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A NONLINEAR INTEGRAL INEQUALITY IN TWO INDEPENDENT
VARIABLES
BY
ADRIAN CORDUNEANU

We shall consider the following integral Incquality of Gronwall-
Bihari tvpe

1y
(1) v, V)< f(x, v+ afx. v) [ b(s, Bginls, {) ds df, x, v20
oo

where u, £, 4, b are continuous nonnegative functions for x, v20and g—g(u)
is continuous nondecreasing for #>0, g(u} >0 for #=0. Incqualitics similar
to (1) were studied by many authors. Under the conditions f{x1. v)-=const,
and a(x. v)= !, the corresponding inequality was considered in (14, p.51-54),
Under the assumption a(x, v)=1, bounds for the function i were obtained
in the author's paper [31.

Denote by G=G(u) the function defined for # 0. such that
{2) G'(1)=(1/g(1}) for 1 >0, G(ly=t
and by G{e0) the limit (finite or infinite) of this function, when 1 —co, We
remark that G is strictly increasing on (0, ) and we denote by G* the
inverse of G.

Theorem 1. Assume that in (1), the following conditions arc ful filed

{1) u, £, a, b arc continuous nonnegative for r, vz0,

(i) f 15 nondecreasing and 0< (¥, v)<tfor x, v20,

(i1} the fumction a has continnous nonncgative partial derivatives

oafex, Zaféy, &*aléxdy for x, v0,

(iv) g s continuous and nondecreasing for uz 0, g(u) =0 for u>0,
g'(u) exists and 1t 1s continuous Sfor u =0,

(v} ng(n)<g(hu) for 321 and u>0.

Then 1t follows
(a) if G(w)=c0,for x, vz 0

{3) u( v, VIS f(x, ¥)G[] +af.x, v) f! b(s. {)ds.di :
(b} ¢f (;(00)9’:00 we have B
() T-a(x, v) J’f b{s, t)ds df <l (w),

Jor 054 x, Ug yar
thew (3) holds for 0y -, 0gy 5



14 - o ADRIAN CORDUNEANU

Proof. For fixed vo, 39>>0, satisfving (4), we take £>0 such that
f{¥e yo) 2=l and consider for 0Ly x,, 0K V<EY, the function
(5) o, ¥)=u(x, (% 1)+ €17
From (l}. we obtain for 0€xgx, 0y yo!
£ ¥
(6) w{x. v)< Lafv, ) [18(s, Hglo(s, 1)) ds di==h(x, »).
00
Denoting
{7 H(x, ¥)=GA{x, 3],

and using the restrictions imposed on a and g, we get, after a simple com-
putation that
(8) H,(x, ¥)< A, ), where
¥y
Lov)==alx, ) b(s, Hds di.
©) A v)=afx, 3) [ b5
Integrating (8) on the rectangle 0<s<x, 0<é<y, we obtain
Xy
Shix, Vgt ¥, v) [ b(s, t)ds dt
(10) Gla(x, ¥)Is tta(y, ! )d[Oj (s, 1) ,
from which. applying the function G, we deduce
¥ _
(11) hx, MG L a(x, 3) (_)féi b(s, t)ds di]
for 0< X< ¥o, 0 v< 3. Using the relations (3), (6) and (11), we conclude that
¥y .
{(12) u(v, My f(v )4+ eIGT [ afx, y)é{(_! b(s ,t)ds di }.
tti ' -eceding incquality, we obtain
< v< Yo, 0€ ¥< Yo Letting -0 in the preceding incquality, ain
fc?lgé)a; is\%ruc for)ﬂus v< &g 0K ¥y, and this concludes the proof, t.akull]g,‘
into account that (x4 vp) Was arbitrarily choosen., \We remark that in the

part (b) of the conclusion, the case x=0 =00 is not excluded.
Corollary 1.1. Assume that

(13) (v, yy<S(x y)+al, y)j g, b(s, t) [u(s, )” ds dt, v, y20.

wherew, f, a, b satisfy the conditions of Theorem 1, and p=11is a constant.
Assume also that

(14) a(x, v) j‘_['tb(s, fyds di <(p—1)7% ¥, 320,
ui
Then from (13) we obtain for x, y20 the bound
5 ¥4 ' R IR
(13) (%, yys<f(a, ¥) N—{p—Da(x, 3) {'E. b(s, v} b(s, t)ds di1 P

9 i . . i f e
Corollary 1.2, Unier the  assumpbions of the preceding corollary, Lf we

suppose
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; Ty .
{16} a(x, V) {1 o(s, ds di<K <(p—1)71, x, 120,
[

we oblain from (13} the bound
(17) w{x, M)A f(x, ), 20,
where M--[1—(p- 1)K o) s q positive constant.

