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LINEAR OPERATORS AND MATRICES IN H-LOCALLY CONVEX
SPACES WITH AN ORTHOGONAL BASIS

BY
EDVARD KKRAMAR

L. Introduction Let X be a complex locally convex space whose topo-
logy s generated by a family of sufficient Hilbertian seminorms P={p,,
o = A} where A is some directed index set. Such a space which is also complete
we shall call an H-locally convex space [2], [4] (H.-lc). We denote by
( .} the corresponding scmiscalar products, e =A. We shall suppose that
in such a space X, there cxists a countable orthiogonal basis [3%, that is a
system of mutually orthogonal vectors {e,, 1N} with the property that

for cach v =X there is a unique number sequence {v}. such that v—X xe,,
i1

3=
where the convergence is considered with respect to the seminorms 2. For
such an cxpansion, holds for example [51: a;=(x, ¢;)./pl(c), j€N, for
cach « =4, for which p,(¢;)#£0.

We shall give the connection between continuity respeciively quotient
boundedness of some linear operators and their representation by a matrix
in such a space. In the sccond part, we treat the existence of the adjoint
operator.

2. On a representation of a linear operator. l.ct - be a lincar operator
on an H-lec. space with a countable orthogonal basis {e;}. We shall say that
A has a matrix representation if there is a set of numbers (a,;) : 7, 7€ N, such

-
Zaga; converges for any 1 =N and the

-
that for cach v=2Xux;e; the secries
=1 J=1

1
following relation holds :
(21) (;“1 _L')j=2clu,1.‘j, 1"—'.\‘.

I=1

Theorem 2.1. Lach continnous lincar operator on an 1-'.c. space with
a counlable orthogonal basis has a mafrix vepresentaiion.
Proof. Let A =L(X}), then there is a unique matrix (a,;) such that

Aej=Zae;, j€N. Since A is continuous and linear for any v=3Xx,e, € X
j=1 J=
we have Av=2Xx,4¢; Chouse any i €N and « =A such that p,(e,)#£0, then
j=1
n Ll
(Ax)i=(Ax, ;) p5(e)=1im Bx,(Aey, e1)of piles)=Zayx,.
Hoaar Ja=1 F=1
This completes the proof. With some restriction we shall prove the converse
assertion, First we prove :
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Lemma 2.2, Lot X bean ii-be. space s wh a conntable basis {e,b. 1f for any
o o
v = Xxge, the number scrics Ya v, converges. then f{x}= Sar;xy s a condDanos
=1 i 11
Lincar functional on X.

Proof. Foragiven - Yo =N, define the sequence v=/{(1,) of numbers
1

7
k
V=S A=l 2e. By assuimption, 1t 1s cony ergent and hence hounded.

11
Denote v= Fx, where 715 a lincar mapping {from .Y to the space l.. {with
the sup. norm). Let us prove that 7 is closcd. Choose a net {45, 81"t such
that lim 3= v and lim T'x8=c, where I is some directed index sct. We have

sel’ sal
=8¢, for cach ¥=1I. From the convergence lim x¥—x and the orthogo-
1-1 sel
nality of the basic vectors, it follows lim =y for cach jeN, Thus, it
set
. : " ) :
is obvious that lim Sa;af==a,x,, for cach k=N On the other hand from
Sgl -1 j=1
L
the convergence lim Tx®=z in 7. for cach f= N, we have im | gy, —
el sel j=1
i

_z‘..__o and (.(;]]quucnti-\. ..\:(f_, "'.__:'.'? for Cﬂ.Ch fl‘EA\‘_. l]CnCU ']'_\'::, thus_ ]

sl
is closed. Since X is reflexive it is barreled [37, {67 and from the closed
graph theorem, T° is continuous ([70). There exist p, < I and ¢= 0 such
L] -t:
that '_).luj.r;_éli’l'x",g(.'.pY(_\'). fe N, veX and hence |Sav i€ po(eh veX.
j=1 ) =1 .
Let, now. X be an H-ic. space with countable seminorms.
Theorem 2.3. In « Fréchet H-lc. space with a countable orthugrnal
basis cach Lincar operator which can be ropresented by @ matrix. 1s coRtintous.
Proof. Let (a): 6 J=N be a matrix which by (2.1) defines a lincar
operator A4 on X. Let us prove that .1 is closed. Choose a sequence {3} C.N
with the property lim "= v and lim Ayt —zin X.oSince v (A R
Hew s Je=t
ieN, veX, arc, by the previous jemima. cohitinuous Jinear functionals on
X, we have for cach /€N
Hm [sd3)== lim Yan =2t gy (XY
- noewj=l Jami
on the other hand for cach coordinate. we have lim (L14") =25 hence dy—z,

1 is closed and from the closed graph theorem it 1s continuous.

