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A NONSTANDARD THEORY OF HYPERSURFACES
IN FINSLER SPACES

BY

RADU MIRON

In memory of my teacher Mendel
Haimovici (1906—1973), with the occa-
sten of fifty years ance the first paper
on Fiusler geometry was published  in
Romania

The theory of hypersurfaces in a Finsler space is a remarkable crea-
tion of Mendel Haimovici (710" Fifty vears ago, before Elice
Cartan’s monograph was published. Mendel Haimovici obtained the fun-
damental cquations and Gauss-Codazzi equations for hyvpersurfaces of a
Finsler space. Then he investigated important geometrical propertics of
totally geodesic and totally extremal hypersurfaces. For this reason Mendel
Haimovici is considered as one of the founder of the theory of subspaces
in a Finsler space.

In the samc field, important results have leen obtained by 0.
Varga (29, A Rapcsak (26,5 Kikuchi [15], H. Rund 27, 28"
and others.

M. Matsumoto has obtained, in his recent exccllent paper (18] a
synthesis of all results published in this field during about a half century.
He pointed out gaps and considered the theory of hypersurfaces in Finsler
spaces endowed with the important connections: Carta n, Berwald,
Rund, Hashiguchi [19). Tt is remarkable the rigurous proof of the
famous theorem of Haimovici-Rapesik-Kikuchi and his new results con-
cerning the hyperplanes.

It is interesting to give here the following assertion of professor Makoto
Matsumoto : , It seems, however. to the present author that there had to
be unevitable obstructions to develope the theorv of Finsler subspaces
analogously to the Riemannian theory, and as a consequence, almost all
the existing literature is not casy to understand and confused notations
sometimes bewilder the readers. The first among thosc obstructions is per-
haps surviving of quantities which arc derived from Cartan’s C-tensor and
cause, for instance, the non-symmetry property of the second fundamental
tensor. The second, a consequence of the first, is that the induced connectiorn,
defined by projection, does not generally coincide with the intrinsic con-
nection ...,
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If we look carefully to this theory we sce that the whole trouble comes
C <
from the choice of the non-lincar connections N and N in F* and F* 3,

o C
respectively, since N has not the horizontality property with respect to V
(sce § 2). This situation implies the fact that the connection IFTI, induced

¢
by F*, is not the same with the intrinsic connection CTN of F7 1. Morcover
the intrinsic connection is not taken into account in this theory.

The main goal of the present paper is to give a theory based on the
intrinsic connection of F*"! and in this way it is similar to the theory of
hypersurfeces in Riemannian spaces. More precisely, we start from the

C
intrinsic connection CI(N) and obtain the so called mornial conncction
ph

FT(N) in F* whose projection on F" ' is just CT{N). The nonlincar connce-
tion N of FT(N) has the property of horizontality with respect to the non-
g

lincar connection N of CT(X) on F* 1. This geometrical property implies
the following results : the fundamental equations of F* ' are very simple,
the second fi- and »-fundamental tensors of F* 1 are symmetric and Gauss-
Codazzi’s equations are simple, too. Morcover in this casc we can state a
fundamental theorem {sce theorem 6.3). The whole theory has the simpli-
city and elegance of the similar theory in Riemannian spaces.

For generality, we shall consider the theory of hyvpersurfaces in gene-
ralized Finsler spaces [23, 11, 311, F*=(M", i), where gq,(x, ) is a genera-
lized Finsler metric, which is not necessarily obtained from a fundamental
function.

For the reasons mentioned above we call this theory a ,.nonstandard”
theory of hypersurfaces in Finsler spaces.

In the content of the paper we have : the moving frame on M1 the
(H)-property of the non-lincar connections in I* and I*1; the intrinsic con-
nection in F*°! and the normal connection FI(N) in F*; the equivalence
of the induced and intrinsic connections on F*°'; the relative covariant
differential, Ricci formulas; fundamental equations of hypersurfaces in
generalized Finsler spaces; Gauss-Codazzi equations; the fundamental
theorem of hypersurfaces in I’* ; hyperplanes ; a particular case when F*
has a generalized regular metric g;; and another one when we have hyper-
surfaces in a Finsler space (M", L).

We use notations and definitions from the papers (19, 231

In a forthcoming joint paper with Aurel Bejancu we shall give a non-
standard theory of submanifolds A" in F7, (1 <m<n),

1. The moving frame on a hypersurface A*°'. Let F*—=(M", gi(x, 3))
be a generalized Finsler space (see: (23, 117), where M* is a real s-dimen-
sional manifold and g,(x, ¥) is a symmetric, non-degencrated and positive
definite Finsler tensor field of the tvpe (0, 2). We remark that go(x, ») 1s
not necessarily obtained, as in the classical case, from a fundamental Tunc-
tion. For this reason we call g, (v, v) a generalized Finsler metric.

A hypersurface 3% in 1" may be represented parametrically by
the cquations ‘

)
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(r.1) AM=xi(ul, L, ), (0, 7o Ky Lo m, py =1, ..., "),

such that the matrix {|BY| given by
1.2 Biwy= ", -
(1.2) Ba{1) = Eel (2 3, v, 8. 9, u=1, ., n—1),

be of rank #—1. We assume that tl 1
) L B—1, as 7 18 supporting cle ) i
(1) of A"V is tangent to A", i, \\'cpﬁa\'e § €Lement g at cach point

SFI].}) - V= Bi(u)v.

s (v%) is thought of as the supporting element 73 i
s (2%) is th ement of 3*°1 at the

(#7} =M™ We denote by vi(u, v} the right hand side of (l..’{?.'1 St

Let 7M™ and TAf%1 be the tan o
Let 1. _ i gent bundles to /7 MA res-
pectively. Since M"™! is a submanifold of M* we have R
B
cre

(1) om0 2

a i o
cif duyi C}-f Pk

e Af {
g Ba =25 Ba=vB,

where {é/exi, ¢/grvil and {élew™, éféu=) i

i sy » ¢f¢¥%; are respectively the natural f )
of (T and F(T A" A - ral frames
ha\'o( ) (£"7). In a similar way for the natural dual frame we

(1.4 dx'=Bidi*, dvi=B} du*4 Bidyx,

—I‘] . . .

