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are satisfied according to (48)._
Thus, for the connection V and the local canonical basis ¥, we have:

VAFi=a(Fa)s=0, a=1,2,34,j, k=1, .., 4m,

hence the local expressions of F; are constant. By a linear coordinate
transformation we can give to the matrices associated with F; the usual
canonical expressions. Hence the almost quaternal structure is integrable.
Conversely if the structure is integrable there exist local charts such that
the local expressions of F, in these local charts arc constant. For such a
chart consider the local connection having trivial connections coefficients.
This connection is obviously adapted with the corresponding 1-forms
%,=0. Then T==0, R=0, thus the local expressions of S and 1 are zero.
Due fo their definition, thev are globally trivial.

A manifold carrying an integrable almost quaternal structure is
called a gquaternion manifold. The typical examples of quaternion mani-
folds are the quaternion projective spaces.
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TWO-POINT BOUNDARY PROBLEMS IN THE -LINEAR THEORY
OF RODS

BY
GH. CHIORESCU

. L. Introductien. In the present paper, by rod we mean a bodyv B compri-
sing a material line and two deformable vectors (calied ,.directors”), attacll:cd
to every point of line (this mathematical model is called also .,écncralized
rod” [17}. For such a bLodyv the basic cquations are presented and a strain
energy funclions is proposed. By using the geometrical and constitutive
cquations, the displacement equations of equilibrium are written. For some
self-adjoint boundary valuc problems, existence and uniqueness theorems
are proved.

2. Notations. Basic equations. I.et the particle of the material lj

the body B be identified with coordinate SI.) In a reference ctoeli.;iaglulilalficfrf
of B, let C be the material line .R(S) the position vector of the points of C
and D, be the }-alues of the directors on C. The coordinate $ is the arc length
parameter of C. Let ¢ be the present material line of B, r the position vector
of the points of = and d, the directors at r. In the present paper the vectors
and the tensor are refered to the following base vectors : the unit principal
normal A, the unit binormal A, and the tangent vector A,=dR/dS. P

~ We consider an initial straight elastic rod with variable directors
which are normal to each other and to the straight line C. So that we have

(2.1) D, =D,;,A;, do not sum on &, a=1,2.

As Dy, a=1,2, deppnd on S, this mathematical model describes a rod which
has nonuniform thickness in" the reference configuration. !
We present now the basic equations of the theory (1.
Geometrical equations C

(2.2) r=R4u, d,=D, 3,

(2.3) {Tz{i‘_"‘D(a)_S‘ﬁ:r "Df.’ia_biza, ‘."cza"_is_za ---D(,,)ﬂ;, ‘;’3:;:28;33-""2”;,
kz,’.’l:D(BJSa,’S "D(cx|33m ka:r_sa':s‘f'D(’:)“;; -

where u, 8, are the displacement vectors and ‘i, #i; are the deformation

measures’ denotes the derivative with respéct to S.
Constitutive cquations

[ et 200 Do) D=2 o)
(2.4) n,a =(Dgom ,TII_)W“J = Dl — Dl pm 2D 50Dy =250( 6" 63,
i 'f;"D}}(G'-“ Jehse)s 7= ool e, =D Dl
ymli— (ZIRZI_ (z)P“_’D(tljbl":
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where g, is the mass density in the reference configuration, #!1is the contact
force, p*i arc the contact directors couples, 1t.” are the ln'fl’rll‘l:",lc (hrcctqr
couples and ¢ is the Helmholtz free energy. We assame that 27 is quadratic
in the kinematic variables v, &2;. Thercfore we have

pa¢= Aszravastrat Axsastasys st Azaantastaat Adagravasvist
+A zﬁ::s‘.'aﬂ“{33+A assn¥asVast Bas}. 578 k?.s + Ba;ai- :!‘;'::311';.3+
+ B: 32872 nkﬁ.s + Ba u}.;s";'z:ak?.a‘i‘ Bua: 3‘;’33"3&3 -+ Baaz ::‘;'.s:;”l'a:;‘f'
+Cagrshaphig+ Caprafaahns+Cognakashas,

