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(4.2) w(a)=wa, w(b)=w, or w(a)=w,, p(b)=p,

has a solution, it 1is unigue. o _
Proof. Let w denotes the difference of two solutions w=w,—w, The
vector w satisfies the zero boundarv conditions ’

(4.3) w(@)=w(b)=0""of w(a)=p(h)=0,

and the equations (2.7) for f=0. We multiply the equation (2.7), by u, and
(2.7): by 3,;. Then we add all these equations and we integrate. We obtain

[ _ e
(4.4) 2f v dS=(nu+ p&,} .

In virtue of (4.1) and (4.3) it results. that v,,=4%,;=0. From {2.3) we obtaia
;=585 +c, ,=dS+e, ty=a, §,,=0, §,,=0, 812=fD(Lh 3:1=§D(2J» 81 a=—D,
b, 8g3=—Dod, where a, b, ¢, d, ¢, f, § are constants. Hence, from (4.3)
it results w=0, S<[q, 4], and the theorem is proved. _

Rewmark 2. In conformity with this theorem, the problem (B,—ua)
and (3.3) (3.4) has only the null solution.

Theorem 2. (Existence and wnigucness theorem) 1f (2.6}, (4.1) hold E ani
por Diyy Digy € CYa, b1, Ay, By, Cijn €LY, b] and Jlo =L a, b then
there exists a 9x9 matrix function (Green function) so that the problem
(B—a) and (3.3}, (3.4) has a unique solution given b

w(S)= | G(S,TY(T)aT.”

G(T, S) is continuous in (1, S) on O=[a, b] x[a, b], is absolutely continuous
% each argument on [a, b1 for fixed values of the other arsument, and G(T, S)=
=(G(S, )" on .

Proof. By virtuc of (2.6) and (4.1) it results that the problem (B,)
Is self-adjoint (Lemma 2) and has only the identicallv vanishing solution

{(Remark 2). Then the proof results from Theorem 8.2 3 p. 371 1.
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ON STABILITY OF SOLUTION IN LINEAR VISCOELASTICITY
BY
GH. GR. CIOBANL

Y. Sufficient stability conditions are given for solution of linear
viscoelasticity ir the case of prescribed surface traction and displacemnent.
The obtained results are extending to linear viscoelasticity of the results of
Knops-and Wilkes (5] concerning linear elasticity, Sufficient
5%:_11)i1i2t_}' conditions of cquilibrium solution are given in author’s papers

1. Let us consider a linear viscoelastic solid with constitutive equations

!
:_l.]) G”(x,t) ('I'}i‘f (X, f_.l 'H‘-“(x,t:;'r J.(;';H‘l (x_.[, T)”,l.l(xi T) dT,
U

where o, (x, #) are Cartesian components of the stress tensor and u(x, #) =

={a1(X, £}, ua(X, ), 115(x, 1)) is the displacement vector at the point x
and instant £ All indices range over values 1, 2, 3, and. usual conven-
tion of summation over repeated indices is adopted.

. The viscoelastic body accupies the regular region (4, p. 13]B(#)
at instant /=/=[0, T], 0<T <. B(f) is the boundary of B(z) and
n=(3n,, iy, #15) Is its unit normaj.

) Here we consider the following initial boundarv value problem of
lincar dynamic viscoelasticity. )
Find the solution of the'system

(1.2) S (¥, O-Fo(x) Fi(X, 1) = p(x) di(x, 1), (x,7) =B(t) xI
satisfying boundary conditions

u(x, §) <0, (x,t) =oB,(f) =1,

SulX, 0) my=s,(x,8), (x, ) =By (1) ~ 1.

¢B1(f) UB,(f) = ¢B(£), and ‘initial conditions.

{1.4) u(x, 0) =ue(x), u(x, 0)=V,(x), x =B(0).