\We shall consider the conditions on an infinite matrix under which
it defines a quotient bounded operator. An operator 7 is quotient Dhounded
(T QX)) if pu(T V€ e pa(n). for cach a &4 and v X ([1]), [3]).

Theorem 2.4, Lct X beaie Hedie. space with an orthogonal basis fu,. 1 =51
Then @ matrix (a;). & J©N defines an operator A =QpX) 1f and onlv (f the
following condilion is satisfivd

Foreach p= P dhere is sonte M O such Uiad forany n < N o arbiifrary
Xy, Xay ey = Co the following nequalily holils

s
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» O P
( ) !i:j:-!\f‘f)x(m)uij.h §.1[1i\_. | X ':/55::(“")'

L]
=1

3 2 . 1

Proof. Assume that (ay) defines an operator A €@ .(X). Then for any
-X.E.\' . - ) i . ) : . ) 3 ES bl =

and z =N (Ax, 2, €M p(x). Tn particular for v=2Xxye; we obtain

(2.2). W shall prove the suffici i | om
: shall prove the sufficiency of this condition in some ste
we shall state that for an arbitrarv e-tuple a, it e

1l st at \ v, =0 an S any
7z = A, the following inequality holds " and forany

2.3) ): 1l =3 EX LN e 22

( ' lpx( |)I.I‘:].I'|_|\_,: = '}.‘}aj?:lf_\jl-j‘);({,.)‘

It 1= casy heek the L e . ,
casy to cheek that L(v, v)=Z ZV.apx,pie;). where ==X ve .‘j’\' Cie

t=] f=1 i ]
i=1 F |
H

= Xz, the follo-

H .

wing estimati L) 5 NERAES
g estimation holds: L,{:2)| S ;1[,}!:,- p5(esy == M pi(=) and consequentiv

ib a1 . 111 i - 2 Lo . T
sesquilinear form. By the above assumption, for any =

(2.4) (s WIS M P3Y) 4P D)

W hcrclwc took into account that the scminorms are Hilbertian, If jo ()
;]1'\5_1‘(/;1);]],_.‘111‘?11 {.,,(.\‘. _1');§2;11, and hence [L, (v v) £2M,p(00) p,(JySI.I for
}) ('\-)'j—() ( such .tl at /3\17(.\);:0 amd po(1)5£ 0. This inequality trivially holds if
s oL Pa(3)==0. Namelv if po(1)=0 then by (2.4) |1, (v, V)M, p.(0)
or cach x with the above property, hence L,(x A =0 and similarly if po(v).
=0. Thus, we have e SISO

n " " it

(2.5) Y pe) v Mag PS4 E Y | ylapi e} B *hE
i =) fj.":_ AP 4. [a]—l Vi )—'1 Vi)
2]
If we take v, =Xu;0;, 1= 5
take v, Ny 1= Iy 2,...s where v, vy, v, =C arc arbitrary, then

. J_l
by a simple consideration, we obtain (2.3). Let us, now, prove that for any

"
g

r=XveoeX : ' series Sa;, v
45 €.\ the number series Xaj,v; are convergent for each 7 € N, Suppose

jml Je=1
conversely, that there are some z=2z,¢,6 X )
v, that there are sone Hu_j%;jt.jel\ and g = N such that the serics &
. ; sl J 1
iy, 5y 18 divergent, then S,z =
s 1 < =00, Let =1 be 5 H 3
s | P, =1 be suchthat p, (en)#0. For

vach j €N, let 4; € R be such that — i S T ooy
[ g S PGB vthat a,;5=ja,,z;)e!'s where i=] —1. Using (2.3)
of n>m and y= X z.ci ¢ R .
5 22l . OoNne can estimate % N\ o Y2 o
) P J i i estimate (/)_.,w(f.,,,_) .1.-_.] Ay ;35 )'§ 4-‘]"1‘ :

W |t AS 3 5
c x|zt (v) and il n—o0 1t 18 a contradicti
= " radiction with p, (z) <cc. In the next

step we shall prove thie following inequality
(2.6) e TapyPg A v N, nal,

fa ] J=1
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Suppose that for some .1'=£.\',c..+-'4‘f, neN and p, el (2.6) is not valid.

