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where all the functions appearing here are continuous, nonnegative for x, y=U,
In what foltows, (& 1s given by (2) and Gy by

(23) Go{xy v)=0G7]1 a(x, ) jf f- bis, t)ds dt].
o

Denote also
R

(24) Iy, vy=explay{ v v, A) [T s, f)ds di
(IS

‘FPheorem 3. .issunic that in (22) the hypotheses (i), (i), (iv) of Theoren |
and (i)' (v)" of Theorem 2 are satis fied, the functions ay and by beng condinuomns
snonnegative for . vz 0. Assunie also that ¢, is nondecreasing with respect {0
their variables. Then 1t follows
(a) 1f G(ow)==ce, we have for x, 320
(23) w(x, vy, MG V) EE )

(b) if Goo)= [imilc and (4) hclds for 0K v -—m, 0 Y- 8, then (23) also holds

for 0 vz O<yv-<f

DProof. Denoting
Ay
Fla, v)y=f(x, »)+afx, 3) I T bi(s, tu(s, L)ds di
00

(26)

and taking into account (22), we can write the inequality

(27 n(x, V< Fx, v)dafa, 2) iy (s, fyglu(s, t) ds dt
00

and we remark that all the conditions required by The
Consequently, using the notation (23), we find w(x. y)= F{x, HENEARY
in the domain cf definition of G,. From (26) and (28),
(24) and Corollary 1 of the paper 2", we obtain the desirec
We end with the remark ti
is not excluded.
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ON ASYMPTOTIC PROPERTIES OF DISCRETE-TIME SYSTEMS
WITH RETARDED ARGUMENT o B
BY
PAVEL TALPALARLU

mUCh%{tti?ltgi(:)?lu"y‘ltlzon: In 1'{;(:;:111“)'0:11'5 dilference cquations have received
) atte due, in part, to the impertance of suc g i i
! _ g such equations in various
1 o .- o ' 5 ariou
]Irru'nt!les‘c;s _L}Chnolog_\ . 'Consuic-t.}b!c literature on the studv of diffcrcnc&:
cqua itonht 1as l)_ccn published during the past few vears. Some of the mo (i
important applications of discrete-ti : ¢ fonnd in ,
7 ; ; -time theory are fonnd the [ {
control svstems, where the sec ‘ - e stady of ¢,
A s, whe > second method of Lvapunov 3
oM ST ) of 1L o the studyv of the
h:;?]:.jl]-‘:'\]],m.d asvmptotic propertics of solutions swas used. It scems that fc\\Lr
irglunicmd\}Llori‘{)pc,dlcd n Ihcl ficld of difference cquations with retarded
- flowever, sonie results concerning the differ i 2l
: ever, ¢ ; serning the different kirds of stability
Lm::}];!edt?es;s'; 'p:o]_)uilcs and asymptotic behaviour of solutions G} such
1? :1(‘10111.: were given by M. Slemrod and E. F, Infant i
. oY " ; .- . < o LI
b ;n g HI (,'11 patic in [3] and together with 8. G. Deo in 4 Qur
;Olmiom1;[})&;;.11{\ ]Eaper 15;f t?[?tll(l_\' the asvimptotic relationship hotween
solution: systems of dilference equations, fr -hic :
solutians of, 1o ; i difle 3 3, [rom which one of them
o O}L;L:\ .:ft.uﬂ dn’(]l‘ the other is a nonlincar system with retarded argument
e o 1{05}1 $ (Theorem 3.2y is related with a result of J. Futalk 2]
csla éb 1&7 . or a nonhinear delay diffcrential system - '
) . Notations and definitions. W¢ begin by stating somc notations whic
will be used in our sub i ion. T y N
il be u . r subsequent discussion. Denote (ko) ={ko. ko1 i
where #r, 1s a {ixed integer. Also. § : itive int » denote X a1t
yhege 1o fved 8CT. Als0. 0r any positive integer p denote X, R*x
Sl \. .1}\_1crzz R*is a veal or complex n-dimensional vector space
¥ |- z=(20,2_,. .. .. 2 sy R ] i ‘

