficd when o is cven and o 1w odd in variable r3. In view
af (2.7) and (2.6) this vnplicas

--l] = .’i-; U Bu = U

According to (2.8) the appropriate expression of the stresses are:

g = —[20k(0, B shéy ey + 0y Bashég oy )+
+ (207 - T!):luslmu.t'-;if'("”_’“")
12.9) Ty = _l‘[(?-f-'z — (B, cho,ry + Bychdges)—
— 2ukoy Agchdyey) ot
Iy = =a[Cid Byshoyey + €28, Byshogay]e«! =50

1) I the case of untr symmetrical vibrations. the displecement field 1s
characterized by:

(apcug, o) =y, =g t) = (—wy 0y, —v 2, 23,t)


HP
Rectangle


432 AOMANOLACTH [

whrch corvespond to o odd and ¢ cwen o the pariable ry.

In vireue of the same formda (2,77 and (2.6). we mnst have:
B] = Bg = (}. .'l” = ().
Conseqguently, from (2.8). we obtain:

Ty = —[2.'}\‘[{)1 .'i| l,'ht’il.t 4+ ﬂ_» .-12(‘].14'\!-_.-.1 3 j+

+ (2’-'2 e T-J_iB[;('ll(‘);; { i]‘ ot =R

(2.10; Ty = —;r{(?ﬂ-l T!)':“'IAISIU”[J”; b g Aoty j—
— 2kdy Byshogay|e ke
if.’s == "“[(Ih]-'{l('llﬁjd s+ [302:12(‘11(‘)_, lj.i]("(*"""k-"li

By sustituting (2.9) and (2.10) into (1.7) we arrive, in both eases
to sowe homogeucous system of three equations for unkuown constants
By, B, Ay and. respectively. Ay, A,. By, The condition of consistency for
these constants lieds 1o two transcendental cquations for the wave wunber
k. These equations have the forin

For synrnctrical mbratrons:

R b6y — (y)ethégh
(2.11) - . 1040} z,) oh
4]»"‘(‘)U (|0|l'f11(52]f - (-_gh-_)('flll’)l h
- For antr-symmetrical mbrations:
24 — pt . —{.
|212) 21 T _ (3;0_)_((1 (_))Ehbnh

41\.’2(5” (Ill\l f.ilh-_gh - ('_gb-_{f.ll(‘)] ]l

Solving these equations we will obtain, geuerally, complex values for the
wave nmunber (o) = bplw) + b (e ) Therefore we can writes

fl(df“f-‘,f|} (_tl.'”:...l'."k” r J(—L‘,J’i

The phase velocity of the waves are given by ¢ = Li and the exponen-
tial factor contaiuing &, indicates the fact that the pmlﬁngntinu phenomena
1 accomplished with attenwation aloug Ory.

Morcover, since the plase velocity depewds on frequeney w, ¢ = e(w),
the waves are subjected to dispersion. The analysis of equations (2.11)
and (2.12) uuder the general form presents some difficulties. However, we
can obtain some concret resules i two extremal cases: nawely kph >> 1
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o bl <= 1 These eases will be mvestigated helow, T this order we
nitreduce the following dimensionless quatitios:

J

o < 2 T
L= ].J' = ’.' R {’, = 7'— .‘.':(1_3‘ 1 = _‘f' Hn = _:.'f.’
gl ' “ <

x » e ——_— o . )
With these notations, frong (2 o and (2507 after some ealenlus., we obtain:

(‘.'(f =1-..
2 2 &
(2,14 MY =2~ 4 Mk,
242 ity it
a\lf\J i1 ;”\}[1_,._.‘\_{(*,;&}_ i ?,JH’-
-
where
2 = 2 »
v e E I
UI...‘] = —n + TI_, ¥ ERE _ r ii:‘!_
i ' s

3. The analysis of the frequency equations. In what follows
we forns ol attention to the frequency cquation (2,129, which gives the
wave munber for anti synuuetrical vibeations iy terms of w, considered as
mdependent variable with real values .

As we observed, the waves throughout the plate are subjected to dis-
persiow and atteanation. Setting

for the phase veloeity o, we obtain

13.1) PR P S S
epe ey Refey, S0

The uteasure of witemtuation js given by the coctficient of attennation:

i3.2) d = !

- w‘fm{r'_;\/:}"'

where Ref...) ‘znu(l {"m{...} denote, respeetively, the real and nmnaginary parts
of the expressions inside the brackets, -
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I ovder to derive some quanfitative results :'nnr('ruiug the Propagia-
tion phenomena. we define the charncreristie frequence wg. by the velation:

2
2_ 0
U

where ¢ is the veloeity of lougitudinal waves and € is the characteristic
length of the mediwm [3].

