PAVEL TALPALARU

s 5 ——— — . -
(3.18) (k4 V) =A()NR)Hf(hy ¥(R), v(A—1). s y{h—m)), kesI(1),
where . 3 "

Y= [7} ARy = ((sk“+ 1+ 1;.—=] - ( ] :

1--—‘ 1 WA "*“ } . ——': a l' al v ] =y ] S.

1y ]. l[ o e i W l -{ M , \ / ”1" L 0 4 >0 (1()11512[11[

])CHO{L —{ 1/]/‘)1\1‘{ |( | 1{;'; >0 a“fd = ]l/”-n( f](. Jn) )':IO. W IlOtL that m HHS case
l‘ el 1|

vtk =1} 0 ]
y{h—m1}= [ ' 0 ) k=) = ['-'I-*'—m) ’

and

1= 1l Ll < (el e — A )] P (=) | 1< (2 R) R (R,

(k, 1)=(2+/k)u. Tf we take 2.2 1 then the relation (3.5) becomes

4 o Paylv
270 5 12 ),

NoaBfe 3y ==
L o) (3, /~) WY sl 5P pa
N E

and therefore, o

szl . 3
is Riemann’s functi : v such that y<{s/4)[Z(p)] "
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to (3.,3) we note before that for the fundamental matrlx_‘\ (k) we have X(k

k=1
= A(k— 1A (k--2)...4(1). Hence. X(k)X_i(H_l):.,JE_? A(v), and because
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and (3.3) holds with K=2.
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ON SECOND ORDER I'TO Ty STOCHASTIC
INTEGRODIFFERENTIAL LEOUATIONS
BY
M GOMURGE and B.Go PACHPATTE

1. Introduction. During the last few years stimulating rescarch works
have been undertaken in the field of stochastic differential and integral
cquations. A good account on this subject may be found in several recent
monegraphs, sce Arnold 2], Bharucha-Reid 4L Friedman
[SL Gihman and Skorohod 9], Ladde and [Lakshmilkan-
tham [I14], Tsokosand Padgctt {167 to name a few. An interesting
study of random operator equations have Leen made by Adomian [1,
Bharucha-Reid [5],, Hans [11] and others {see, [4, chapter 3]).
Recently Bergerand Mizel [3, Kannan and BharuchaReid
{12l and Pachpatte [15] have studied more general Itd type integro-
differential equations by using various techniques. Although there exists
a vast literaturc on first order Itd type stochastic differential and integral
cquations, the field of higher order It type stochastic differential cquation
awaits for its development. A physical phenomenon such as the simple
harmonic oscillator driven by a Wiener process leads to the following second
order stochastic differential equation '

(i.1) da(l, ») -+ 2a%(t, w) +ox{t, w)=dp(t, w),

where 1(2, @) is the derivative of A{¢, ») process and describes the position
of the particle. The equation of the above form leads to ;the stochastic
differential equation of second order of the form

(1.2) di(t, o) =f(1, x(f, o), A({, ) Ai+g{t, x(l, o), 3(1. ©))d5(t).

The study of existence and uniqueness of solutions of cquation (1.2} have
been developed by Borchers [6], Bharucha-Reid [4], Gold-
stein [10land Kannan [13]. The object of the present paper is to study
the existence and uniqueness of the solutions of ‘a more general Tt6 type
second order integrodifferential equation, which contains cquation (1.2)
as a special case. by using suitable version of the well known Banach fixed
point theorem. The more general formulation of the problem considered
in this paper is strongly inspired by the recent studies of B erger and
Mizel 3L Kannanand Bharucha-Reid [2Z7and Pachpatte
[151.
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i tonsi : S der stochastic in-
2. Preliminaries. Consider the following sccond order stoc
{teurodifferential equation of the form

dE(4, ©) =f(t, x({, o) Xt @), Al ), w)di-|-
@1 Lall, (1 o), (t w), By(l @), o))

-

with initial values
(2.2) x(0, o) =14(0), (0, ) =1(¢),

t S : e yability measure  space
where e, the supporting set of complete prol ;

(0. <t ) and

(2.3) Ax(l. o}=| h{l. s, X(s, 0), X(s, @), w)dB(s).