o X efine 151 ‘ilf, S 1) & }1\ < for.,.; € 7 < 0, is an element
of all functions from .l(;)){|_~if{ 7)€+ll‘(°.7~<~0|'- Tet ®==d(l, R*) be the space
. ¢} Inte K%, that is, for cach Aei(lh :

o A ngrons fror At 5 1 & =1(ky) the value of x
o wa( gct i .]I}li t;fpology of @ is the topology of uniform convergence
E h‘f i( e.,)l—{_/..,,.k{,—f-l,..., Ro-trl, #=0, §L2,., that is, vi-sx as
: - o i . gran < Be . . <

and only if lim | vi(%) — x(k)|==0 uniformly on cvery sct I o(ko),

1
r= Tk . .
720, L2, Note also that @ is a locally convex space [9, pp. 24—26]
sup {! {/: 0}/)’0 ogyv defined by the following family of seminorms .I (k)=
of all \f(‘).}-' S1y(ko), =0, 1. 2,..1. Denote by d,(, R*) the Banach space
o (‘10111111 11(1)]?.\@111 :51 lorl\\'hllch there exists positive numbers g{h) <oop‘ud
o stant suchi that |v(Z)[<Qg(h). hef(h). T SRS
defined by v, = sup Ty <Qg(h). A {%,). The norm in &, is

¥ L, = sup {Le(A)IJe(h), £ ST(R)). When g()=17for k=

omdiohia: e AR e 5 n g(h)=1{or hsl{k,)
R"L ’I.ll;t:nns,-t!u: Banach space @, of all hounded functions fromn I(kq) inito
- Lhe mormin @, is defined by |vly,, = sup (B}, k=I(k)]. T e
tions of @, &, and B were consd. o = SUp {lv(A) ], k=1(k)]. The defini-
oleiserotn |lan d P, were considered by D Petrovanu {37 in the study
e ('.i( l:\'l: s ;?mtnorslvmpqu:ﬂum and by Co P, Tsokosand \X T i’a'(i jebt
A .(lislt"rc( f_’t’,“‘f -“L}'_‘]}' of random discrete Frediobn and Volterra (:quat{ons
screte-time system with retarded argument is a system of the form
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2.1) x{h4- 1)y =f(k, x(k), x(k—1},..., x(k—m}), k= Tk,
x(f)y=¢; ko—m=ig ko,

where cach x(j) € R", the ¢; are given initial values, and f:f(ke) < Xy = R"

Denoting €=(Cuy Cry-19--» Cip-m)s & function A (% ; &, ©) e R* is called a solufion

of the difference-retarded system (2.1) if it satisfies the following conditions:

a) x(k; ke T) is defined for ho—mE b hot-k* for some integer & -0

by x{k; ke, 7)=¢; for some ke—m<h<k, (the initial value) ;

¢) x(k; k) satisfies (2.1) for Ae<A<ihed-k7—1.

For a solution x(k; ko, ¢) of (2.1) denote X(k; ko, €p==(x(k ; ke ¢}y x(k—1

broy ©)yeres X(k—mt 5 By, £)) € K- We then sce that (ke ; ko, ¢)=c. In the

following it will be assumed that a solution to (2.1} exists and is unique

for all 2= I(k,) we will consider two systems

(2.2) (k4 y=A(k)x(k)
and
(2.3) Ak V= A (R) Y () f (ks 3(R), v (A= 1), oy 3 {R— )],

where x, y arc nu-dimensional vectors, A : I(%g) =", where M" is the sct
of all non-singular matrices on I{k,) and f: I{ko) X Xy =R 13, for any
k=1I(k,), continuous as a function of ¥4, Viseoor Vi

3. Basic results. Let X(%) be the fundamental matrix of (2.2) such
that X (ko) =FE, where E denotes the identity matrix. In this scction we shall
show, on one hand, that, under suitablc conditions, for a given solution
x=x(k)e®, of (2.2) there exists at least a solution y=1y{k}=®, of (2.3}
such that

(3.1) lim | (k) —x(k) =0,

and conversely. On the other hand, we shall show that, under suitable
conditions, instead of (3.1), a condition of the form