. 2. Let. C5(B) be the set of vertor functions with compact support
in B, and let H,, H+ be Hilbert spaces obtained by completion of C7 (B}
under the norm | - |, | - Ils induced by inner preducts

(1.3)

U, Vv >Hn= J‘ H;v;dx <a, Vv >H+7-= _r Uy, Ui g dx,
B B

respectively, and let Ho be the completion of C; (B) via the norm
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A generalized solutien of problem (1. 2) ~(1.4) is a function u eL¥({ ;
H,) with aeLy(] ; Hp). pu=L¥{/ H ) satisfving a.c. the system (1.2), and
conditions (1.4} in [H., Hywpeo [He, H L respectively 3.

The following conditions are sufficient for the existence and uniqueness
of the geperalized solution [ 3.

a) The clasticities Cy, and their derivatives { ;;; with respect to 7 are
Lebesgues integrable and essentialy bounded functions on B for any fixed
tel.

b) The relaxation moduli Gy and their derivatives d/¢z(G )
are Lebesgues measurable and essentialy bounded functions on B for any
fixed (4, ) =1 ~ 1.

¢} There exists the constant

§ Copex,0) ttg 5 (%, 0) 1, (X, ) dx 22 fu(x, ) 3,
Bl

~ =0 such that for everv u(x, ) =H.
(2.1

uniformly with respect to /=1
d) There exists ¢, =0 such that

ess inf a2(x) > 9,

x€B

o) Fix,yel>(I: B}, f}y n,2H,, V,=H,. .
3. Multiplying (1.2) by u(x, 7). summing with respect to ¢, integrating
over [0,1] ~B(f), applying the divergence theorem, and taking into account
{1.3) we ohtain

(2.2)

dE 1. . .
O  Co (X, D s (X, ) 1y (x,0) dx
{3.1) T ij:t.u( ) ita g (%, 0wy (X, )
Falt(x, f) g (x,0) dx-HP(),
Bift
where
(3-2) E(y= ZJ }(",-ﬂ,.(x, ) 1 {x, g (X, £+ o{x) uz(x, f) ix
By
is the sum of elusfi energy of deformation and kinetic cnergy,
t
(3.3) ol (x, )= J;(,f.'lf(xi 7, 7) ue {X, 7} d=
are the components of the viscons part of stress tensor, and
{3.4) P(1) = [ six, 8} a,(x, hda+§ o(x) Fi{x, 1) ui(x, £) dx
aBett) B(t)

is the work done by surface traction and body forces,
An integration of (3.1).on [0,/ gives

E(f)— E(0)= %gE‘;]C:.-Lt(x) 0y i %) (X, QI

(3.5)

! !
Ve, ) X, ) dx] dn-t §P(n) o
0 Byw} 0

SOLUTION IN LINEAR VISCOELASTICITY .

In addition to assumptions a) -/, of Sce. 2

2, we require 1
derivatives of eclasticitics and ,elax quire the

: . s time
ation modull to satisfy
{3.6)

= g( (X 8y vy, A% 0y 1y, A (X, ) dX 27 | u 1B, D0

»

for every ueH,, uniformly with respect to /e« /, and

3.7) [ off t 1
The condition {3.6) is essential i '

. Th _ 0) 15 essential in the study of elastic s

(t_%.;lbttw;tlles are time dependent [53], The condition (3.7) :s c\?t

¢ total power of viscoeclastic p: 5S ime in

e lastic part of the stress on time int

4. If we suppose that the body force is satisfying the condition

ability when
pressing that
ernal [0, £] is

f4.1) i1;‘;1(::) Fox. ) afx, )y dx=0, =],

the case of zero body force is included, from {3.5) and (3.7) it results

¥ el
- £t} — E»l ! glf::;'u (%, 0} e, 4 X, 0) 1y (%, 1) dX) dys

< E(0) —]—aifﬁi(x, 1) ud{x, 1) da.

Assuming that the order of integration mav be

Schwarz’s inequality we get reversed and applying

I sx, ) u,(x,8) da—

I si(x, n) (%, 7) da] dy
B-(n} OBl

éf_.ri)i(x’ ) #:(x, 4) da) d< fjs-,(iji(x’ £ ug(x, £) da)'?