(2.4) By(l.o)= _\" k{1, s, X{5, @), a(s, ). o) d5(s).

In particular, if we impose on f. g, A and k various mcan‘lfng‘b:s,_lot 1:; i%patlgat
that equation (2.1) has a great diversity. For C}Ei?l?plf) -1t (‘I];_Tméi(; ;qution
cquation (2.1) reduces to the sccond order Ito ‘t_\_.pa. .52014 (_&(Z N
studicd by the authors 10 [4, 6, 10, 137, _lhc cquation (2.1} . :
valent to the stochastic integrodifferential equation

At ©) =1,(®)+ :Ef(s, (s, ), (s, @), Ax(s, ©), w)ds-+-

(2.5) ! . ‘
+ | gls, ~(s, o), 3(s, ©), Ba(s, o), »)dB(s).
O
Equivalently we consider cither the randomn integrodifferential equation (2.5)

or the cquation

g > ") 3 . B . : e
x(f,) =Z,(w) |.-p“,(m)!-|-g' [E";f(“’ vin, o), X1, o), da(n. o), e )i 1|

(2.6) s |
4 { g{u, x{u, @), X(u, w), Bx(it, @), )dB (1) ds.
0

We first list the following assumptions used in our subseq}lfm dllSCL‘liii;gr?iz

(H)) Let 8(2), 20 be a continuous L.-martingale wit 1 inc e{p(_ .
incremerts such that there exists a continuous, nonldocrcusmjg Lu";t:nlé):‘l:

: 5 S . s, pondecroasing funcho
Pty on R' with the property that Z{[8(f) —8(s)] et 'th) ; ﬁ) lmost
surcly (a.8.), (s <={}, where o, denotes an increasing family of s-fie J(Ts E) 1‘1([
5 v (a8, (¢ , asing I ' ol ;1
ted by Z(e»), 1 (o) and B(v)— B2}, Ogu<vss, Za(d), () (€2)

S, mole) are | . F > increments {3(z)—B(1)}, Osusw
Zo(), Ho{©2) ate independent of the increments '. Rl
‘ M. Tet hand & be Borel measurable functions defined on ]\.11>‘ (; '>\t
into I and fand g be Borel measurable functions defined on R* > I >1' Q 1(1)1_(:
Boand e—=f(t, oy ), o—=g(l. x5 ©), o=h(7, ¥, w), 2! :I’IT—

k(= foa.y 0') S ovovse R, are of -measurable functions (where K7 =

b A 1Y e UL L L ;o Ve~ .

] METRIC SEGMENTS AND MEAN VALUL VIIEOREMS u

so that = is interval-asymptotic and semi-c/esed in the sense of Nachbin

12, Appendix] (hence interval-closed). Let w €N, By a b-segment  contai-
ning a we mean the set Cla, b) where € is any maximal chain containing «.
{Of course this definition is meaningful. by virtue of the fact that 6 is the
only maximal element of (X, €) (and hence it must be contained in any
maximal chain)). To discuss the relationships hetween the notion we just
introduced and that of mefric segment in the sense of Menger (2, ch. VI, §6.3]
put s=d(a, b) and let f denote the function hetween C(a, b) and the interval
0. s] introduced as

i3 f(x¥)=d(x,a). x=C{(a,b).
By (2), it immediately follows

a< v v<d implics f(v)—f(x)=d(x, v)

so that fis a strictly increasing isometry between C(a. b) and its image in
0, s]. The main point is to find sufficient conditions under which f(C{a, b))} =

10, 5]. To do this, let us call the ordering <, dense when for cach couple
i, v € X; w v there exists € X with i =2 <%, and the ambient metric space
(X, d), b-complete provided any monolone Cauchv sequence for which
there is an order-interval containing  it, converges. Now, as an useful
answer to this question, we have

Theorem 1. Assune < is dense and (X, d) is b-complete. Then f(Cla, b))
= [0, s].