(3.2) |3(R)— x(R)|<Qg(h), k=I(k),
holds, with a certain function g{%). If a condition of the form (3.1) or {3.2)
is satisfied, then the two systems (2.2) and (2.3) may be studied by comparing
their solutions as regards fo the stability, boundedness and. generally,
the asymptotic behaviour.
We now give a lemma which is a particular case of our Lemma in [71.
Lemma 3.1. Let X(k) be a non-singular matrix defined for & e I(k).
Assume there exisis a constant K >1 such that for keI{ky). the tnequality

k=1
T X (X (s 1)t XY g2 1L
Hem fy
holds. Then it follows lim |X(k)|==0.
k

-+ 0

Before giving our main results we note that the technique used in the
proof is a combination of the Hélder’s well-known inequality and the Schau-
der-Tychonoff theorem.

Theorem 3.1. Suppose that the following conditions are satis fred

i) there cxists a constant K >1 sich that
&

1
{3.3) Y IX(E)X (s 1) 22 K7, for kel(ke+ 1) and | g=a0;

S i

it
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i) there exisis a scalar nonnegative function o(k, 1) defined on I{ky)
20) 3

> IO- CO)’ f()n!!f;fﬁ)ﬂs tf,’ftﬁ Yes, ! . b { £ 4 i GFY edc
5 e pﬁ’('l‘ o i, 10} dC ¥e i
’} }' E & lSH&é oM f [ ]}. f-]_\gd |!_I|I

(3-4) [f(hs 20 2oy 2oa) (S 0ok, Bl &= Hk,)
and S=(%0y Zerees Tm) EN

). for p>1 (1 p+1lg=1) and cvery constani 07 <o, v have
(3.5) Z o, 1)< (pfK)r,

iwhere p 18 defined below. o
Then, corresponding to cuch solution v=yx
, s A g L x=x(ky b, of (2.2), there cxi
at f:’“mtl a solution v=y(k)=®, of (2.5} such that (3.7) lmlz(is. ('—o-nver;e};'mt[g
cach sol ution v=y(k) =®y of (2.3), there exisis a solution v== v(k) of (2.2)" ; A
that (3.7) is satisfied, ' e
e . R . :
o E,irilgof. T.ct“m—.\(fa) be a solution of (2.2) such that x(k) =d, ic., |x{k) )<
.\,‘(i‘)|<( l‘,)‘; hBIchusc (2.2)l,15 Ia homog?ncous svstem, we may assmnclal\va\g
f o, where p= max el ; e,=3{k), he—m<hghy) “ “
Define the ball ' =) B b
o Bo=={u: |utlg, = sup (l(k)], k€ I{ky—m)< =
whichi ts a convex closed set. FFor Y& B, define the operator 17 by
(13) (k)=cp ko—m< RS ko (co=v(k)), '

(3.6) (73 ¢ ; k-1
WV (B)=x{k) - X XX s (s ;
¥) (k)=x(k) ’"s=k,,‘x(’))‘ Hs- 1) f(s, 3(s), y(s—1), ces Y(s—m)),
here A(E) i chichiaf
where x(£) s a solution of (2.2) for whichjx(£)|< 5. We show
‘ %(#)|< p.We show that T(B.
If ko—m< k< ke, then [(T4) (k)=]c,|< g. If )/e € {(ky} ; then S leiCecs
. k-1
HTy) (R [x(R)] Lk LX(RYA (s T} o(s, I{(s)I) <
k—1 R
- N OINRX - 5 il
Furtt PHL SN X DI R 02(s, 2001 < o+ KoK =25,
‘urther, weshow that 7 iscontinuouson B... Let fvit® . v q
converging uniformly to velB, on evci‘p}" f,t(!:30))/,};::“6‘,’IEB"p })Etl Sfiufngg

given. We show that for £ =17,(k,), we have ( T

‘ at be 1, (k). e (Ty) (R)=2(Ty) (k). Since fi
continuous and (k)= 1(k) on cach compact sct I,(A‘Dg )the(regc)‘\'(is)ts an:lcé:letl{ l?
namber N such that for ¢ N we have 7 - -

(3.7) | [k, 3 (R), yi(k—1) yi(k— ) — f(k
S, 3 I Jiooos ) It — ) j‘- Y k_] Vs A | g
l. Slng (36) and (37)" for 52 1\)_, we gct ( ) - ( ) s _y( 4 fn)}n - &) -I{f.