¢ SLH(-I all;t@d -[ lllSIEI Illetl 1c 2z T, 1 l][d][ S | =1 tl 3
1 l.. &t E CCs on . [ [ on -
E]EI me tll(’ ca,s( ' "‘) g]‘\-[\n 1)1. ( ) g era'h

(1.5) San(tt, v) =i x (1), V{1, v)) Bi(ue) Bi(a).

The pair F*-i=(Af""1 ¢ - . .
space from F» t(o ﬂfn’~?_1a(u’ v)} is called the induced generalized Finsler

We denote by Bi(n, : » unit Finsler v - o
to M*1 and is give)n by(”’ v) the unit Finsler vector field which is normal

(1.6)  gu(x(re)y 3(st, v)) Bifu) Bi(at, v) =0, e x(1), ¥ (u, v)) Bi(u, v) Bi(u, v) =1,
=0 we have obtained a moving frame on M* in Fn -
(1.7) R=(x*(u) ; Bi(w), B(u, v},

which Is geometrically associated to the hy
h i ' A . the hypersurface /-1,
R+=(xYu); Bi(u,v), By{u,v)) satisfies the equalities :

(1.8)  ByBy=383, BiB=0, BiB}—0, BiB, =, BiBF+B!B,=3
« =0j .

Its dual frame

§2. The (H)-property. Let 17 be the verti istributi
callvy i ps o ertical distrit Tirn
locally spanned by {é/év,). A distribution N on 73/ wlficrlt Jil:;t‘s(t)ln et

to 7 is called a nonlincar connection on TX/*. A local basis in \° Fshrngrthl::
- - L] A
(2.1) LI e
Axi gy B

l . “t1 o N ory g e Yool
\Jltllf]lllllr tl_on.s‘i Nj(v. v) are called the coefficients of the non-linear connection
N 4 stmilar way, a suplimentary distribution .Y to the vertical distri-
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bution ¥V on TM"-*is a non-linear connection on [/ M" 1. A local basis of
N is given by
3 J

. P
2.2 T ——— -—;\'g HA a’
(2:2) Su* out (i, %) Jr?

where N8(x, v) are the coefficients of A _ .

[f M" is a paracompact manifold, then therc exists a non-lincar con-
nection N on TM® [22]. If gi;(x, v) is a regular gencralized Finsler me-
tric, then there exists a non-lincar connection N, which depends only on
the mctric g,(x, ») [23). In this case, as we shall see, the induced gencra-
lized Finsler metric g.a{u, ¢) is also regular. :

For this reason we give:

[
Convention 1. We fixe a non-lincar connection N on [M" and a non-

.
lincar connecction N on TM"*L
(- - . -
We denotc by A} the coefficients of N and by N% the cocfficients

<
of N. ) B
~ Definition 2.1. ¢ say that a non-linear connection N on TM" Jts

the horizontality property (or bricfly the (H)-property) with respect fo the non-
c c

linear connection N if we have NCN at cvery point (u, vy of TM™
By this definition the non-linear connection N'on 7M™ has the (H)-
. c

C -
property with respect to X il \ is a vector subbundle of " over Farey
Of course, definition 2.1 has a geometrical meaning.

Theorem 2.1. The non-linear connection N has the (H)-property with

c .
res pect to the non-linear connection N if and only if, on TAM" Y we have
(2.3) BiN{— NEBy + Bj, =0
¢
Proof. Suppose N has the (H)-property with respect to N Then we

have 8/8uf=ai(x, v)3/8x and rank lai(u, v)||=n—1. By (1.4), (2.1} and (2.2)
we have

iy ¢ N NBBL LBy
(B;"'Hﬂa) 5;"; —|-(£l;.\j .\ IBB_!_BUI) a}'i —D,

which implies (2.3), since {d/ax4, ¢/cy} is a basis in (T M").

Conversely, suppose {2.3) be satisfied. Then by using (1.4) we obtain
. B ¢ _—_— o d g 3
= 3 (NPR B —_—— \i_“,_"“""?
b 3¢ *oxd (Nabs— D) ay  on* vt du®

-
that is, .\ has the (H)-property with respect to X The proofl is complete.
Corollary 2.1. The non-lincar conncction N has the (H)-properiy with

( - .
respect Lo N if and only if onc of the following equalities holds
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8 £ &
(24) = B, oBvie Biger
S ERY *

We have denoted by ISvi glé e .
i o My ) {8-8-‘ ,dlertt an adﬂptud basis on the
tributions (N, V) and by {dy, v’} its dual basis. g

Corollary 2.2, I/ N hus th, (H)-property iith respect to \( then we have
B BN Bi)=0.

pair of dis-

Consequently, not all non-lincar connections on 1'1[* have the (H)

s

property with respect to 3
Now, we define B

i & i r.-
{2.5) Pa(i, ¥)=BIN{—NEB} 4 Bi
Next, it is casily seen that Bfe; is a Finsler tensor ficld on TA/* 1,
Theorem 2.2. Suppose there exists a Finsler tensor field on TM"5! (x, 1)
il M

siech that its restriction on T v bp i 2.0 .
X oiven by ) be just Bigl, Then the non-linear connection

. c
(2.6) N, ¥)=Nitx, ) —oify, v)
has the (H)-propert )'C:.'[tl.r respect lo the non-linear connection \
H s Ti - 101 -
/~“-n{m{)f'sh¥nﬂ‘ N} are the cocfficients of a non-linear connection on
T and oi(x, v) is a Finsler tensor ficld on 7M". from (2.6) we obtain

thdt «\ l' are th(. COt:ﬁlCl(‘Ilts Of a non (| I “
10 lln(‘{lr connmn 1
] j ( (g flOl on l = 3 tOO. Bllt

{2.67) N, v(u, ) —.\",'-(v(n}. M, 9))— B, ol (u, v),
which is a solution for (2.3).