J=l " m
1y i NUAZ N s
er i, we may take m >, such that __,lpa(. i |j_.:r,,.. e
1= =i

Then {here is some integ 5
, and this n

4ATEpE(x). But, then such an incquality holds also for n=w
AfEpiia).

; ; - o Pax, i=1,2, 3,
contradiction with (2.3). Let in (2.6) n—® and y; Ela,ﬁ\j, ; ;Y)
252 e X o v=X and A €0(A).
st N p2f AN)SAMEPYx), ¥ X, e €A, hence Y EA & 2(X).
e Q‘tl\tl)] sf)qlt}(m\\‘)hat starongcr conditions on the matrix {ay). which arc
i C CF ve the following. B
Casmr’l:(l?ecf:;cr;ké ;‘C]jtn:‘( %reocm H-lc. space Sith a countable orthogonal busis
fe,} and lot for (ai;) the following two conditions hold
(i) £ |ayl€C, for all isN,
fza1
(i) 3 ay] ple) € Dapile), Jor all j SN and 2 SA. _
generates a quotient bonnded operator A on X.

1=1
T hew the matriy (dy) 0 .
=Y, v=2ye; such
i ) j=1

Proof. Choose arbitrary neN, p,el and

1=1 1
"o = non e . :+I‘.L- ’!7-:-:':
that pa(x)=pa(¥}=1, then 2| Z By, o pia)| S % Zaupiled (bl 2

1=1 =1

£C4+D,=2M, and for Ppa(¥)#0, pa(¥}#0 it follows
(£ piteaTi a1 M2 E g B gl
ial j=1 ful t=

ity i i g ; = A =0, what can be verificd
This incquality is valid also when p,{v}=0or Pa(3) ), . ]
i[nhltsh?;gl;?c n:uu:ner as for (2.3). Thus also (2.3) holds and from this point,

i s that onc of Theorem 2.4. . -
e PI'IOSE luslsse(llléltfo’?g wi;h B (X} the family of uniformly bounded linecar

i VECha(x), x & A, where C i
) Y. deBa(X) iff pu(Ax)SCPalx), x5, =2, o X
?EEE;E%rSag? of\x w=A. B\?(thl prcc]:)zd(ing two theorems there follows immedia
tely.
Corollary 2.6. Lc
{en teNY, then :
(a) a matrixv (a:)

{ X be an H-le. space with a countable orthogonal basts
determines an operator EBAQ’) iff the condition
] s f1 I=M : pend on w4,
9Y is satisficd, where M=2M, docs nof de pend ) .
2 by if c{mcttrix (a:)) satisfies the cenditions of Theorem Z.JE;UIz}?rL D=D,
docs not depend on o €A, then it defermines i opcmtornfl = (ﬁ([ ').‘d -
1 On the existence of the adjoint operator. In [3 J"w;:.__ (1: 1_11;}1‘ rcl';-
lincar c;pcrator 4 on an H-l.c. space X the adjoint operator .4 B2 e rels
o (Ax, V)a={x. AV}a - X X, o:f’EA. o
We noted that the adjoint do not exist for all C(_)r!tmu(.)uslo!pc!'a)‘:m je“tl(::
interest will be now on the question under what con(llrtlo'ns tlhc adjoint oper:
exists in an H-lc. space with a countable orthogo{ml )aSl-S'E L eLX)
o Supposc that for . = L{X) there exists an adjoint operator ik LEX ).
fith respec ho orthogonal hasis {¢;L. there exists by I'heorem 2.
With respect to the orthoge {e, thosgiosists |y o
matrices (a;;) and (by) which we can estunate Iroin
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(3:1) di={ Aoy, c)al B, bu= (A% edul P2l 1 iGN,

where for cach =N, z=4A is such that p,(¢;)50. We shall give a charac-
terisation of the existence of the adjoint operator in terms of the following
generalised  sequences

se={palc), 2 =AY i=1,2,..