[(Ty) {(B)—(Tv) (R)|< K[ t}_:,:'_f(b, Yis), vi(s—1),..., 35— 1m))~

. /f t; 13} Ys— sy ¥(s—m)) "1 p< K (e Kr)r=ce.

WM ks hy, (1) (k)=c¢, is continuous. The functi i i

LA i 2 AN £ 2 s, 3 tions in tl

I.I(.)?I(I'é I_lt(.il'n’ge) are umforl_nl}: ‘boundcd for each % since 7B, )C}i lm’?ﬁz

in['!‘(gl m“lt.‘l C;f the family 7'(8,,) follows immediately becausc the functions
2.} are defined for a discrete variable £, Therefore, T i

gyt SO IES screte varl: i, Therefore, T(B,,) isac ac

scl. The Schauder-Tyvchonoff fixed puint theorem now csEapri)shbcs1 tg:::ptl}(;(t
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ing 1 st a fix int i “his fixe int is a solution
mapping 7 has at least a fixed point in B,,. This fixed poin :
of (IZI.),H .gTo verify that (3.1) holds; we note that from (3.6) wc have

k1

(R — (WIS IX(R)] S (XD, A{s) ¥(s—1)s s 5—M)) IS
= e k1
£ [k21|X(lc).\"'(s 1) |e3ve[ )_;' @h(s, 2¢)1.
s=Fk, s=Mh

For ¢=0, by ii) we may choosc ky={k,) such that Ek w"(s, 2p) <{e[2K)".
3 T

If we take ks =1{k,}, as a consequence of Lemma 3.1, we have
k=1
CE X s DA 3(8), M(s— 1) o Ms— ) <<, ke 1{ks)-
Sk

Hence, for sufficiently large &, the relation (3.1) is satisfied. The }ast state-
ment of the theorem follows immediately. Let y=1(k) €@, be a solution
of {2.3) such that y(A)=c,, ky—m< k< k. Define

k=1 f e
(3.8) afk)=y(f)— Z XX (s D) (S 3() v(s— 1) s (8 n)). k=1 ().
. s=k . 3
Bv the samc argument, from (3.8} i.t follows that xy=y(h} is a solulion
of (2.2) which Dbelongs to @, and satisfics (3.1). N o
Corollary 3.1. When p=1, hence ¢=2, the condition (3.3) borouics
(3.9) sup {|IN(E)X T (s+1) 5 hess<h—1}<N, ’
Jor ke [(ky--1}, and it follows that (3.2) holds with g(k) =1 aud =g If, in
addition, we sitppose that Hm | X(R) | =0, which is nol u conseqitence of onr
k— o

N

g 3.0, then (3.7) holds. )
b lf\’\’g riot[c ﬁla(t t}?c condition (3.9) occurs when, for example, the lmf:_ar
system  (2.2) is exponentially asynlEtotlEall}' stai_)l(_:;(kl_.g., 1f. there exist
positive constants A and o such that IN(R) X (s) | W, k=s20. o

Remark 3.7. A result of this kind has been obtained by B. G. Pach :
patte [31 when the retarded difference system (2.3) is of a paitu:ulau
form, namely, when m=1. In that casc he assumed that o(k, #) = (k).

with € hi{s) <oo and all solutions of (2.2) are bounded.
s’ﬂ;c Theorem 3.2 below deals with a relation of the form (3.2) where

a(ky=|X{(%)|, h=1(ka) and g(ky=\E|, ko—m< k< ke We note that this th?or.en(lr

occurs only in a sensc and only with an additional condition concerning
‘onstant ¢ from x(k)=X(k)c. .

e L('JI‘I‘;::zcorem 28 I.ct( .3(fc)=(l2(fc)(? a solution of (2.2) wilh le] <. Asswme

that there exists a scalar nonmegative funclion o(k, i) defincd on I{ks) > [0, o),

cantinuous with respect to 1, nowdecrcesing i w for cach fixed ksuch that

(3.10) (s 2o 2 one oo 5o} <0y R TS TR} & Nois,
and
(3.11) $ X s+ Dleofs, 26(s) <p—lel.