Proof. Suppose by contradiction there exists # in [0, s]1 not belonging
to f{C(a, b)) (hence 0 <r <s), and put A={r=C(a, d) ; f(x)<r}, B={reC(q,
b) ; f(x)zr}. Clearly, A and B arc closed chains (since C(a, b) is closed and
S 1s continuous) and, in addition, AUB=C(a, b), ANB=¢. As (X, d) is
interval-complete, it follows by Lemma 3 that the clement a'=lu.b. (4)
and b'=g.Lb.(B} exist, belong to 4 and 73 respectively, and aga’-<b'gb.
Since < is dense, there exists ¢ € X with o’ <e<b’ (so that ¢ does not belong
to C(a, b)). On the other hand, ¢ is comparable with any xr=C and thercfore
{as C 1s maximal) ¢ =C or, cquivalently, ¢ €C(a, b). This contradiction cnds
our argument. q.c.d.

From this result it follows that the notions of b-segment and metric
scgment with endpoint & are identical. Note at this moment the density
of the ambient ordering means : for each couple #, v € X with wsv, d(u, v)+
(v, b)=d(u, b}, there exists z€X distinct from « and v, with d(u, z)-
+d{z, v)=d(u, v} and, for this rcason, it is natural to call the ambient space
(X, d), b-compuex In case such a property holds. Particularly, when (X, J)
Is (mefrically) convex in the usual sense (cf. the above reference) it is surely
b-convex for all b=X so that. as an immediate consequence of the above
result we get the following classical statement (see, e.g., Kirk [8] for a modern
treatment).

Corollary. Lef (X, d) be complete and convex. Then for anyv a, beX
there exists a melric segment with end poinds a and b,

As another consequence of Theorem 1, note that, putting f=sup
{d(a, b) ; a=C} it necessarily folows Lhe chain C itself is cither an isometric
an:] isotone image of [0, in case it is o compact one, or as isometric and
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isotone image of (—/, 01 (under the function v——d(x, b)) in case it is not
compact. Some topological aspects of the problem can be fonn'l in Koch
191 (sce also Ward Jr. [170).

3. Mean value theorems. Let (X, o) bea metric space. and &, =X, a
given clement. Letting € be the ordering on X defined by (1), suppose €
is a fixed maximal chain of (X, <) and, under the general hypotheses Y
is both b-convex and bp-complete, let €, denote cither € itself or the
be-segment Clay, b)) with ¢, =C, ayztb,. arbitrary fixed. Given v =0,
v b,. denote by lim sup (inf) g(v) (for each function v—g{v) from Cy(x, )

Feasd g
into B} the infimum (supremum) over >0 of the expressions sup (inf)
fulvy veCy(v, =) d(v. v) <<l and by Iim g(v) the clement of K defined

¥ora .
as the cominon limit of th sequences (g(v,): #=.N) with (v, # =N) decrea-
sing in Cy(x, <) and y,—x; in this context, given any function j: {4
=R, let (D) f(x) indicate {for cach x=C,, r#b,) lim sup (inf) as v —xr+-
of the function v/ f(v)—f(x)/d( v, ¥) (from Cy(v, <) into R) and f{v+)
the extended real number lim f(v) (remark at this moment that, when f
B

Sy
is increasing. f(x-+) alwavs cvists (as an clement of R} and f{x)<f(v4-)).
Now, let (¥, 1+]) be a normed space. Given the convex subset K of Y, let
dist (,A) denote the usual distance from the points of Y to A note the
function ©—dist (¥, ') is nonexpansive and

(4)  dist (v =, (2 +8)N)<dist (v, xK) - dist (i, 8R). v, we Y, 2, 320

as it can be readilv verified. We shall assume further H=(K,,; a, b =C,,
a<b) is a family of such subscts of Y. Given the mapping 7" : (=Y we
shall sav it possesses a (b, Co, &)-mean value properiyv with respect to the
function f:C,->R, provided that

(3) dist (Fo—Ta)d(b, aj, Ko)=<(f(b)  fla))[d{b, a), u,b=Cy a=h

It is our main aim in what follows to find a number of local conditions (invol-
ving operators D, D. we just introduced) from which the property (5} be
obtained. To this end, given 7°: C, =Y, let us term it confinwous at the lcft
when (x,; #<XN) increasing in €, and x,—x (hence x,<x, #EN) imply
T x,—Tx. Under these conventions the following answer to the above stated
fuestion maxv be given.