Kemark 1. 1f V™" is a parac ac i i i
; 1L 1f 5 a paracompact manifold and 7Af* 1 is a2 cloge
submanifold in 7M/*, there exists a differentiable prolongation o of qu‘fi
73 i Ve

Remark 2. We always know the dictrilyti e
Sy (e é 3 e distributi NIND  oive . ;
on IAfr-, by means of Convention 1. on N(\}) given by (2.67)

Cenvention 2. Suppose that we have a fi i
. enlion 2. | . ' 1xed non-linear connection
.}‘(.\j) on TM" with (H)-property with respect to the non-linear connexion
N(NE) on 1A,

¥ 3. Intrinsic connection on F* ', From now on the non-linear con-

. C
n . o - M T 1w =
_oLt.!o]ns, N and N being fixed through the conventions 1 and 2, we can
comsider the most nateral metrical Finsler connections in /™ and ’F" l

- Eres N . e . . C
. T hf,‘:re‘f;. 3.1 {rﬁ—ih exisls an unigue Finsler  connection CI0 V)=
(FE,. N5 Ch). ta F* such that the Sollowing conditions be satisfied .

L .

V. Jis non-linear connection is AW

27 the h- and - coviriont eyt FF ¢
. i drtent derfvatio N , M Oy i - . v
ik, C waltves of goa(n, vy with respect fo CP(N)
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3¢ Tt,=0, §3,=0.
C
The connection CI'(\'} from theorem 3.1 1s given by
(31) TR lgn SLBQ §&& . S_SEI)’ Cﬁv_ ] gm; agﬂ’a ’l‘ égw _ ""}iﬂ? .
o Sur  Sut S o2t e ot A

This result is proved by the present author in [23]. The Finsler connection

C
CT(N) is called the canonical indrinsic connection of F*

Similarly, we have

Theorem 3.2. There exists an unique Finsler connection FI(N) =
—(F, N3, Ci) in I, such that the following cowditions be satisfied :

19, "Iis non-linear conmection 1s N, given by the convention 2,

2° the h- and v-covariant derivalives of gy(x, v) with respect o FI(N)
ranish,

3% ThH=0, ShH=0.

The connection FI'(N}) from theorem 3.2 is given by

3¢ , O  O%u e 10,-,1 E8in | % O
. T T . ] 5:; —_— T — T T )

o
32 F‘. = ot 5 -
(2) Fa (Sx"' 5y sk g PRI

20
where 3/8x¢=23/¢x'—N{5/dv7. The Finsler connection FI'(N} will be called
the normal Finsler connection of I'*.
Now it is useful to consider the curvature tensor fields Rly, P,
?J'k of FP(N) :

3Fh, SFA .
Riu= éx_’:{—_ “V;k FFREM —FMF oy +C Ry,
aFp, 8CH . AN
Dk, — £ e ‘rn th _C‘_m th C h" s
(3.3) Py mf)_y" '—ij; + \J k kb s+ G o
n SCH. L .
Slhdn - a,C‘kj . 23_’}_';: + Cimjcmkk' 'Cimkcmhj .
oy :

By similar formulas are given the curvature tensor fields R,%,, P,%s, and
c
S:%a, of CI{N). Next, we put:

. h s h b
Rutc—gnRs e P.-m—gmp.- ke Si;ke—gmsi Kes

3.4)
( 'S2‘3-{8 _gH;S:I:‘fS d

J— ) —_— ’l
Rxaya—gth"’yaa I :!31(6_g3¢1 a¥yd

Clearly, we have
{3.5)
Moreover we have !

Theorem 3.3. The curvature tensors of the Finsler connections FI(N)
¢
and CI(y) satisfv

Sle)k o Si:,\-}.- R:Byﬁ_ = RL’:«S-,-: Sza«;s_ - SaBSy'

']
Rip=-— R
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R = ’ .
; g = =Ry, Piye =P
:_3.6) etiky ik I eifhs ka =T i
]L) Ic = ’ ]
Ty Y2y 1-13*(8:“1)31?"5' ‘SI'!'r‘:_S” )
Ao d Bays.

) .
Proof. By using (3.2} and (3.3) we obtain

R 1 (3 313 (3ga_3g,
P Tl XA 235+ |82, sar)

3, 3!
o Y g

2 d eFJhk“I‘;h,eFm - —I Ry, ng.;. - %in

2 a}rf &)'i

P I3 (ég,. dg I G (8 5
et Bt LG (e se
™ ”'- " ; "y . PO e
28\ Py 2avi s Bt

. - S ATk o -
A i 7 }
FCAF e~ C Ty, — SB CEin _ CEm
2 ('i).t “:}}J a ]”. »

i g0,
Sigre= --(1- (f-‘:’—”

6% _I' ¢ fdgy &
2 51'k éy o — e
5 by

et 2y 3)7 ) 5 C"ht'cmr.-'_cfhrcmb
where Fyy=g F# and ¢ P
K ) i ‘ -U;‘-=" C,- o I‘}lllS the firg tne o iti
in (3"6lzhisi (]i)é—r?;\i:d Ir; 6’1 mmila?—hiva\' follows tlltlehslgéo::g(li?lfe e iattes
. e 1ties (3.6} will give a consider: implification
Codarzi eqautims o(f 32[" _11 iﬁl‘lt:"‘l considerable simplification of the (iauss-
1y . S .
§ 4. The induced connection. Weo denote by D the operator of co-

variant differentiation with re
ant differenti: spect to the normal Fi i
If Xi(x, v} is a Finsler vector field in F*, then we hl;::;séer sonnection FE(N).