(2.5)

where the coefficients Ay, B, Cije satisfy the conditions

(2.6) { AﬂibijBI! iy Acz:%rs:A KESZ.H 2| :3i3=“{ KEXEE

Bazyi=DBasyi Crigy=Caiii 2 B=12 1,j=1,2,3.
Equilibriwm equaticns
2.7 {(%) +paft=0, (™) +gol* ="t a=1,2;1=1,2, 3.
where f7 is the assigned body force and /%7 are the assigned director couples.
3. The displacement equations of equilibrium and the boundary value

problems. By using the geometrical equations and the constitutive equa-
tions, the equilibrium equations can be written in the form

(3.1) T(S)W' +Q(S)w ' — [Q(S)w' + P(S)w i +£(S) =0,

where Wa=(ut;, 8;), f=(pgaf", gof*): 1=1,2,3; a=1, 2.
Concerning the system {3.1), we have the following result.
Lemma 1. If the conditions (2.6) hold, then the matrices T and P are

hermitian and the matrix Q is the adjoint matrix of Q (Q:Q*).
Proof. 1f we writte completely the system (3.1), the proof results by

direct verification. . - '
We suppose now that T(S) is a nonsingular matrix. let p be the

following vector p=:(n‘, p*)=T(S)w +Q(S)w. If further we set A=T1Q,
B=T1 C=P—0Q'T'0, T=B"', Q=—B'A, P=CLA'B'A, then the

system (3.1) becomes
(3.2) w' —A(S)w—B(S)p=0, " -A'(S)p-+C(S)w—f=0.

Concerning the system (3.2) we formulate the following boundary
value problems

o[ L% PISL IS +E(S)w(s) =,
(B) ( {Lz[w, pI=L[w (S5)—B(S)p(S)==0. S=[a, bi,
(b) M,W(ﬂ)—i—M._.p(c?)-~-M3W(h)—}-'1\14p“)]=0,
where Liwi(S)=w'({S)—A(S)w(S). L p(S)=—p'(SI—A"(S5)p(S). and My,
3==1, 2. 3,4 arc 189 matrices such that the 1836 matrix A=
MMM has rank 18, '
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Remark 1.a) The components of the matrices A(S), B(S), ¢(S) are
functions of the constitutive coefficients and of the functions D¢, and D),
Hence, these matrices depend on constitutive and geometrical properties
of the considered body. ‘

b) By an appropriate choice of the matrices M,, we can formulate
various boundary conditions. These conditions consist on the specification
of cither w or p or a suitable combinations of these quantities at the ends
of the line C. For example. if ‘

O AR N A |

we obtain the condition

(3.3} w{a)=w(b} =0,
. E, 0, 0 9, _
Ii M, == OuI s M, = |09], M, = |09| ., M, = IEsl s, we wet the mixed
rondition
3.4) w(a)=p(h)-=0.

In both above cases, the rank of the matrix # is 18,

We make now the following hvpothesis. {£): We suppose that .1,
B Conn®L%[a, b7 and Dy €Ci[a, b, a=1, 2.

From hvpothesis (#) it results that A(S), B(S), C(S)=.£5[a, b] (the
spaces used here are defined in [3]). Also, from Lemma 1 it follows that B(S5)
and €(S) are hermitian matrices. ;

With the help of the vector y=(1,), 2=1. 18, where v, =u,, Myi=p

1==1, 9, the problem (B} becomes
(B') (a) LYUS)=2Y(S)+4S)y(S)=F. Se[a,b. () Ay =0,

where the hermitian matrix functicn <#(S) and the skew-hermitian
matrix 4 are

0, —E, C(S]- .-h_S,l]
H

] =
“ IED oo]’ c‘4“(5):[:“3:-- B(S)

(F isgiven by zi=[i, F**=0, 1=1,9 and y=(%¥,) is defined by
L--_v,(a),y,g a=Va(D); 2=1, 18, .

Let (3,) be the boundary value problem (B) when f—0. By using the
theorcm 8.1 73" we can prove the following lemma)”

Lemma 2. 7f (2.6) hold. the probiems (B,—(3.3)) and (B,—(3.4)) are
sef f-adjoint  problems.

