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HOLOMORPHICALLY PROJECTIVE STRUCTURES
I THE CONNECTIONS
BY
WITOLD MOZGAWA

§0. Introduction. The projective structures were considered by
E. Cartan by his method of moving frames [17, 127 and later it was
rigorous investigated using principal fibre hundles v Tanaka Ko-
bayashi and Nagano [14], [67, [57.

In the present paper we shall study holomorphically projective struc-
tures (in the real form) by the method of Ko ba vashi-Nagano:
we shall give also a G-theoretic approach to the theorv of holomorphically
projective related conncctions and holomorphically projective transforma.
tions.

Throughout this paper we always assume the differentiability of class
(7. We also use the theory of bun dles of frames of higher order and canonical
forms according to [4], [13], 3. We use the abbreviation HP for holomor-
phically projective, c.g. HP-structure, HP-related, HP-connection, HP-
transformation.

§ 1. HP.-spaces and HP-groups. Let F be an almost complex operator
of the real space R* Let

oo
Folo r g
1o o
be a new almost complex structure attached to R™ = In the space (R"*e,
F). we consider the set of all 2-dimensional subspaces invariant with respect
to £, This sct is denoted by G(2--2,2). 1f a vector =l ), i=1, L, #,

belongs to a 2-dimensional subspace =, then a vector Fp=(-- v Fiv/ v)ex.
The set {7 consisting of all 2-dimensional subspaces, all representatives of

which (p, IF,) satisfy the condition det

T 20 s open. On the set {7 we

¥ oo
¢an define an inhomogeneons coordinate system
R E S P i A .
(1.1 R e U I T DUy
v g

It is obvious that the manifold ((n-2,2) is diffeomorphic with the real
form of Cjme
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The clements 4 of the group GI(n+2, R} satisfying AF—F4 form

a closed subgroup I-Ti’(n--}—Z). An clement of HP(n+-2) sends points of
G{n+2,2) into points of (;(#+2,2) and is a matrix of the form

] " ]
(1.2) : B F
—b —ull a

FEY

where # is a Tow #-vector, £ is a column n-vector, B =Gl(n, R) and satisfiu_s
the condition BF-=-=FR. Notice that the clements of a closed subgroup H
consisting of all the matrices of the form

P 0 —ﬁ
{1.3) ¢ «-BF 0
8 0 %

transform representatives of any point of G(#+2,2) into some representatives
of the same point. Notice also that the group His a normal subgroup of

I:IT’(n 4-2). Then the group HP(n-4-2) = I-I’IT(71+2)/H~ becomes a Lie transitive
transformation group of G(n-+2,2) (it is in fact the real form of FG1 (g, C).

Hence if det l “ bJ #0, then we set

b, a

v

a ., b Fi g gt ¢ i b Fi,

s — ) “
asbr s aribt U777 arbr T arbe

ko

(1.4)

a b .
ay= — -— ;- —— Fiu,.

j i a
a4 b as4be

for the local coordinate system on HP(n--2), where u, arc coordinates of 4,
£/ coordinates of £, and b entires of the matrix B. I (.:.’), j=1,...,%, are_mho—
mogencous coordinates on ((#+2,2) anc! (@, a}, a;), 1,7==1, ... n, coorc}ma_tcs
of an element of HP(#+2), then the induced holemorphically projective
transformation is given, in terms of the inhomogeneous coordinate system
(z), j=1,..., by the following transformation

o Lalarttairtazt +aldt a FivtaiF 2" +a Fiz Flas
T4 (azfy - (aFiz) +2a,
The isotropy subgroup of HP (n+2) at a point (0,..., 0) of G{n+42,2)

is H=H/H where H is a closed subgroup of HP(#+2) consisting of all the
matrices of the form

+

(1.5) PO

a u b
(1.6) 0 n of.
b —ul e
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It is cvident, that in the local coordinate svstem (af, ab. a;) of HP(n+2),
the subgroup H is defined by a/=0, =1,..., ». The transformation induced
by an element a « H is therefore given by the equation of the form :

o azt -t aizla 2 a Sal e

V(a2 2 (@ F i) - 2a 21, -

It 1s casy to see that HP (s 4 2)=Sm’(1z+ 2)/§FI where SHP (n+2)={4d s
eHP(n+2), det 4=1} and SH={4 =H, det A=11.
Now, we intend to consider the Lic algebras of above mentioned groups