£

DXt=X 14 d % 1 X1, 84,

Similarly, w )
B ;z; :ci;'delllotc by D ‘the operator of covariant differentiation with
\'; ' 1;19 er conncction FI'in 7=t Then for a Finsler vector field
= (”,Ddgf'or‘lt'j‘ ‘; we have DX = X7 o do? X%, 808 )
Inition d.1. A Finsler conmection JFT :, 4 3
. g 7 ) = L X %3 - - .
| %{}J‘lfff, the M;]riuced Finsler conmection on Fr1 by tlug ngrYr;z;rll- ﬁ,”Q :EQY) vmsction
(V) if ihe Sollowing conditions are Sfulfilled e omeciion

(1} The non-linear conmects / ‘T(N
| - on N ‘
| respect lo the non-linear commection I‘V(R{'SI;S:\,}F’?S R

e

) For anv Finsler vector fi > 7.
¥ 754\'*-—(]3)@I)J\'; f.-l-l:\«-rFigf{gr ;"“tdr Jield Xi=Bix, tangent fo M"Y we Lave
to IFI. i » where 1 as the operator of covariant di [fferentiation with respect

Now wp ¢ d
Theor:r;: ;1111 s.ta!;_a an amportant result given by ;
From the s L (1) There exasts an untguc indiced Finsler comection IFT
() ;g}lmml Finsler connection FI' N) 4 "
11 e tnduced connectic ; i g
' C miection IFT cotncides with the canomical intrinsic
connection (’,1"(1\')_ NN

Proof. (i) By i 3
By roof. (i) By the Convention 2 the coefficients Ni(x, v} of

BINS+ Bi,=-0. Since | AV satisfy

V' has the (H)-property with respect to N(NF)
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we have BiNi— BiN2-1 Bg,=0. From these equalitics we obtain
a3 @ =

(4.1) NB_ NP — B BINIHBi,).

By using DX*=BfDX*¢ we obtain

- o v ERE .
(ﬁ | Fer.,Xa) die 4 (—‘-X— *Qi.ﬂ{ﬁ) BU*=B?{(8 +Fn';X") dx’+

Su® s %
4 {3 -%C,,‘,X") w}_
v
On the other hand, by using
agixe S g SO L aw=Bidw, 8yi=Bis,
S dus T o oy

the above relations imply
(4.2) F, =8By, + BYBIFi},  Cg%,= BB} B CY;.
Consequently, JFI" is uniquely determined by (4.1) and (4.2).
(ii) From (4.2) it follows

Fy =F 2 Cf=Cl%.

L

(4.2)

c

) by T 'm 3.1 we sec that
’ i ot to prove IFT==CT(X) by (4.1) and Theorem :
i{hﬁ‘:lsﬁ}f?gi;i tc:) I;how that the - and v-covariant derivatives of g.3(#, v)

with respect to IFI' vanish.
In order to do this we put

4.3) Hq;,-—Bi(Ba*‘3+BZ‘,B-§F,,-',.), K,a=BB:BiC),
and we have

(4'4) H:S_"Hﬁa’ I<13—[\Bz~

From (4.2} and (4.3) we get |

(4.5) ou— BiBLF — BiES=H,p BY, BYBLCH,—BiC,°a=K 3B

Now applying the j-covariant derivative with tespect to IFI" to gaa(u, v)
we obtain

__ 3818 [ o 5 . _F.00. = gan — B¢ B, +F, BB ig.a—
U g | eemm—— r_.‘ P L' o s v 3
TR gy T T 81t

— B§ B, +F BB 1¢a, -

4q

. . .
S]ncc g:'.-!-...g”B‘IBS we ha\e

(~=3

Sxs _

= g1t B{;B;Bé—gt;B;yBé'!'gUB;Bé‘{ '
SuT

x*

Q| o7

h

e 4 e e
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I'his, together with B7g.a-- Big; arc used in the previous relation and so, we
obtain g,5.=0. In a similar wayv It follows g, .=0. The proof is complete.
Theorem 4.2, 7' deflection lensors DY, and % of the connections FI'(N)
C

and CU(N), respectively. are related by
(4.6) BiDi, =By D* -+ H,,v* 31,

In fact, (4.5) and (2.3) imply (4.6). From (4.6) we see that if Di=0
then we have D*—0 and [1,,73=0.

Theorem 4.3. The torsions Piy and P*,_ of the connections FO{NY and

C
CT(X) satisfv

(4.7) PBl BY, P, B = LB

Indeed, by differentiating {2.3) and then removing B,' from (4.5)
and the obtained equation we, get (4.7)

Then from (4.7) it follows that Ply=eN%[év —F,';=0 implies 4% =
=ENFevr —F 25 =0 and H,,—=0.

Also N[y — N, [y =0 implies ENBEF—dNE [P =20,

Theorem 4.4. Supposc the torsion Cl-g,- of the woimal connection FD(N)
vanishes. Then the torsion Cg%, of CU(N) and K4 wanish, too.

The assertion of the theorem follows from the second equation in (4.2)
and (4.3). Also, we have:
{'48) R J-l.],;}jalgkﬁ = 1)”.{, I\)YI.'_.; .