Considering again the inequality (1), we can stalc

Theorem 1. .[ssume that in (1), the conditions (i), (iii), (iv} wre salis ied
and that (1 (i}, (i), (iv) e

(i)' [ is mondecreasing and f(x, y)2 1 for x, v20,

(V) hg{u)<g(nu) for 021, w20, -

Lhen the conclusions (a) and (b) of Theorem \ rentain trie.

I'he proof is similar to that of Theorem | and we shall omit it.
Corollary 2.1. Suppose that

(18} u(v, V)< f(x, v) fafa, y) J{_Fb(s, t) [ufs, HP ds dt, x, 120,
uo

where ut. f, a, b satisfy the conditions of Theorem 2, b being a constant 0 < p 1.
Then from (18), we obtain for x, y2 0 the bound

(19) {0 < fvy v) (- (1= paly, 3) 'fzif"b(s, £yds ot -,
Lyample. Assume that .
x ¥ [
@0 u(n, ) <f(x3) Falx, 3) [(ols, OVATSD) ds dt, v, 20
0

where u, f, a, b are centinuous nonnegative for v, ¥20, f(x, y)21 being

nondecreasing and @ satisfying condition (iif) of Theorem I.

(20), we find. Then from

i xy
(210 (X, A} (14)f(x, v) [2Fa(x, ) [ ds, H)ds dt %, x, v20.
26

' Kemark 11 in Theorem 2 and Corollarv 2.1, f do not satisfy the condi-
tion f(x. 3)> 1, then in (3} and respectively in (19) it must be writen 14/(x, v)
instead of f(x, v). .

_Remark 2. 1t is very interesting to know if we can remove the res-
triction @%/dxdy>0 or, more generally, if we can prove the bound (3) by
lmposing on a==a(x, ¥} only the conditions to be continuous, nonnegative
and monotone nondecreasing with respect to cach variable.

Remark 3. The functions a(x, v)=m(x)+u.(v) or aly, vi=a,(x)ay(y),
where «,(x} and a,(y) are nonnegative, ay(x) and ay{») arc continuous nonne-
zative, satisfy the condition (iii) of Theorem 1,
) The method used in the proof of Theorem | and 2 may he applied also
in the case of the nonlinear inequality ,

xy
w2, Yy<S(x, vy alx, ¥) (s, delu(s, H)gln(s, £) ds di+
oo :
(22) .

P by(s. thals, Hyds i,
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where all the functions appearing here are continuous, nonnegative for v, v2 14,

In what follows. & 15 given hy (2) and &, by
(23) Go{re )= 6 1=, 3) VT oGS, dds de),
Denote also

(24) I xe vy=expla, (v v)(a. v) J'I:_'[ I (s, H)ds dt].
nii

Theorem 3. _dssume thut in (22) the hypotheses (1), (i), (iv} of Fheorom |
aned (i)', (v)" of Theorem 2 are salis fied, the functions @, and by being continuois
nonnegatree for A v=0. Asswme also that o, is nondcecreasing with respect lo
their variables. Then it follows
(a) if G(oo)==wo. wr have for v, y20
(23) w(x, V<SG (a0 M, )

(b) if G(oo)= [inilc and (A) helils for O<a =, O v =B, then (25) wise frolds
for 0y <z, Og vl
Proof. Denoting
(26) Fx, v)=f{x. y}Fa(x, 2} § [ Bus, tyuls, t)ds di
(LR R

and taking into account (22), we can wrile the inequality
(27) (. VY Fix, v)Falx, o) {1 (s, Hgluls, 1Y s i
i

and we remark that all the conditions required by Theorem 2 arc satistied.
Consequently, using the notation (23}, we find n(x. 3)<F(x, Gy v )

in the domain ¢l definition of ¢;,, From (26) and (28), using the notation
(24) and Corollary 1 of the paper [2., we obtain the desired bound (23).
We end with the remark that in part (b) of the conclusion. the case 2—8-=00

is not excluded.
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ON ASYMPTOTIC {’!{(JI’ER'I‘IE.‘S O DISCRETE-TIME  SYSTEMS
WITH RETARDED ARGUMENT -
BY