Let hp(n -+ 2)—8};;‘)(91 -!-2)_-'572 he the Lic algebra of the group HP(n+2)
Let us define

(1.7)

0 0 0 a b
ea- 12 0 Filash, ge=| 0 B 0f <k tr B 2a—0.
0 0 0 -5 0 g
(1.8) CL
£ 0 0 ol +sz.
i} —ulr 0

Then hp(n-4-2) =g, +gu4-g and [g, 81C ¢, for p, g2 —1 and [X, g.a]#0
for each nonzero X =g, 420, _ i

Let us consider a gioup I,H=14 EH:, det A=11/SH; then G{n+
+2,2)=SHP(n+2)/SH|LH|SA=SHP(n+2)/L,H{ is a connected homo-
geneous space on which the Lie group HP(n+ 2)::5[-1?(13—]—2)/51—? acts
transitively. Since L,H/SH is the isotropyv subgroup at the origin (0,..., 0)
of G(n--2,2) = HIP(1242)/H there is a natural representation of H = L,H|SH,
called the lincar isotropy representation of H on the tangent space of G(n-+
+2,2) aF the origin. Let L, H denote the kernel of the isotropy representation,
the.n gi1s the Lie algebra of LiH, g+g, is the Lie algebra of L.,I?, so that
Zo 1s the Lic algebra of L H/L H.

}T i el P i 1 o *

HP(n-f—%‘)‘_’ we shall engage in the cquations of Maurer-Cartan of

?ropos:tion_ 1.1. Let (of, o}, ;) be the Mawrcr-Cartan forms
on HP(n ++2) which coincide with dai, das, da, at the identitv. Then the equa-
tions of Maurcr-Cartan of HP(n-+-2) are given by : .

(1.9) deo’ == — s [ 0¥, doj=—0f 1 0} —0! A @+ 8o, A o'—o, F A otFiL
+Fie' Ao, F doy=—o! A k.

Proof: Let us set

—0 -0

wy w m{; o ! b ! a i b
(1.10) O=|us o G |5 2 B L B Fg
(\): ¢ -_z i —b ul- q —b 1wk ¢



ihY WITOLD MOZGAWA _4

i 1t b
then we have Fo—of. Tfwesel| = n rExj=1T. then we¢ get w==
! Wl oa
@ it I
~dl : »  rzt On the other hand we get from (1.4)
b, —ul a .
(1.11) duai—=dzt,  dai=—abi-— 8jdu-- Fjdb, da,—=du,

at the identitv. Morcover wi=da’, wj=daj, o,==dua; at the identity, hence
we have (1.9). qe.d.
The dual of above Proposition may e formulated as follows.

Let
0o 0 0 [N [\l 0 u 0
medz o prl4h g=lo n o4k wm=to 0 0|44
0o 0 0 0 i {] il —uls 0

. 5

- « Lie aleebra of HP(n--2) is the direct sum Ap(n--2)y=nt—+g+m
Then the Lie alge - Fgtn
with the following bracket operation @ If u, e=m, . @ Em and {7, T"=y
where

0o 0 0 0 u Q .
1 — [u 0 I'u »}-ff, w' = to 0 0 -{-IT.
n o0 04k 4] —ul’ 0
¢ 0 0
(= ‘n ©© 0{-+h then [, :'.._5, [, o=k,
0 0 0
[ a0 0 w*l’ 0
T, =t 0 FUn vk, [, Ul=lo o o) -4,
- 4] [V ] 0 —utlil 0
0 0 0
(1.13) U, Vi=fo vv-rr o -k,
0 0} 4
0 0 ]
[lt. 21._ — o wn* - wred —FuurF—Futle O -:—E
0 0 0

. - i . . TP o .
The left invariant vector ficlds on B 1°(n--2). correspond with éfcat. é/cdj,
¢léu, at the identity and form a natural basis for », g and w0’

§2. Cartan connections. In this scction we shall study the Cartan con-
nections in our context ; so for the definitions and the basic facts we refer
the reader to (3, 6.