§ 5. Relative covariant differential. By mcans of the normal Finsler

C
connection FI'(N) and of the canonical intrinsic connection CI(N) we shall
obtain an operator of rclative covariant differentiation (in the sense of
van der Waerden-Bortolotti) in the algebra of Finsler tensor fields ‘T p.

Definition 5.1. .t mapping D: T, —T, is called the relative covariant

{
dif ferential with respect lo (FI(N), CD(N)) if it satisfics the following condi-
lions

1°. DT is of the same type as T,

2°. D 1s an R-linear mapping,

3% 1t commutes with the operation of contraction,

47, It satisfies Letbnitz’s rule,

5. Dop=do for any scalar field o(x(u), (i, ©)),

6°. for cvery Finsler vector field Xt we have DXi=Xtd ¥4 X1, 3%,
7°. for every Finsler vector field X* we have DX*=X= dud + X)532%.

By using the well-known method, we prove the existence and unicity
ofl D

Thus for a relative Finsler tensor field T43(x, ©) one gets
(5.2) DTig— T} dur 4T3l 8o,

1 Matematica 206
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where we have

3 ST’I st 3 T m TG o 3
T = Bnia A+ T Fn By — TRF By TgF S — Tl %,
(5.3) )
it O\T;g Tmal q Bk TiaCm [ k TigC = Tiaf o
53‘7: avY A Cm e By mBCf E gv+ 8Ty J"aCL’ v

In particular, for a scalar ficld I' we have
(3.4) F =FyBt, Fl,=F,B%

Finally, for a Finsler tensor ficld Ti{x{a). v{ur, 2)) we have

(5.5) Th, =T34, B, TN,=TH.BE.
Morcover, for the relative tensor field Bj(v) we obtain
. ek xt . : : . :
(5.6) Bi = S + BIF, i B BiF8 =R, Bil,-BiC;, Bf— BiyC2 =Bij,.

Therefore we obtain
Proposition 5.1. Tl cquations (4.5) are equivalent lo

(3.7) Big=H, B, Bils=K,;B.

The Finsler tensor ficld H,, (resp. K,g) is called the second Z-funda-
mental (resp. w-fundamental) tensor of the hypersurface M""'. As we shall
sec, these tensor fields have a great importance for the whole theory on the
immersion of M*™ in A"

Several applications are based on commutation formulas of the' rela-
tive covariant differentiation.

Theorem 5.1. The commuiation formulas of the relative covariant
dif ferentiation are given by

T;:; vi8 T Tjgz’&? a4 T;?RmileBﬁBg T TE:BRJmRtBﬁBé’i' T:'gR:avs -
T;gRﬁ‘st_ R’QYS f;’gl'a’
(58) T;g ‘r’lﬁ'_' Y‘;g 8ly — T;,é'l )m‘l'eBﬁBg_ . :.:ﬂplml'e B$ B:S+ 7‘;.'%]):;&-\(8_
= ]'};PBQ{S—CT‘?&[J!&?— PwYS? ;g El

Tig s THy'\, = T72S ' BEBj— TiaSm BEBs4+ TES * s —Ti353% s

Of course, these formulas have a general charactier.
~ For a scalar field F (5.8) give
(5.9) Fis—Fisy=—R?sF1,, Fils—F 5, =—C2F ;= Pl
Fl 's—F|g,=0.

By the same formulas (3.8), for B and Bf we obtain
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i ¢ > i § Jak i J2 . e 3il
Bl 3—Bis,=BrR,, aBL B — BLR.7., Re B,

(5.10)  Bis— Biy —=BrP, ¢ BLB— BLP.% s C 25 Bl — PP 4 Bi|..

28
B‘.nlyiﬁ B:,z 8 Y=BTS,,15“.B$B’5"—B;SG?TB .
and
Bi, s— B 5., =B"R, 'y B{ B§— R% ,B"_,
(5.11) Bl y— By, =B"P,  BiBj—C 2B — P° B,
Bi) - Buy =B"S, ', BB} .
The equations (5.9)—(3.11} will be uscful to obtain the Gauss-Codazzi
cquations for the immersion of M*°! in ™
§ 6, The fundamental equations of a hypersurface )" in F". For
a geometrical study of the hypersurface M*7' in F® it is important
to examine the variation of the moving frame @=(x'{u); Bi(u), B (u,v))
on M7 This will lead to the fundamental equations of A" in the
gencralized Finsler space F*. This study is made by means of the normal
Finsler connection FI(XN) and of the canonical intrinsic Finsler connec-
B
tion CI'(N).
Theorem 6.1. The fundamenial equations of the hypersurface M*™* in
the gemeralized Finsler spaces F*, endowed with the Finsler connections FT'(N)
c .

and CI(N) are given by

P
f;_":;z 23;’ BL|5=HaﬁB(, Bia_'"'HEB‘ ’

(6.1)

| o |, =K, B, B0,——K:B
E)-;:O’ Balﬂ= Lan i3 B::_'" al?' gy

where we have
(6.2) H,s=Hj,, Hﬂfg"‘“H@,; K,3=K;,, Kﬁ—g""KW.

Proof. The first two cquations (6.1) follow from {1.2) and Proposition
5.1. The last equations are obtained by differentiating g, BiB’=0 and then
taking into account of the Proposition 5.1.

Now we can state the following important result.

Theorem 6.2. The Gauss-Codazzi equations of the hvpersurface M"
in the generalized Finsler space F* with respect to the normal connection FI'(N)
-

and with the canonical intrinsic connection C F(__\_’J ) are given by
R BiByBEB;—R,g s=H, ;Hy — H, Hys,

(6.3), P By BABEBy— Pogys=K asHg,~Ho K ss |
Sime BiBEBYBE—Sa5y5 =K sRay,— KoKy,
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Ry BBLBEBL AR Koy =H, o H ., .