Theorem 2. Letiing C, and 5 be as bz fore, assume T2 Cy =Y is condinuouns
at the left, [ Co— R is increasing and, in addition. that a denumerable subset
A of Cymay be found with the following propertics at cach a. b=Cy a=h.

(1) for any yeC(a.b)—. 1 distinct from b,

ooz lim sup (inf) dist ((7y— T2 [d( v, v). Nop) < DD ) f(x)

(ity for any v=C(a, b)Nd distinet from b,
lim inf dist (Zv—"Tx, d{v. XYN,) < f(xv-F) — f{x).

¥yt
Then T possesses a (bo, Cop Wy-mean walue properiy with respect to f, in the

sense of (9).

- [
b

STOCHASTIC INTEGRO~DIFFERENTIAL EQUATIONS 27

=[0, @), K=(—o0, +-o0)} satisfying the following conditions: for each
compact interval J7C R there is a positive constant M =M(I} such that
for all {,s€], wel,

(a) (uniform lLipschitz condition). For all x, y,, z, = K, =1, 2,

(s, 0 2)—R{l, 3, 2, ya 1A, s, o, VM) —R({E S, Ay, Va) €
SM([vy—agP 4 y—a) |93,
F(Fs X0 30 20) = f{E Na My 22) | lg(t, v vy, )—glt, Xy ¥, T} S
SM{jxy— a2 | vy =22 - 5 — 2, |21/

(L) (Growth condition). For all x, 1.z R,
(. s x) B R(E s, %, ¥) B ME(L (x4 319, |f(4, 3, ¥, 2) 184
F1g(t w2y P M1 L2 v [2)8),

We denote by ’]:21(9 ; C(10, T])} the Banach space of the stochastic
processes m : QAX[0, 7] —R which are mecasurable in e, continuous in H

and ||m||(,=E[res(?};]Im(i)|{' <o and by LjQ; C([0, T,)) the closed
subspace of non-anticipative processes. Let us denote

IME=EL sup |v(s)*], for yeLlQ; C([0, 7o) ; then ||*[l=||*[lp,-

=55

Throughout, we assume in addition to (H,) and (H,) that the adapted
f;mn!y {x(t, @), A, 12 0} i.e. &{f, ) is of,-measurable for t;O is an absolupte‘l},r
continuous process satisfying the following conditions :

- . g
(a) %(t, ») exists for every /20, and (a,) | E{[3(s, }[%dG(s) <o0, £20
0
where G({)=i-+F(¢). Then, the (4 w)-function 2*(¢, @) defined bv rie i
of (2.5) 1s well defined. oty (OQUESEEI AL C
By using the fact ihat

(2.7} x(l, o) =E(w) + j{.\"(s, o)ds
[}

for 0<?< I, Doob’s martingale inequality (scc [8], Chapter 4, Theorem 3.6),
Schwarz’s inequality, the growth condition and condition (az) one can
easily prove that the integrals

I(s, w}= jif(ﬂ, Ao, w), X1, @), Ax(i, ©), o)du

and
S(s, w)== 6; g{1, x(4, ©), Z(u, w), Bx(u, @), w)d3(x)

involved in the right side of (2.5) are stochastic processes from L3(Q :

C(io, T(r,])) and [ can be taken as a continuous martingale (see, Doob [7]).
We need the following lemmas in our subsequent discussion:

3 — Matematica 206
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¢ for which maps

mma 1. Let X be a Banach space. Let D be an opera ) 15
the eicﬁfents of X into itsel [ for which D" is a contraction, where r 18 a postlive
integer. Thew D has a nnique f txed poini i X. ‘
Lemma 2. Supposc that the ussumplicns (H,) and {(H,) (b} hold, then

(2.8) ET sup |§(t, )71 C(1+ ElZo(w) 1+ Elne(@)[?)
oIgT,
and
(2.9) . Ef sup |3t o)1 C (1 +ElZu(w)*+Elno)?)
UstST. ey re
where C and C* are some constants depending on M, Ty and AG(T)=G(T o)
G(0).