4. Existence and uniqueness theorems. Theorem 1. (Uniqueness
theorem). If the strain energy fumction is positive definite i.e.

b & 2,3

(4.1) Veob dSzef T (vE-+4%)dS, ¢ 20, c= const.

then i f the boundary value problem formulated by (B -a) together with
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ke

(4.2) C Wa)=w,, w(b)=w, or w{a)=w,, p(b)=p,,

has a solution, it 1is wnigue. _

Proof. Let w denotes the difference of two solutions w
vector w satisfics the zero boundarv conditions
(4.3) w(a)=w{b)=0 or w(a}=p(h)=0,

and the equations (2.7) for f=0. \\I'c multiply the equation (2.7), by #, and
(2.7) by 3., Then we add all these equations and we integrate. We obtain

w,—w, The

& _ s
(4.4) 2[ b dS—=(nu+ p8s,) .

In virtue of (4.1) and (4.3) it results that v,,—%,,—0. From {2.3) we obtaia
wy=b5 +¢, ,=dS+¢, y=a, §,=0, 3,,=0, 810=fD1), 8.1=gD\s), 813=—D,
by, 8p5=—D,d, where a, b, ¢, d, ¢, f, ¢ are constants. Hence, from (4.3)
it results w=0, S<[q, &), and the theorem is proved.

Remark 2. In conformity with this theorem, the problem {(Bo—u)
and (3.3) (3.4) has onlv the nuil solution.

Theorem 2. (Existence and unigucness theorem) 1f (2.6}, (4.1) hold E ani
s Doy Doy =CHa, b1, A yjqe By, Crppy =L, bl and f', [*1=.0¢4a,b] then
there exists a 9x Y9 matrix function (Green f unction) so that the problem
(B—ua) and (3.3), (3.4) has a unique solution given by

W(S)= [ (S, TYE(T)IT.

G(T, S) is continnous in (T, S) on O =[a, b] % [a, b], is absolutely continuous
% each argument on [a, b for fixed values of the other arsument, and G(T, S)=
=(G(S, 1) on .

Proof. By virtue of (2.6) and (4.1) it results that the problem (Bo)
1s self-adjoint (Lemma 2) and has only the identically vanishing solution
(Remark 2). Then the proof results from Theorem 8.2 {3 p. 3711.
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ON STABILITY OF SOLUTION IN LINEAR VISCOELASTICITY
BY
GH. GR. CIOBANU

U, Sufficient stability conditions are given for solution of linear
viscoclasticity ir the case of prescribed surface traction and displacement.
The obtained results are extending to linear viscoelssticity of the results of
Knops-and Wilkes |5] concerning linear elasticitv, Sufficient
stability conditions of cquilibrium solution are given in author’s papers

11, 12].
1. Let us consider a linear viscoelastic solid with constitutive equations

4
:_l.]) G”(x,t) ('Ui‘l (X, f) “H‘.,,(X,I‘) —l'oj-(l:;ﬂ‘-l (x,[. T)H;_,(X, T) ii".',

where g, (x, #) are Cartesian components of the stress tensor and u(x, f)

=(11(X, 8}, ua(X, ), 114(x, 1)) is the displacement vector at the point x
and instant ¢ All indices range over values 1, 2, 3, and usual convep-
tion of summation over repeated indices is adopted.

. The viscoelastic body accupies the regular region (4, p. 13]B(#)
at instant f&/=[0, T)|, 0=T <oo. &B(f) is the boundary of B(#) and
n=={1,, #,, 12,) is its unit normal.

) Here we consider the following initial boundary value problem of
lincar dynamic viscoelasticity. v
FFind the solution of the'system

(1.2) i 5(Ys O-e(x) Fi(X, 8) =o(x) dii(x, 1), (x, 1) =B(f) xI
satisfyiny boundary conditions

(1.3) u(x, #) =,O’ (x,8) =aB,(¢) =1,

TolX, 1) 1, =s,(x, 8}, (x, #) =¢B, (&) » 1.

¢By(f) UB.{t) = ¢B(f), and ‘initial conditions,

(1.4) u(x, 0)=ue(x}, u(x, 0) =V,(x), x =B(0).

) 2. Let. C7(B) be the set of vector functions with compact support
in B, and let H,, H+ be Hilbert spaces obtained by completion of €7 (B}
under the norm o. | - I, induced by inner products

TV Ep= fupdX <, v, e ug e dx,
B B

respectively, and let H. be the completion of CF (B) via the norm