(6.3). P,_,,B'h’i]jgﬁ_’}-}*]‘[1,‘,’(;5:.(-|~-]\';._;[""27:]\',.(“: H.gly
Sine BBLBEB, <K, o K4,
(6.3), KanBEBiBE=R s, . PiuBLBiE =y, ConBiBIBE=C,..
C R BB B =0, PoaBiBiBi=—H,,. C,BiBBi=K,,
(6.3), DyBiBi=D,,. D BBi--H,,

Proof. Olvioushy we denoted
Dy=g.D*, l
])1:3:\";3?]')73 ,

P = 3] B
R .ga'h]‘-”jﬁ'- =gt i Copr=gC 0

l\f.,:_g_y ‘:,’.1;[\’.‘::3? g ]"2'5‘_! _'gfl'..:‘l)"?ﬁ‘." 5 C,:’_—,Y=g3$(‘a$.{ _,
and [l =a .2 Ky, = N, .o* Byapplving the commutation formulas of the
relative covariant differentiation (5.10) and (3.11) and by using the funda-
mental equations (6.1) we get 6 cquations. Contracting these equations
with K7 and with /3, one obtains i2 equations. Thus, by theorem 3.3, we
sce that three of these cquations are consequences of the others and
other three are identicaly verified. There remains the equations {6.3), and
C

{6.3). The torsions of the connections FI(N) and CI(Y) are respectively
Ve Cli Plypand R Ch*,0 P% . From (3.9) we obtain (6.3),;. Finally by
differentiating A- and o-covariantly the relation vi= Biv® we obtain (6.3),
and CoBiBi=C .4, CoyBiBij=K,,. The last equations are conscquences
of the last cqualities (6.3);.

The next problem is to determine the solutions of the system of cqua-
tions with partial derivatives (6.1). This system is a normal one with respect
to the unknown functions vi, vi, Bi, Biof (1%, v*). Between these functions
we have a finite relation

(Fo) V=B (u)ee,

Therefore, we consider the first integrability conditions for the sysiemmn
1(6.1), (Fa)} and we denote them by (7). The conditions (1) arc nothing
but the Gauss-Codazzi’s cquations (6.3);—(6.3),. The second group of com-
patibility conditions is obtained by differentiating i~ and ¢- covariantly
the equations (/7)) and removing Bjy,, Bils, B, and Bij, via {6.1). So we
get o new system (F,). and so on.

Then we obtain the sequence of systems of equations

(6.4) . FoFoyFo i B

Now applving a well-known theorem (sce Eisenhart 4, p.
have the following fundamental result :

Theorem 6.3, The necessary and sufficient conditions for the ¢vistence
of an anel lical hypersurface MU xt=x'(a)) in the Co-generalized Finsler
spoce F*=(M" g cndowed with a metrical Finsler connexion FI{\N)-

(Fie N ) such that Fiy=Fl, CiH=CJt; are the following .

H--18) we
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| —
-

N Supposc there are given.

. Conon-lincar connection Ni{u, @)

25 Co-generalized Finsley metric g.4(n. ),

3. Fhe Co-symmetric Finsler tensors Hop(iew) and K ou(u, o). such

[4
that the metrical Finsler comnection CPIN)= (> N*,  C.2) with respect o
vea(tt, ©) and Fpt.=F %, Cy®=C2y can he consiructed :
. There exists a natural wumber p o such ihat the syvstem of cginations

(6.4') FoFy o F,

has a solulion (x4, v4, Bl, BYY and this solution satisfics the cquations of the
svstem Iy ITf the system (6.4°) has ¢ independent cquations, then the solution
(xf x4 Bi, BYy depends on n(n-+2)—yg constunts.

¢. A hypersurface M* vt xHa*). the solution of (6.4') hus the follow-
g propertics . Bi(w) are tangent vectors to M0 BT are normal fo i
Laa(te w0} a5 the wnduced generalized Finsler melric on M0 by g, (v, v); the
non-lincar conncction N'y has the (H)-property with respect o N2 H .y and
Ky arc the sccond h- and v- fundamental icnsors of M1

Proof. Tf A"t is given by equations (1.1) and it is an analyvtical onc,
then, by theorem 6.3, we obtain that (W, 2, 51, B') satislv all conditions
of the theorem.

Conversely, we consider the normal svstem of cquations with partial
derivatives (6.1) where the A- and e-relative covariant  derivatives are

constructed from FI'(N) and CU(X). By Eisenhart's theorem, ({4, p I
18}, in our conditions, we have-a solution of equations (6.1} given by

(Vi v)y yi{u, v} By(u, v), Biu, @),
which is a solution of the system (6.4°) and satisfies the cquations F, |
This means ¢xifév =0, dfav*(dvt{on*}=aBifdv?)=0. Thus v'=xi(n*} and
Bi=B(n). Bul (/) being satisfied, we can consider the functions
Waa=gu(v(ee). v{u, ) By(ae) Bi(u). Uo=gq(x{u). y{u. oV Bi(u) B (u, v),
We=g(x(a), v(u. ) Bi(u, vy B, ).
It follows that these functions satisfy the system of equations
Tyan=H g+ Ha Ny, Wy=H, W—H . N, =—2HH2T, .
Vg, =K N+ K Wy, WL=K,_ 1—RM, . Y,=—2K,.

This is a lincar homogencous systein of equations with partial derivatives
and has the solution Y, =g.3, ¥o=0, ¥'=1 and wc consider it in what
follows.

Now, from (6.3).. it follows BiD{— BiDZ— 1, . Taking into account
that (vi(a). vi(u, 9). Bi(u), Bi(it, ©)) satisfy' (6.1). we obtain BiN AN
+ By, =0. Finally, from (6.1) we get that H,. and K, are. respeetively the
sccond /- and e-fundamental tensors of /% 1, .