i it i » well know h fixed point
Lemma 1 is a suitable version of the well known Ba.n.ac ) :
theorem. Lemma 2 follows from (2.5) using ((l—i—b—-}—(-)"‘éii({l -i—?;—}—cz)},
Schwarz's inequality, Doob’s martingale inequality, hypothesis (H.) (0)
definition of norm in L3(Q; C([0, T,])) and (2.7). ' . ;
" 3. Existence and Uniqueness of Solutions. In this section we state an f
prove ‘our main result on the existence and uniquencss of solutions o
equation (2.1)—(2.2). |
! Theérem 1. Suppose that the hypolheses (H\) and (H,) hold. Theq;,
there exists a unigue process {x(f, w), 20} with absolutely continuous sample
Sfunctions such that . ‘ o B
(i) {x(t, @)} solves equation (2.6) a.s., (iv) x, seLyQ; C([O 10;‘)), Za;ui
(il) %(t, @) exists also as L*-derivative, (v} X(t, ») solves a.s. equation {2.5).
i) x(0, ©) =Ey{w). 3(0, v)=1n,(w) as., . o
) f"roo}. F(o)(r ye L3{(Q; C(10, T,])), we define the operator DL
C([0, To))) = L§(Q, C{10, T0T)) by

(Dy)(t, o) =ns{e)+ j"f(S, (L¥)(s, @), ¥(s. @), A3(s, ©), w}ds+

o L8 (L35 0 305 0), B @), 0)B().
where

62 (L)t )=o)+ ] 3l )

(3.3) A(t. )= {1 5. (L3)(s. ), 305, ©), QHB(S),
(3.4) Byt w)= [R5, (L3)(s, o), ¥(s, @), @)B0)

2 ol ino \2(a3_+b2),
. zeLyQ:C(0, To)). From .(3.1) and using (a+b)i< -5
‘Ié‘s}ta'\ii"‘rz’s.--ingg'_ual.ftgfl:, D.c}o!b':"s martingale _inequality, . hypothesis (H.){a),
GO~ FFFU) and (32)=(3:4), we gel .

5 STOCHASTIC INTEGRO—IMFFERENTIAL EQUATIONS 29

i
IDy— Dzl =E[ sup [(Dy)(s, @)~ (Dz)(s, ©) *< C,  fv—alldG(s)<
(st o

<Cifly—=llAG()

where
(3.3} Ci=2M4(T o+ D [{TAG(T o)+ 1} + MAG(T){TAG(To)j2+ 1} ]
and AG(f)=G(f)—G(0). By iteration it follows that [ID"v—D"z||,< Colly—ai,
AG(t) I"[n.

Thus, there exists a positive integer # such that D is a contraction in
L3(Q ; C([0, T47)). 1t follows from Lemma | that the operator D has a unique
fixed point in L(Q; (10, T,1)). The fixed point #=nx, {4, w)=E,(w)+

!

- [ ¥(s, w)ds of D is a solution of equation (2.5). The conclusion (ii) follows
v

from the inequality (2.8} in Lemma 2. This completes the proof of the
theorem.

4. Stronger Uniqueness and Existence. We establish next the
following theorem which shows that, if two stochastic second order integro-
differential equations have the same coefficients on the domain [0, T,1xS,
Sc & and if the initial conditions coincide in S, then the corresponding
solutions agree untill the first time they both leave S. Consider the equation
(2.1)—-(2.2) alongwith thc following equation
dy(l, w)=[f*(1, v(t, 0), 7{f, 0), A*1({, &), w)di+
[+&*(%, 21, ©), ¥(E; @), B*x{t, ©), w)dB{),
with initial values '

(4.2) (0, w)=Ej(w), ¥(0, ©)=ng(ew),
where

(4.1)

A*y(t, w)= f ¥ (2, s, (5, @), ¥(s, o), W)}dB(s),

¢

B*y(t, co)=6[ k* (L, s, y(s, w), i(s, v), @)dB(s),

and the functions f*, g%, i*, k* are as defined to the corresponding functions
f» & h, k respectively.