depending of the orthogonal basis and the syvstem of seminorms on X
Theorem 3.1, Lof X be an H-l.c, space with an orthogonal basis {e,. | & N
If for A €L(X) there exists the adjoint operator A° € L(X). then for the corres-
ponding matrices {a;) and (by) it follows 1 1f 53208, 120, then ay=a;=
=hyy=b;=0.
Proof. The lollowing equations hold

(&%) agpale)=pupale)) s L JEN e A,

I pu(e)#0, pa(e)0 they are a conscquence of {3.1) and the relations
{Aep ei)a= (), A%;)s i all other cases (3.2) is trivially true. Suppose,
now, that a;#0 for some 7, j =N, then by (3.2) pi(e;) =pi(e;)byifas; for each
x =4, thus 5,=2s;. The same conclusion holds if a;;, b,; or b, is equal to 0.

For an operator A4 =L{X) of diagonal form with matrix {a;),where
;=0 1f 4z j, clearly the adjoint operator exists. But, there is a question
if another operator has an adjoint. First we have:

Corollary 3.2. Let X be an H-l.c. space withthe orthogonal basis {e;, i =N}
If therc cxists no pair of indices i, 7 €N, (2], such that s,=1s,, then only for
diagenal type operators, the adjoint cxists.

In a non normable H-lc. space with a countable orthogonal basis
the set of operators which has an adjoint is not large, namelv we have.

Corollary 3.3. If in a H-l.c. space with a countable orthogonal basis
edch finite range operator has an adjoint, thew the space is equivalent fo a Hilbert
space.

Proof. Let {¢;, 1 =€N) Le an orthogonal basis in X, Choose arbitrary
r, k€N and e, €A such that p, (4,)50. Define A v=(x, ¢,), ¢ Clearly 4 = L(X)
and 1s finite, their matrix (a;;) satisfics the relations : ap,=p2(¢,)%0 and
#i;=0 for i#k and j#r Since 4 has an adjoint by Theorem 3.1 sp=1s,. As
r.ke N arc arbitrary, all sequences s;, ¢ €V, are proportional, hence po(e)) =

=Np.le)), JEN, €A and consequently  pi(v)=pi(e)) X |x;23, for each
i=1

yeX and o €A, If 2, €A is such that p, (e,}50 then p (3)=K, p, (), v X,

<€A, where K, =p.(c))/pa(e). This completes the proof.

For the quotient bounded operator we shall prove also the converse
direction of the assertion in Theorem 3.1.

Theorem 3.4. Let X be an H-1.c. space with an orthogonal basis {e;, 16 N}
and (@) the matriv of an operator A €Q(X). 1f for each pair i, j= N such
that si#18;, 25201 a,;=0, then A has the adjornt operator A°< Q4(X).

P’roof. Clearly, the condition s;% ks; 1mplies also a;;=0. We shall con-
struct the matrix (b;;) in the following wayv : if s,;%2s,, 220, let b;=b,,=0,
m the other case let by;=ay;,; p5(e;) ] pa(es). here BSA is any of those indices
for which pg{e;}0. The matrix {4, satisfics the condition of Theorem 2.4
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. irie e ith
and it is casy to check that the same is true for r(b;_.é. E\ tl"?‘t]‘gfl(gri’gl]at\i‘;ns
}Lllis matrix is defined an operator &0 ,(X). We shall prove

(3.3) (A, e5)i=(e;, Bej)a s 2 =4, i, feN.

learly illed, since A, L e@p{(\\). Let
: - p(e)=0 thev are, clearly, fulflllu_l, since A, ().
; /)-"(t'-'z)_ %f?ly‘)pc(‘gt)jl() then, from (3.1) we obtain (.1e, eJ),=¢:,,pa(1,,?ta:1fl
Pa(i})ﬁ- e P"Z‘- ; qf.’ now, s;#Xs;, »s0, then a;,==0 and by the (]:onf.s rub(,
(tti(;)’n :ls)c: ;,b'i(t)x ‘Ehcrcforv (3.3) is true. T s;=2s;. then the formula for b,
implics (3.3). s
i ' ; they hav » expansion v— X vg,