5 HOL.OM PHICALLY PROJECTIVE STRUCTURES g

Let H be the isotropy group of HP (#--2) so that HE(n-}2)/H=
=(r(1+2,2). Let 3 be a manifold and /” be a principal fibre bundle over
M with structure group H. We {ix the natural basis for the Lie algebra
hp (1+2) as described 1n §1. A Cartan connection w in /2 is then given, with
respect to this basis, by a set of I-forms o' @kl w; 7, j=1,....% on P. The
structure equations of the Cartan connections are given v

(2.1) doi= o} o'+, doj=—o] A0j—ol fo+8o /o'~ o F oFit+

+ et o 40 doy=—o0, 7 ol4-Q,

As usual, we shall take these cquations as a deflinition of the 2-forms
Qf, Qy, 4, 7=1,.... . We call (%) the torsion form of the Cartan connection
w and (€, Q) the curvature form of . From thc theorems proved in [5],
6, follows that the torsion and curvature forms of the Cartan connection
van be written as follows.:

{2.2) QI=12K{ef " o, Ql=1/2Ki,e* A o', Q= 12K ;0" o,

In order that the forms o/, o}, @; define a Cartan connection in P,
one has to pose the following conditions on wi, and o :

2.3) of{A)=0 and @j(A7) =2} for cvery A=(4}, d;) =g+m’, where A°
is the fundamental vector ficld corresponding to A.

(2.4) R(o/, wj)=ad(b™} (v, wf) for everv b =1, where ad(b™): m4g—m-+g

is the mapping Ap{n+2)m—shp(n4-2)/m induced by ad(d): hp(n+-2)—
—hp{n+2).

(2.5) If X is a tangent vector to /” such that wi{{X)==0, then X is vertical.

Proposition 2.1. Let I’ be a principal frlre bundle over M with structure
group H. Given w! and o} satisfying (2.3), (2.4), (2.5) and

2.6 deot=-—ul /* 6.,
(2.5) HYRON

then there exists a umique Cartan comnection o=(w', w}, o) with the
following properties .

(2.7) Kip=0, Ki,=0.

Proof: We shall study first the relationship between two Cartan con-
nections o and @ with the given (o, ©f). By the definition of the Cartan
connection we can wrife
(2.8) 0;—w;=A ek,
where the coefficients 4 are functions on P. We have
(2.9) Q}—Qj:(1/2)(1_{§k,~K,‘3,,,)m"'/\m‘=(A,kS"-—.-I&._.F:F;--A,,S;‘; ~FiAGFDo* [ et
that is
(2.10) K}kt—Kj,,.,=:I,ksg—:»lt.,S%—zI,,‘.F:F.‘,'-;—A?tF,',F;— Apdh+

+ A8 FEA (Fi—Fi A G FL

Maotematich 02
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Hence
K::A—f_Kiim = (‘" +2) (Arr:‘— A :r}‘

ju— Kl=dy—(n-t+ 1) j—Fi(A A )5
Now we prove the uniqueness of a Cartan conncction as stated above.
Let o and @ be Cartan connection with properties (2.7). Then the left hand
sides of (2.11) vanish. Hence sy, =.1;, and
(2.12) nAd - 2Fi A Fy=0,
Let us rewrite the formula (2.12) in the form 144 =0, where
Wii=(n[2)318 - F(F3. _ _ .
Sinee WU~ USII =343, whiere Ulh=(2nj(n*—4)1833)— [4/(w*—4) IFLF}
then U4 is the inverse matrix to the matrix Ji8. Thus we have

(2.11)

(2.13) A,=0

if n= dim M >4 S A
Assuming that there is at least one Cartan connection &—(wf, @)

with the given (of, o)) satisfying (2.6) we shall show the cxistence of a Cartan

connection w=— (o, wl. v} satisfying (2.7). In equations (2.11) we set

(2.14) La=0 and Kj;=0.

Then

(2.15) W2 A,,=— 3K+ H[2(A2) 1K — [ (5 +2) 1KY, FIFY.

From this equation we have

A= [1[(#5— 4] Kly— ] (5 = 4} ey = (1 (09— 4) LK et

+2)(n*—4)IFL R} F.

lf we sct

{2.17) o= ;=0

then w=(w!, o, wy) is a Cartan conncction with the required properties.
To complete the proof of our proposition, we have only to prove that
there is at least one Cartan connection « with the given (of, «j). But the
proof is the same as the case of projective connections {c.f. [6]). q.c.d.
Proposition 2.2. Let P a principal fibre bundle over M with structure
group H. I[f o=(w', o}, w;) is a Carlan conncciron with the properties (2.6),
(2.7}, then its curvature forms has the following propertics .