Theorem 2. Suppose that the hypotheses (H\) and (H,) hold. Assume
that the hypothesis (H,) holds when f, g, h, k are replaced by f*, g%, ht, k*
respectively and the hypothesis (H,) holds when §o(w), no(w) are replaced by
E5(w), no(w) respectively. Let x(t, w) and (1, «) be solutions of equations (2.1)—
(2.2) and (4.1)—(4.2) respectively. Let S be a domain in R and suppose that
Jor x{t, w) €S, 0<igT,

Ax(t, w)=A*x(f, ), Ba(l, w)=B*i(l, »),
[l 2t o), ¥, w), 4 vt w), w)=f*{{, x(f, »), F(t, w), A*x(t, ©),0)
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all, At @), X, o). Bx(l, o), w)=g*(t, ¥, o), (i, w) B*(l, ), o).
Further assume that x(0. ©)=3(0, ), 1(0, @)=3(0, v} for almos all o for
which x(0, w) =S or ¥(0, w) 5. Denote by < the first teme (after {-=0) that the
process x(t, @) infersects K IS if such time £ [0, T4 cxsts, and =1, qther—
wise. Denole by =% the analogous stopping time for the process v, o). Then
D(z—<%)=1, wid -

Py sup |x(f, o) —v(t, w)|=0t=1.
PE

Proof. et ®(. @)= 1 i x(s, w) €S, 0ss<{, and (L, w) =0 otherwise.
Then ®{/'w) is nonanticipating. We note that ®(f. o) =0(f, w)®(s, @), s/
From {2.5). eguivalent integrodifferential equation form of (4.1} (4.2)
and using a-- ¢~ (a—b)+(b—c) and (a--b) <2a*-+20°, or vs, w)=ES we
ot s2rve that

E (e, o) |5(t, @) — 34 @) {*1 <
(4.3) S - - o AL (o o
=) [ E|®(s, o) |1fs, o) 1(s, ) [*M0(s), 0<i< 7
where €, is as defined in (3.5). Now define ''(f, 0)= E[®(/, w) 4[], w)—
5 .\'.([_ w)il, .
" Then Y. )20 and as x(f ) and 1{f, ) are solution processes of
(2.1)—(2.2) and (4.1)—(4.2) respectively, we have

Wi w)<2ET sup Dt w)[x(f, w)[*+ sup B(f, o)yt ) [*]1< M* 2o,
vt T 01g T
where 17* s a constant depending on M, Ty and AG(T,). Hence bv iteration
!
Ot )< Cy F (s, 0)dG(s) < (C)"M*[G(t)—G(0) fu L.

Since G{f)<(G(T,) <co. letting s ~o0, we have
E ®{t, o} 3(t, @)— y(f, @) |*]=0,
1ence by the continuity of ¥(/, w) and §(/, v}, sup ®(f, ) [X{{, w)— 1t &) =0,
i T

== Ao

a.s. Tt follows that (4, w)=3{f, ) as. if 0<ig~ and conscquently

o<gicT,.

1 !
Mt o) Zo(w) 4 (s, o)ds=Zy{w) 4 | V(5. w)ds=1{{, ©)
) 4]

a5 if 0 i< = Thevefore, by the continuity of x(f w) and y(f. &)

P{osup aff, @)=l o} =0 =1

M ugrET
Also. it follows that P(=%z<)=1. -
A similar areument shows that (<> =*)==1. This completes the proof.
Now we shall use Theerem 2 to establish the stronger version of our
Theorem 1. )

Il w{lo @), 2 @), Axx(l ), 0) and gyl 3, o). M o).
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Theorem 3. Lef assumption (H) hold. Supposethal the [unctions h, k, [
and ¢ in cquation (2.1)—(2.2) satisfv the condition (b) of Iypothesis (H.).
Supposc further that for each N >0, there cxists a constunt My >0, such that
for all t. s=[0, To] und for all u, i € R with i)+~ lil< \, the finciions h. k.
[ and g in equation (2.1)—(2.2) satisfv the condition (u) of hypothesis (H..)
by replacing M by My, Then therc exists a unique w.s. continous solition
o) of (2.1)—(2.2) on [0, To] satisjying conclusions (iY— () of Thecren 1
Furthermore, ’ '
(4.4) E [O;l!lgrla.\(t, o) FISC*[1 - E|Lp(o) 24 L2 go{w) 2],
iwhere C* 4s some constant depending only on M. Ty and M(T ). .