§ 7. Hyperplanes. Lcet M*7' be a hvpersurface in the generalized
Finsler space Fr— (M7 g,) and the induced generalized Finsier space 771 -

(MW" gL,y We consider i /7 (he normal comnection FVIN) and in 700
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T
the canonical intrinsic Finsler connection CI'(N). We shall study here the
case when both H,s and K,s vanish; to do this, we suppose that gq(x, 3} is
zero-homogencous with respect to v

The length of a curve (C) ut=u*(t), £ =(a, b) in M"'is given by

. o\ A dus
s=§nga(f‘(f),"")dii B at, 1t 11C (w8,

dt ) dt dr

We take s as a parameter on ((:') and give a curve (C) in F*~* by the equations
(7.1 w=y*(s), v*=v%s), $ = (S0 5}

The curve (C) is given in the envelopping space F? by cquations

(7.2) wt=xfu(s)). at= Bi(n¥(s))v*(s).
Now we consider on (C) the vector field
Sv*  dv* du?
7.3 = — L NZu(s). v(8)})— .
(13 2 S Nj(a(s) (8))
Thus we have in F* the vector field
&y . 3v*
7.4 —2= = Bi{u(s :
(14) = = Biu(s)) %
A path in F"1 is a curve (C) satisfying the differential equation
d*u du duP
- Netu(s), --|— =0.
ds® + 3( ) ds) ds

Proposition 7.1. Any path in F*7 is a path 1 F".
In fact, from (7.4) it follows

_(dr* duydu®y  diat ) dx?
Bi{— - Ng{u(s), — | —| ===+ Ni{x(n(s)), y(u(s), v(s))) =
(G +a(wten ) ) = + Nttt 50000 o) T2
and the assertion is immediate.
This property of the paths was expected since N has the (H)-property
¢
with respect to N.
The covariant differential DX* on the curve (C) is given by
Gl LB duy 1B dnY
Y LSS R U Ao il
ds ds ds ds ds

1131* _FaaT_i_Csu:.\‘?r .

Then we obtain

o St 3 "X 3 ¥
(7.5) _3_1)_ 0 DX - dX o die du

ils T ds ds " 3'“KE'
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Definition 7.1, A curee (C) tn F* 1 is a h-path with respect to the

B
Finsler connection CD(N)Y if il satisfics év*[ds=0, D[ds{au*[8s)=0. Similary.
a h-path in F#, with respect to the Finsler connection F T{N) is given Dby
Syilds=—0, Dfds(dxi[ds)=0. _

Proposition 7.2. [/ the cirve (C) s a h-path in I 1. theiw on (C) we have

a Jqf o
(1.6) oy SE G e, 2 (‘h ] .
ds ds ds

ds
Indecd, (7.6) is obtained from the following :

Proposition 7.3. On any h-path (C} s "t we have

11 .'I: d b3 B
(7.7) Wy Dy g g
ds ids\ ds ds ds

Proof. From (7.4) it follows the first equality (7.7). Then on the h-path

(C) we have
D fdxt D du® D du
= =2 B =R
d’s(ds) ds( * ds) "ds(ds)+
du* . Sv“) du® du*du®

4 |Hap — +Kyy— | — Bi=H,y —— B'.
ds ds ) ds ds ds

Remark. The left hand side of (7.6) is the normal curvature of an
h-path (C).

Definition 7.2. The hypersurface M" 1 is called a ki-plane in F™ if every
h-path in F"t is an h-path in IV

Theorem 7.1. The hvpersurface M"™'is an h-plane if and only if ils
second h-fundamental tensor H,g vanishes.

The proof is immediate by Proposition 7.3.

The fundamental equations and Gauss-Codazzi’s cquations for a
h-planc are very simple. Thus in this case a fundamental theorem can
be easely obtained.

Definition 7.3. The hypersurface M* 1 is a hyperplane in F* if DBfds=
=0, on a cyrve (C) n F"L _

Theorem 7.2. The hypersurface M* Vis a hyperplane in F" if and only
if the second h- and v-fundamental tensors H.s and Kia vanish identicaly
o M" L

Proof. From DBilds= B ,du*|/ds+ B¥,8v*|ds=0 on an arbitrary curve
(C) on £F*™1 it follows Bi,=0 and Bi|,=0 and conversely. But these equa-
tions are equivalent with H,;=~K,3=0.

From {6.3}),—(6.3), there arc obtained the Gauss-Codazzi cquations
of hyperplanes by taking H.,s=H~,3=0. Analogorsy 2 fundamental
theorem of the type of theorem 6.3 can be stated in this particular case.

§ 8. Hypersurfaces in the generalized Finsler space with the regular
metric. There is a remarkable class of generalized Finsler spaces F7"=(M,

o,,) in which the metrical Finsler connection CI'{N)is given only by g xo v
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These spaces are called with regular meiric, (23, 11, 327,
Let us consider the function

{8.1) L{x, v}y =gy, )i

which is called (23] Zhe absoluic encrgy of the structure g (v, +).
We denote

. ] “.252
(8.2) gy=——
2 gvigt
Then
(8.2) Gymgot 28
ay

The generalized Finsler metric gy (v, v) is called regudar if 10 satisfics
the following conditions :

(8.3) gy = Egy detlg" ;i 0.

[

An interesting geometrical interpretation of these conditions is given
by M. Ha&,hlguchl 1]
We put [ig"|| =]lz";, "t The intrinsic absolute energy on £ Vs defined by

(8.4) L1, v) =gag(ut, ©)r*®
and we have from (8.1} and (1.3)
(8.5) L1, vy =L(x(u), v(u, v}).

Theorem 8.1. I/ the gencralized Finsler melric g,; is regular, then the
induced metrical Finsler structurc g a(u, v) is regular. too.
Proof.