In addition. considering wy as o referenee frequeney we introduce the
reduced dimensiouless frequency

(3.3) ==

With this notation, the formmla (2.14) can be rewritten as follows:

& = 1
: . 4 ¢
(3.4) éf-f—b._f=‘2—(m+n]u+m\.(;;-z+ ”)
S _ A C (o 08
Ofb.f:[l—m\)(1+m.)+(l m-,](—)+l—) : ;"m\,.
" Ui /)
where _
A=1- H.'ﬁ(.ﬁ. = H.IC.I‘.“- R

In view of (3.4). the frequency equation (2.12) one reduces to an equation
giving « as a fuuction of & and parmmeter 41 ¢ = J(w. ).

The following cousiderations refers to the cases kgh >> 1 and respee-
tively kph << 1.

1. The case kpl >> 1. (the short wave lengths approximation)
In this case the function thi.. )k appearing iuto (2.12) will he substituted
approxumately by unity. By using (2,135 and (2.7). after some ealeulns
(2.12} can be written under the fort:

(3.5) (2= 07 + 05 + 0800 — 1+ ml) = doud byl dy + 051

At this point we will separate the problem into two parts as for as w < < wy
(or i << 1) respectively @ >> wy (or g 5 1)

la. The case @ << w. If w << &y, then we have
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At the torns containne 17 wreater e thi of order #=! Expanding the
oriis appearing i 03.9) 1m0 power serie of redieed trequeney 4. we obtain:

:"I" + (5j + bt =] e, = ’—“T\I_l + 0y},
1"
) I
MEOd) 4 S )= _,T-’_V I+ wiils =l + (i)}

Therefore, we eng write (3.5} ax follows:

VI - 1”-"'1 + W = 1+ 0iy)) = 0.

"Ht\

i y Fir )
(2 = ot ==t ] 4 i) —
e H-
Fromi thus relinion. I veglecting the terms of order . oue Las:

(3.6 2= ) = AT =1ty = e = 0.

Sinee this equation is independent of o we conchade that the plane waves
propagite e the approximation Ofy) with o dispersion.
Frether, i view of (2,131, (3.6 can be written under equivalent form

HE)
o ) o - e 2
13,71 e ¥ =g |1 91 f«'f|f.':—(—.,

" Lo h ]

'\\‘lu‘vh e 1;1v~u-u{~‘tlu= l[(:n_\‘l(-agh cquation deseribing the sieface wave pPropa-
garlon 1 asenad - infinite wedinm with voids, the infnenec of volels straetige
heng, pomnted o by the tern A 150

. Flievefore we conehiede it in tis case Hie woves are not subjected to
disper=ton sl attensation

Lb. The case w =5 oy When o > > wy. we lave

't y 1
-, = i - !‘ 31y = < < 1
s it
Setting 5 = 7, aud peelecting the terns of order _-“f. frow (3.4, we fined:
3 oa L el s
i35 Al e s R T O, =11 — e + g )

By nervoduening these o Xpressious into (3.5, after sote operations. we obtain
the copuation:

(12—
T = L VT = e

300 .
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whiclh cluwacterises juse the propagation of @ surface wave in o classical
clastic wedinm. Therefore, i this case, tle presence of voids does o
affect the propoasation phenomen.

i
2. The case kph << 1. {the loug Hexurnl wave approxination) In
the investigation of this case.we will approximate the function thi_)h. as ¢
follows:
> Ny

thoh =6, hi1 hffa').

Using this approxiwation. the dispersion cquation (2.12) can be writ-
ten wder the form:

(2 -
40

B (O = Ty)oy(1 ~ 1o3h?)
= (= NGel - et

<we| ,

U

When the expression of ¢ given by (2.7) ave taken into acconut tle above
i 3 i
refation ean be transformed wo obtain

(2*\)2 _ 3 (]—\)(hﬂ',‘z

(3.11) H1 =) B3(1— k)

Frons the equation oue gers ¢ as function of ()2, whiel indicates thit the
antl-syinnetrical waves are subjected to dispersion. by addition. sinee the
mfuence of voids structure do ot appearswe conclude that the sropagation
phenomena s sunilar to that m the chassieal elastic medinn,

When in (3.11) we cffeet sone calendus iy whicl the ters A? are
dropped. we arrive to the formulie:

| =

o = (BEE -

G

From this relation, we obtam for the phase velocity the expression:

4 , A !
= _{],J__-)-$'_ f -
3 A+20 p

This relation shows that the phase veloeity deervases to zero with rereasing
wave lengtll. The same property is true for the gronp velocitv.

Finally, we observe that asimilir study can be made m the case of
synunetric vibrations of the plate (see [4]).

———— — 5t
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