?
(ﬁf(x, 1) si(x, #) da)'i2 +6”[ g’si;(x, %) § (x, ) da)'?
fr 5 5
ali!‘(::i(x’ ) X, ) da)'’?] dx,
Taking into account (2.1) s 1 i ity
of [ s e (2.1) and Stekloff inequality (see (70.9) and (70.10)

(4.4 [ ue ‘ |
(4.4) ugaﬂl;l (x, 1) d!sgmc,-“.,(x, ) u, J(x, 8) 1y o(x, 1) dxg 2E()y2E(T)

where «>0 is a constant and
(4.5) E(T)nsup E(t).
tel

We assume that E('I‘) <. Thus from (4.2)—(4.4) it results

Mitematica 202



GH. GH. CIOBANU 4
92 )
E) = 21§ Coalx, n) 1, (%, 0) sy (x. ) dx]dn <
2!"IHB-_'-':|
2E(T)\” : e
2(0) 4 | —— s:{x, 8) si(x, ) da)ti?+4-
(+6) <EO+ (=) (s

' l‘ (f 8:(x, r,) ${x, n) da)'* d.
v 6.53(7,]

From the apparent relations

¢ Jsi{x. ) si(x, &) da=2 | si(x, t) s,{x;{) dag

dt B §B.10) _
S sdX, 8y da)' 7 (§ $(X, 1) $,(x, 8) da)'’2 -
zgg_‘{sﬁ(x, 1y six, t) de ). (a'L(fJ SR
we got
\ ) Vg {( U silx, q) si(x, ) da)'2 doy,
(4.7) Eagrlfli(x’ i) S‘(x’ {) d”) o 3 a-a:"ﬂ'} o ‘ n . 5

so that from (4.6) it results

B — 2T L Courlt,n) W, s (%, 7) 16, 4(x, ) dx] dy<
20 B

(4.8)

) SE(D)\2 e () T g
< E(0) + ( ~ J g %ﬁfz(:;(X-n) fa(m n) da]'f? dy,

Finally from (4.8), {2.1), (2.2}, (3.6}, and {rom the DPoincaré inequality
“inally 8). (2.1, ; . |

L Fus(x, 0) dx< g g (x,0) g 4(x,8) dx,

Cq Bl BiY)
(see (35.13}), (5] it Ieads to

i
po § Twi(x, ) +u2(x, )] dx+ [ (] us(x, 1) dx) dy <
(4.9) Bi 0 B

. 1(SE(TH\2 ! | $x, 1) §i(x, 1) da)'? duy,
<20+ 5 () f e

] Sie .
‘here d=wmin {1, cfc,, ¢fcd. . ‘ ‘ .
e 5 In con{ditions of the previous sections, from f4.9), we !mu

Theorem 1. If l »
g 4§ sdx, s ‘day=diy
(3.1) Vigy = § a;.?i(x 5)$: (X, 7)) da) ] »
‘ J e with
15 sufficiently small, the solution of the problem (1.2)—(1.8) is t@tablo.ui
respect fo the measures ) i 1

3

SOLUTIGN IN LINEAR VICOELASTICITY
—_—_— T T

(5.2) ()= {(,E"E("' ) +-ui(x, 4)] dx+ | (éi'm?”(x. 7} dx) dv,

wolu) =F(0).
Remark 7. (4.9} imnplies

'
(5.3) Pof UM, 8) dx S5 ui(x, ) dx) dp < L(0)
B() 0 B

and therefore we obtain

f
{5.4) J{J wt(x, 1) dx) deg (1 - vl E(0)< E(0).
0 B

Remark 2. Under the null initial condition E{0

of the problem (1.2)—(1.3) is continuously depe
with respect to u(u),

Indeed, if u and yi= are the solution of (1.2),(1.3) corresponding

to surface tractions (!’ and s, then w=utV_.. 4 is the solution of (1.2) —

(1.3) correspending to surface traction $,=ss and it holds the inequality

)=0 and the solution
ndent of surface traction

(8L (T}t :
(5.5) u(u)g —(._‘ (_)) T () si(x, 7) si(x, 1) dx) "2y
a 4+ 4 A8 sn)
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