Choose, now, arbitrary x, v, €X' ; they have the expansio S e

i o dra=
5 ince A arc inuous, we¢ have Ax= o
v ¥ ye,. Since 4 and B are continuous,

rpdeyand By=
F=1

-
-

inui iscalar pr s g from
¥y Be,. Finally, from the continuity of semiscalar products and fro
% e o ‘ 3 Therclore -1 there
'"3'3]1 we obtain (Ax, ¥)=(x, Byl vy EN, z e ). Therclore, for .
nint oncrator 1%— i3
'xists the adjoint operator .l : o "
) E\amj)lc’] et X=s, be the space of all complex bL.%l]lLl'l(,]U:-. ““-»1; 1-;]]
AN ant 5 P Sl . . ) o 1 ) - 2. .
topology induced by the family of seminorms PP={p,,. m =N}, where pi(
o ‘ inorms arc Hilbertian
5 v =27 |, meN. Lvidently, these seminorms are Hilbertia
.—‘_-;! - . . CAT ) I 0()‘
d i » orthogonal basis {«;, 1 & N}, where ¢, — (0.0,
: is an H-l.¢. space with the orthogona 160 1  where ¢ =(0.0,...
(;.n:)l I8 lllt _1\1' It-lis casy to check that the sequences s; have tl’ul, pil-‘opé'ti‘ch
f. P h & &N all s-whenever 281281 — arc proportiona .1 ormt(ri\'
- \ui t / eV be such that 28125 — ). Denote by (ay) tl(:fna .
= i) & & S ' : ) : o
:f an oL crator < €Q,(X). Now, we have from t’ltui aboxgt&cog\m 41 =0
f)or‘i jpt‘ \ such that 247'€i€2k—1 and j<2%7% or j22% then A has

adjoint operator A° =0 {X). In gencral 4 is not diagonal.
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METRIC SEGMENTS AND MEAN v ALUE THEOREM S
BY
MIHAL TURENTCL

0. Introduction. Concerning the refationships between the local and
global properties of vector valued functions acting on a real interval, the
hasic way of expressing them is offered by the so-called mrean rvalue theorems,
From a technical viewpoint, it must he distingnished between mean value
theorems under an ineguality form (Dicudonn4 (3. ch. VI §57. Turinici
(147} and mean value theorems under an cqralify form (Sova [137. Mclcod
{117) Loth of them having a number of important applications 10 analysis
(sce in this dircction the first one of the ahove reterences). Under this
perspective, it is our main aim. in the following to extend some of the results
belonging to the sccond category of mean value theorems to lefi-continnons
vector valued functions acting on mefric segments of a convey metric space,
the basic instrument of our investigations being a mavimality principle
on ordered metric structures [16] which mayv be deemed as an’ | intrinsic”
version of the variational Ekeland’s one [0] or {under its quasi-inctric form
[15) as a common extension of both Brézis - Browder ordering principle
(3] and Brondsted’s maximality principle (41 Some further extensions of
this result as well as an application to monotone semigroups theory will be
given elsewhere.

L. Preliminaries. Lct X be a Nonempty: set, .o a metric on N, € an
ordering (that is, a reflexive. antisymmetric and transitive relation) on X
and > its dual. For cach y= X, lot X, <) (X(v, 2)) denote the subset
of all v&X with x< v (x2v) and for ecach couple v, yEX with g
let X(v. v) indicate the order-interval between v and {the Intersection
between X(x, ) and Xv.z). A sequence (v, s #=N) in X will be said
to be increasing (decreasing) provided v, <x(a2 1) whenever i< and
menolone when it 1s ecither Increasing or decreasing © in this context, the
ambient ordering € will be termed Dlerval-asym plofic in case any monotone
sequence lving in an order-interval is a Cauchy one.

Lemma 1. Let <be interval as v flolic. Thew any chain € Sfor whick there
is un order-interval confuining it s both < Canchy and =-Ciuuchy,

Proof. The fact that € is <-Cauchy mav be expressed as: to any
¢ = there corresponds a 1 Vie) in € with d{¥, v} <z for all rel(vn g).
Suppose this does not happen @ then, a number ¢ -0 may be chosen with
the property : for cach ve( there evists veELO(r, ) with dia, vize It
immediately follows an increasing sequence (4. #=N) in € (hence in the
ambient order-interval) mav be found with f(Vae Xy }Z 2, nEN, comira-