§= Ky )
1 hen, there oxists at least a solulion y(k) of (2.5) such that (3.2) holds wilh =z
and g(k) defined above.

[ |
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Proof. Because the proet is similar to the proof of Theorem 3.1, we

will give only an outline. Consider the set
=5 (R egh), hel{h,—n)lC,.
For y €F, define the operator ¥ by (3.6). 1t is evident that 17 is a convex
closed sct. If Ay —m<h< b then |(Tv) (R)|=={c, Se<elle|=zg(k). Tt keT(k,)
then. from (3.6), (3.10) and (3.1}, it follows
Ty (PN gB)lel+e—leT=rg(h), Lo, T(F)CI

The continuity of 7" and therefore the compactness of 7(J7) can be shown
in the same manner as in Theorem 3.1

Evample 3.0, RO W Brayvton and R A Willovwghby 17
investigated a discrete analogue of the system

(3.12) (i) Ax({—r) 4 Ba(l)FCx(l - r)=0,
where . B, € arve real o 0 matrices, » >0, and x is an p-vector, The ana
logue has been obtained by making the replacements

3.13) MOy = (R — () [h, x(f—=r) (X (b r)—x ()]0,
(-1 {.\'(1‘)-9(;4..1(--!—-/1)-;—(I—~;J.),\'(i)), Xt r) = {ux(f A= hee ) (1) (),
where 0 u 1. Choosing A so that r=oak for some integer m and setting (=

kh. we obtain from (3.12) the discrete diffeicnce equation
(3.14)  (E4+uwhByx(h4- )= [E—{1—u)hB]x(k) = (A +ohC)x{k—m+1)-+

+ [A— (1=} CIv(h—m),

where x{f) = a(rh). In the following we will apply the Theorem 3.2 for a
discrete analogue of the equation

(3.19) V() =—by(t) +-d[y(t—r) T,

where #>0 and 4 and v>1 arc constants, by using the same replacements
(3.13). Tf we denote v(@)=v(ih), then (3.15) reduces to

{3.16) Ml D= 30(R) by lpv(h—m 1) (1w (h—m) 7,

where B=(1—bhtbhu}{(1+biu), v=dh{()-+bhu). We may assume alwavs
that s+ =0 is small enough so that 2>0. The fundamental , matrix” of the
linear equation

(3.17} rh-ED=pa(h),

is X(k)=7p*"*, and therefore, X (k)=p%"* To sce that a condition of the
form (3.10) is satisfied, we note that | f(&, 26, 2 15000 2om) | =7l o+ {(1— Wz p)
and hence [f(A zo 20 o Zoab € v e n T H{L—W 2L 71 [ lIZ])E, where
we used the convexity of the function of) =2, v>1, and |Z[l= sup (|z_, i, |
iz wl). From here it follows that o{F, )=y 1" and because g(h)=|XN{k)|=
g¥*o, then [3.11) becomes

S XTI (s s, pg(s))= X gt felonpr T = rle?f(B—8%) <p—lel;
ME Ry s iy
which is satisfied if, for example, |vj<(8—2") (g—|¢[)/p” and this is possible
to realise if /7 is sufficiently small. The above limitation for | mcans in
fact that (3.2) holds if the perturbation in (3.16) is small cnough.

Exwmple 3.2 Now we shall apply the Theorem 3.1 to the {ollowing
perturbed syvstem
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(3.18)  a{h+1)=A(k)v(k) A f (e, ARy, V(A= 1), oy ¥(R—m)), K I,

where . . . ) . (é]
J._ [;:_))' ‘/l(k)= [(“}‘.24_‘ ll—j{kq l‘”_l f— fg .