I,
B'L" _‘7 l')’f U «—B’ ”\'j ZB:Z‘—=

Therefore the first condition (8.3) holds for g,s. Also, from &2/év® ==
=Bi¢cL[oy!, we have #.L[ov*dv*=BiB} ¢*L[eviar?. Consequently
(8.6) g =BiBig)

which shows that rank |lg.sll=n—1.
Now we consider Christoffel’s symbols

i | im agjm agkm ag.ik i
Vo (W‘FW—E—", R ¢ ACAL
In [23] we have proved that the functions

I -

(8.7) Ml
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-
determine the cocfficicnts of 4 non-linear connection .V in F*, This connec-
tion depends only on the generalized umular Finsler metric g;;. It is called
the canontcal mon-linear connecction of =

In the same paper [231 we prov cd

Theorem 8.2. I'n the gencralized Finsler space I with the e ﬂm’ur nictric
¢ .

gy there exists an wnigue Finsler connection CEY \') (I .\ C e, with

the propertivs :
G ¢
. The non-lincar connection N of CU(N) is given by (8.7).

8
2, CI‘ NY is o metrical one, with yespect o g4,
B oif
L]
3. f,;- 0, Sip=0.
This Lonncclion has the coefficients (8.7) and :
8 {: "
,-8 SI ;." _l_ P 8.5-.'_..--- Sglm 8"-:1. (f_' _](”-m E'."\Tj.l-- I (.-\.'m ) Pg}&
(3.0 T e e : = ik 5 ™ Tng mx ol
2 3 dx g 2 ¢y évl v

i {
where 3f3xF=gfort— Niefert,
3
The connection PN} is called a caionieal one for the generalized
regular Finsler metric g;.
In a similar way, denoting v 3, Christoffel’s symbols of - the
generalized regular induced metric g, and by v —Ee%e* and taking

(8.71) Ni=

we have:
Theorem 8.3. 12 the induced Funsler spaces F* 4= (M"Y, g.,.), with the
uuml:zui reﬂ:rlur tnduced wmetric, there exisls an wndgue Finsler conneclion
(
or \ F . N3CEY, metrical with yespect o the melric Lo anid with the
Ay K3 Ay /e s e ki
won-linear conncction N given by (8.7 and T3,

C
CU(XN) 1s that one oblained in theorem 3.1, with N§=Ng.
]llLI’LfOl’C, the Convention 1 is realised by takmg thc non-lincar connec

%, =0. Tlis connection

tions \ and \ just the connections {8.7) and (8.7'), respectively.

Concerning the Convention 2 we remark that on 7°3/* ' the coeffici-
ents of the non-lincar connection N, given by (2.6) depend only on g,
ond g5, Then, particularizing the theorem 2.2, we have :

Theorem 8.4, 17, The functions N x(u), y(u, ©)) grven by (2.6') determine
the cocf ficients of a non-lincar connecction. defined on T, which depend
onty on the gencralized, regular Finsler metries gan, 255,

2°, If fhere extsts o prot(m sation iy, ¥) lo TM" of the Finsler tensor
field Bol, then

%
(8.8) N v)=Nl{x, v)=—zi{x, v)
is a non-linear connection on TM? which has the (Hy-property with respect
r

fo the canonical won-tiwcar connection N
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1° The normal Finsler comnection FI(N) is wnwiquely determined b)

(8.8) amd (3.2).

Also, we have:

Theorem 8.5. /f the normal connection FU(N) is given by the previous
theorem, them the restriction of the transformation of Finsler conncclions

¢
CT(N)—»FT(N) to F*~' is given by :
c

Ni=Nj— Bfo, ,

89 & 1 . 98 .08 o O .G
F:ik:F;k+§giIJ(P:'(Bka_)—ﬂ+Bj ';%_Bp 'a'i'.{',i,)! C.i.l::(’jkx

c G
where pi= BINi— ByN§ 4 Bi,.
Proof. From (3.2) and (8.8) we get:

c c 1 a = . C

= L . ) égy Con égn ; :

[ b1 { [ N Py SRR 5 2 P ot JobE  m TBIY i3

‘\l_"_‘\ TR I.ﬂ‘_ }k‘T" g Pr m T roLm REIa L
2 'y &y ay

which, on F""1, gives (8.9).

Now the fundamental equations (6.1) and the Gauss-Codazzi cqua-
tions {6.3) can be rewritten for this particular case.

The last theorem has as a consequence :

Theorem 8.6. If the normal connection FIN) is given by tin:r theorem

8.4, then it is the same with the canonical Finsler connection CI(N) 4n F"
if and only if the canonical non-linear connection N has the (H)-properly with

C
respect to the canonical nou-linear connection N.
e =
Indeed, Ni=N} iff ¢i==0. Then, on F*"!, we have Bjp;=0, which
C

C
implies o= BiNi— BiNi+ Bi,=0. Now applyving theorem 2.1 we have our
assertion,
A Finsler space (M", L) is a particular genceralized Finsler space F"=
=(M", gy), with the regular Finsler metric gu (v, y)=l/2_ grlz(avievi, [23,
11, 311. All considerations of this paper can be particularised for this case,

i
taking gi;(%, ¥)=gi(%, »). The canonical Finsler connection CI'(N'} coinci-
des with the Cartan connection CI' of (M*, L) and the intrinsic canonical

C
connection CI(N) is the Cartan conncction CL of the induced Finsler
space (M™%, L}
Evidently, the normal Finsler connection FI'(N) is completly different
from the Cartan connection CT. For these reasons the classical Haimovici-
Varga-Rund-Matsumoto theory is different from the present nonstandard

theory of the hypersurfaces 3" ' in the Finsler spaces.
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