PAVEL TALPALARU

1. Int i cars di
. 'lttcmriotlilucltlc‘m: In' i_gu,ni years difference cquations have received
e -l‘ ! 0 }t ue, m part, {o the importance of such equations in various
L(rl‘“'l(t,i:jc]ici] l(_}C 111010;_;_\1'.]l(,lonisn(ilc'mblc literature on the studv of difl'c;rcncc
quations has been published during the past Rt
: een s g the past [ew vears. Some of the 1
of s - N o F M H 3 . 3 ’ ]]
:2111)[?;{11:1\1 iAppllmglons ([)t discrete-time  theory are found in ithe ficld UZE
systems, where the second method v 1
1ol s; : : sthod of Evapunov to the -
o stems, the secon of Lvaj o the study of the
s)ta )):il-t}]y}n-(-l tls‘\mp_to.lui. propertics of solulions was used. It seems that fow
zllréuniscn{.\lt,l(;ig)é)uncd in thcl field of difference cquations with retarded
- Hlowever, some results concerning the differ G
bemdedness m ceminyg the different kinds of stability
operties and asvmptotic | [0 i ' b
nd 5 prop end as rehaviour of solution :
(ligllltl(f.lm]]r; were given by M. Slemrod and E. F. Iaf ’I.Sll rtJ[ Su((' :
' ' e i e : 4 ae 5 < [
n i'n o . (,_h.p atte m [3] and together with 8. G, Deo in [4i. Our
;Olutiong ;[I)EL!S:;Llit.Pcll)L‘l’ 15 to study the asymptotic relationship i';(‘t.wcun
solutions “‘St\:f!?] 83 bltﬁnb cf}f difference equations, from which one of them
1 arsystem and the other is a nonlinear svstemn wi l
et L S a ar svstem with retarded arguinent
s {Theorem 3.2) is relat i ut: -
‘ 3.2) 15 related with a result of Fontalk 123
Lstablésh§dtf<s} a nonlinear delay differential svstem ! talk Bl
) - Notations and definitions. We begin by stating somc notations wlic
will be used in our sub i i [ iy ppupions which
. _ T subsequent discussion. Denote  [{k}={kg ko= B
where 24 is a {ixed integer. Also. for . S Yo} = fos Ko 1o i
RO geT. Also, ior any positive integer p denote X, =R* x
e | \.,,]\ft_rcrzz R*is a real or complex n-dimensional vector space
| et z={z0, 2. L2 5 E R o < 4§ i : ‘
e s w3 -lor . = 7 < 0,1s an clement
o alf,functi;nns,”{yan 31(1}3 ){l_dj|t_. —];/:—i~115=_1\<_ 0}. Let d=®(f, R") be the space
. I{ko) into K", thaf is, for cach & =1(k,) the value
ot Fis nlh) e o ", th : cach keli{k,) the value of &
R . opology of ® is the topology
3 | 1 A g wlow B 5 ’ ATele]
on cx'ct}q :j.;-t Lo(kay="{k,. fcﬂ:}-l,..., feg=-rt -l—() &? é)f Ullllzfiltmi:oll\fCI‘gL“LC
t—=oin O if and only if lim | ik | niformly on cvery sct I.(A).
; Y — v ()] = sy
] | wi{&k)}—x(k)|==0 uniformly on cvery set Lo(ky),

= . - - o S . 3
“-itl(zltll;.»z‘t'(;;loi)gt? ]d‘lfh'(‘) ’tlh‘.;..f.(l) 15 a locally convex space [9, pp. 24—26]
S it }/:E;,_(/‘(_: ]fli(() ) t}u; [ollowing family of seminorms |v(k}],=
IR e o rin‘[)(.l; ;“—. 3 I, 2.---~‘|‘- Denote by o,(7, R*) the Banach space
o c(mc,tfmthQ L -Oi‘[\\ hich there exists positive numbers g(k) <oo and
defined };\( x ,’= ‘11[1[}() -l{‘j t’](l;l)ti /ITE;EI;) [ﬁ:{) ;CJ((;'. ))1 k?\l'rl(/{"). 'l(‘i'w o T
e o, = sup le(k)ifg(h), & = o) 1 1ien g(ky=11for hesl(k,
SR T s 00 et e 1)
i L ' by ju)y, = sup o)Lk o}t The defini
tt)lfotlllii((')rt: :I> I‘F, anel (,D.' were considered ll:_\r I')f.) II’) (:{ lt-\:‘(l;) v /1 f{1(f}:[.%)]’ 'inl ]t]l‘;LcL(t[li?ll\_
s, Ch V] s ‘t]l]:]f"-t‘lblll.-\m‘u--jumhm and by C.P Tsokosand W T. l’a‘cij ett
g L 5 u(\ ol 1':mrlgm diserete Fredbolmy and Volterra cquations.
ctme system with relarded argument is a system of the form