Proof. Let Zy(e)=ZLo(w) if [E(e)i<N and zero otherwise. and' for
(@) 1SN, e fe)="nw) and for |g(e)| >N, vqy(0)=0, '

AL, s, x, X, 0), Tor |v)[+4-[¥ €N,
Aoy 80 2, X, ) =0(1, s, x, £, ) [2—[(| 2] |[¥D/NT], for N <jv]4-1¢|< 2N,
0, for |v|+|¥]>2XN,

Axx(t, ©)= | he(f, s, x, £, @)dB(s).
0

and
fU, v, %, Ax, @), for |v]+jij< .

Sl ¥ d ey vy @)= f(t, v 8 A v, o) 2— (| [F)/N L dor N <| v+ 1§52,
0, for |x|+jx]>2XN.

Similarly, ky(f, s, 1, &, ©), Byx(f, ), gy{l, x, ¥, Byxr. o) can be defined. Then
' ‘ B Byx(i, w), w)
satisfy all the assumptions of Theorem 1. Therclore, Theorem | asserts
that there exists a unique a.s. continuous solution xy(f, @) in L3(Q. (10, T,1))
and conscquently ¥y(f, @} in LEQ, C([0, 7)) of the cquation

diy(to)=f(t, xx{f, @), 3x(t, 03), Axry(t o)oo)di4-gu(f vyl o).
3’:_\-(’, (.L)) g LB_\'-\—_\'(!, (JJ), (JJ)dB([)

with initial values .

(46) .\"\-(0, (‘))':‘E;V,(w): .‘\'J\-(O, (l.)) —'f‘_\'.((l):l.
For definiteness we take of, to be the o-field gencrated by E4(w), 9(w) and
3(s). 0<s <t Let =y be the first time x4, )|+ Ty(f, ®) =N il such a time

Iy exists and =y =7, otherwise. Tf A" >N, then by Theorem 2. it follows
ghat Ty{t, w)= Vi{f, @) and consequently ¥y{f. @) =iy(f o) a.s if 0<igay.
I'herefore, by using Chebyshev's inequality and Lemma 2. we get, -
PLosup [{oy(ls ) +3(l o)t =T vy (i, o) 5[ )}

S oY J et i

e

s P sup dag(t o) |l o) |F>NT< P sup v o) [z N2 ]
OIS T, b ) -
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+PLsup |ix(t o)) > NI (4NEL sup bes(s o)1+

05T, LT,

+(4/NYE[ sup |ix(t o) U< 4N)(CHCH) (1 +EEo(@) P+ Elno(0) ).

SIST,

1 v ~, . & 5
It is clear that the set Q.\-={0 sup | xx{4 m)|-r0 sup Ha(l @) > N decreases

ST, =ity

as .V increases and P(Q4)10 if Nteo. Define

Al )= lim xy(f, 0), ¥l 0)= l\%m Ax(t, o), if wslim Qy.
Now N-v e
) 1 3 e 1 cand x(4, ), ¥, ©) are
Then x(f, w)==xy{f, 0} and ¥({, w)=2y(f, ©) if @}y an
in ?Lg(ﬂ(, C()O, T\.,] ). )By Temma 4.2.11 (see [8, p. 66]), we get

{ g(s, (5, ), 4(s, @), Ba(s, o), 0)dp(s) =
(4.7) )

= j'th(s, 1x(8, ), (s, 0), B,vx(s, 0), @)d3(s)
L)