== — i =0, v tants,

i - Wk SV fo=(af R)[Va(h ) TPy v 20, v Olcons' :

\]\)ﬂlo{::(—(11/1’?')1%{](2} IH;T} >)O anjr Y _il 11/1i21[( Y 1(, v,) =0, Wenote that in this case
S G i1l 2

SILE =} o ]
J\!(]C-'-?‘»‘l—}-l): (.] 0 ] -T(k' m) - {r;k—m) !

fl=1fal + 1l < (R v (& mA- 1] Y- (e— ) I (2 R) 2 (R)]L
‘ (kyat) {2yfkyr™. T we take 2> | then the relation {3.5) becomes

= ZDYIJ =l 1 2?7.{13
v orfs )= =L B = ==Ly,
}._! (0] (S, I~) 3V 5oel 8P 3.

is Riemann’s fanction. If. we choose ¥ t < (e )IL(p)] 20
i Riemann'’s function. If. we choose ¥ such that ¥ )
;‘hlzef(zf.gj)))hlilds. This restriction concerning v can be snnphfufd fgrl partxi}ggli
$. For example, because I{p) < L 127279 {1279, thnﬁﬁT\"-ll_G’ e
p'—.z we have Z(2) <9/4 and (3.5) will be satisfied 1f ‘,'}-(/pf ) 1te1 {_e%):
to (3.,3) we note before that for the fundamental matn_;._fl\(l) we have N(k
— A (k= 1) A(k--2)...4(1). Hence. .-\"(k)X"(s—}—l)=v7!.!n A(v}), and Dbecause
2 . i3

|l (v)|= max Zla;|<2/(v+1), we obtain

i =1 i ) i B

IX(RYX s+ 1)U <2/s+3)2/(s+4)] .. 2fk -2k, 1<s <k
Therefore, for A<=I(1),

" X(R)X (s Dl (h— 1)2/h <29 g1,
se=l

and

and therefore,

and (3.3} holds with K=2.
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ON SECOND ORDER ITO TYI'E STOCHASTIC
INTEGRODIFEFERENTIAL EQUATIONS
ny

Mo, MITRCYE and LG PACHPATTE

1. Introduction. During the last fow years stimulating rescarch works
have been undertaken in the ficld of stochastic differential and integral
cquations. A good account on this subject may be found in several recent
nonographs, see Arnold [27, Bharucha-Reid 47, Friedman
8, Gihman and Skorohod [9], Ladde and Lakshmikan.
tham [14], Tsokosand Padgett [16] to name a few. An interesting
study of random operator cquations have been made by Adomian [1],
Bharucha-Reid [5],, Hans [l ] and others (see, [4, chapter 33).
Recently Bergerand Mizel 3, Kannan and Bharucha-Rei1d
121and Pachpatte [157 have studied more general Tt6 type integro-
differential equations by using various techniques. Although there exists
a vast literature on first order It6 type stochastic differential and integral
equations, the field of higher order Ité type stochastic differential cquation
awaits for its development, A physical phenomenon such as the simple
harmonic oscillator driven by a Wiener process leads to the following second
order stochastic differential equation '

(1.1) dx(t, o) +-2ax(t, o) Fbx{t, w)=dp(t, ),

where i(¢, ) is the derivative of x(¢, @) process and describes the position
of the particle. The equation of the above form leads to ;the stochastic
differential equation of sccond order of the form

(1.2} dX(8, w)=f{t, x(l, o), x(t, w))did-g(t, x(l, o), 31, ©))dB(¢).

The study of existence and uniqueness of solutions of cquation (1.2) have
been developed by Borchers [6], Bharucha-Reid 1), Gold-
stein (107 and Kannan [13). The object of the present paper is to study
the existence and uniqueness of the solutions of ‘a more general Tt6 type
second order integrodifferential equation, which contains equation (1.2)
as a special case, by using suitable version of the weil known Banach fixed
point theorem. The more gencral formulation of the probiem considered
in this paper is strongly inspired by the recent studies of B erger and

Mizelf3d, Kannanand Bharucha-Reid [(21land Pachpatte
15].