a.s. if w=Q,. It is clear that
j'rf(s, 1(s, ©), ¥(s, 0), 4x(s, ©), w)ds=
0

{4.8) ,
=[ fu(s, xx(5, @), Xx(5, @), Ayxy(s, 0), 0)ds

a.s. if @ =Qy. From (4.7), (4.8) and (4.3)—(4.6) wc observe that

YA w)=§_0(m)—[—no(m)t—l—_§ [ gf(u, x(u, w), ¥(it, ©), Ax(1, 0)w)du-t

- jxg(u, x{1t, @), ¥(u, o), Br(u, o), o}dp(r)ds

a.s. if @=Qy. It follows that x(f, @) is a solution of (2.1)—(2.2).
Finally, using Lemma 2 and Fatou’s lemma we get (4.4).
> i 't ox d »(t ) denote two
In order to prove the uniqueness, let x(f, @) and 1
a.s. continuous solutions of (2.1)—(2.2) such that x(0. w)— (0, w), #(0, w)=
= ¥(0, ), a.s. Define for N >0 and {=[0, T']
=1i Cx(t, o) 1k, @) 1€ N, sup [[3(4 @) - |3(t o)[]€ N,
D¢, w) 11f02:1€pnh v(l, w)| (¢, w) Sup
and ®(f, w)==0 otherwise, B
éincl O, 0) =0, w)P(s, @), $<U, it follows that for cach £=00, 17

[] : L g i +
ETO(t, o) |#{t. @) — ¥, 0} 1S Civ TE[@(s, 0) [¥(s, @) (s, o) [FldG(s). 0st< 1,
L 1

9 STOCHASTIC INTEGRO-DIFFERENTIAL EJUATIONS Rk

where ' = . L TS
. o I s s [ToAG(T Y
( ;5-—-2(10+1)M§.[{1 AG(T0) + 1} +MEAG(Ty) {O_ZL_)_+,| }]
Proceeding as in Theorem 2, we got

E[@(t, @) [4(t, @)= 3(1, ©) |*]=0, 0<i< T,

i.c.
PLi(t 0)# §(t, ©)1< P sup {Ix{t, @) |+15(4 o) [} >N+
(4.9) OIS T,
+ P sup {Iy(t, @)+ [5( @)} >N
01T,

since x(l, ), v(4, @) and i, w), {4, w) are continuous, the right side of (4.9)
converges to 0 as N o, Hence P[i(f, w)# 54 ©)]=0. Further, by the con-
tinuity of i(4 w) and (¢, w), we have PlE(t, w)=y{t, w), 0<i< Ty]=1. Now
it follows that

f !
Wty o) =2(0, w)+ [ (s, 0)ds= MO, @)k | 5(s, o)ds= (¢, w)
0 Il
a.s. for 0<t< ¥ This completes the proof of the theorem.
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A NONSTANDARD THEORY OF HYPERSURFACES
IN FINSLER SPACES

BY

RADU MIROXN

Iv memory of v fcacher Mendel
Hawmevicr (I1906—1973). with the oceq-

sion af foftv years since th first pagper
on Finsler geometry was publizhed 10
Ronania

The theoryv of hypersurfaces in a Finsler space is a remarkable crea-
tion of Mendel Haimovici (7107 Fifty vears ago, before Elie
Cartan’s monograph was published. Mendel Haimovici obtained the fun-
damental cquations and Gauss-Codazzi equations for hypersurfaces of a
Finsler space. Then he investigated important geometrical properties of
totally geodesic and totally extremal hypersurfaces. For this reason Mendel
Haimovici is considered as one of the founder of the theory of subspaces
in a Finsler space.

In the samc field, important results have been obtained by 0.
Varga (29, A Rapcsdak[26,S. Kikuchi [15), H - Rund [27, 28"
and others.

M. Matsumoto has obtained, in his recent excellent paper [187 a
synthesis of all results published in this field during about a half century.
He pointed out gaps and considered the theory of hypersurfaces in Finsler
spaces endowed with the important connections: Carta n, Berwald,
Rund, Hashiguchi [19]. It is remarkable the rigurous proof of the
famous theorem of Haimovici-Rapesik-Kikuchi and his new results con-
cerning the hyperplanes.

It is interesting to give here the following assertion of professor Makoto
Matsumoto : ,It seems, however. to the present author that there had to
Le unevitable obstructions to develope the theorv of Finsler subspaces
analogously to the Riemannian theory, and as a consequence, almost all
the existing literature is not casy to understand and confused notations
sometimes bewilder the readers. The first among thosc obstructions is per-
haps surviving of quantities which are derived from Cartan’s C-tensor and
cause, for instance, the non-symmetry property of the second fundamental
tensor. The second, a consequence of the first, is that the induced connection,
d(.’fil"lC(l by projection, does not generally coincide with the intrinsic con-
nection “