(2.18) QiAo =0, that is Kiy+Kiy+-Rin=0,
(2.19) QAo =0, that is Kpy-+Key+Kin=0,
(2.20) If Qi=0 and dim M 24, then Q;==0.

Proof. The formulac (2.18), (2.19) arc obvious. By applying exterior
differentiation to the structure cquation (2.1.2) and setting Q=0 we obtain
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Q, N Fio'Fj 4+ Flo'» Q.F;=0,

that is Fifw! / Q,=0, where Fi=FiT}— 33 A matrix 7{,‘;—-1 L(n-+1} FiIs—
—8&38%, is an inverse matrix to the matrix Fif, then, ZVir=17471m.- 3538
Thus we have

w!' /O=0]

Hence we have Q,-=0 provided that dim M 24, (q.ed)

§ 3. 11P-structures and il[>-connections. Proposition 3.1. A subset H2
of 13 consisting of elewments (8§, sh) with Fisi=Fist and sj=-—sps,—sis;-+
5 FisiFL s FisiFT forms a subgraup of 15 of dimension (n3f2)-Lu,

If one explicitly calculate the jet of (1.7} then obtain

Proposition 3.2. For cuch clement a S H Il [ be Lhe lrans formation (1.7) of
(:(n 2.2}y induced by a. Thew a—jif gives an isomerphism of I onto HE.
Moreover if u = H has coordinales (at, d, a;) where a'=0, with respect to the
coordinate svstem in HU(n-+2) given by (1.4), then the corresponding element
of HZ has coordinates - S

(3.1 (af, -dala,—aja;4-aFjalf 4 a Fajly).

Let 0=(04 0}) be the canonical form on P23 and fet 0=(0% 0f) be
the restriction of 9 to [

Definition 3.2, 4 subbundle P P20 issaid to be a 1IP-structure on A
if a structural group of I’ is Hi. A HP-connection assocrafed with a HP-stric-
fure is a Cartan connection o om I such w'=0'

From the Proposition 2.1 and the theory of cannonical forms we have

Theorem 3.3. For each HP-structure I’ on a mani fold M, there 1s a unique
HP-connection w=(w', w}, ;) such that

(3.2) w' =0 and oi=0, so lhal de'= o} Ao

(3.3) Qf=0, C(34) Kiq=0.

On the manifold G(#4-2,2) one has a natural HP-structure. Let us
imbed R™ into G{n4-2,2) by sending (1?,..., x"}) into the point with inhomo-
gencous coordinates (x',..., v"). Let us consider the subbundle P3G(142,2)
consisting of clements of the form j§f, where fis a HP-transformation of
R*= M.

If we write G(n+2,2)=HP(n+2}/H, then we bave the following
commutative diagram :

HP (1 4-2)—bms P
N v o

G(n+-2,2)

(3.5)

where q is defined by
(3.6) W f)=73f, f =HP(n+2)

is a bundle isomorphism compatible with isomorphism H —HZ2 The nor-
mal HI>-connection {«f, @i, w,) assoctated with £’ corresponds to the canonical
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left invariant form of the group HPm42) and its structure cquations
coincide with the cquations of Maurer-Cartan for the group HP(n4+-2) so
that (Q Q, Q) =0.

§ 4. Natural frames and coefficients of HP-connections. Iet I’ be a
HP-structure on a manifold M and (U, (#%,..,x")) a local chart in M. Let
o: "+ P be a cross-section and let U > H=~P | U the isomorphism induced
by . Let o be given by (v!) = (), o}, a};). Let (af, afy) be the coordinate system
in H, where ajFF{=Fia% and a}, —-—a}ak——a,“a,+a,F}a:F£.+a,F,:a;'F;. Then
the natural coordinate svstem (', uf, 2fy) in P ' U can be written as -

(4.1) whexl, wi=alaf, wh=ofaly+olnalap.

Let us set

{4.2) Yi==a"l, di=g"0L.

Then we obtain the following formulae

(4.3)  Or=aie!, =il widal L a8+ 8la,0'—a, B 0¢F}—a FiF g7,
Let (w!, . ;) be the normal HP-connection in P and set

(4.4) @‘—c’m'—”},dlk, '4)_:; U.m}:n;ﬁ-,dﬂ;k, \;‘J:G.(IJJ:—_—-}-I,kdIt.

Then after some straightforward calculations, we obtain the following
formulac :

wi=a"W, wf=alilial+a ‘fdaf.-}-rr,m‘»}—8§a,cu‘—a,F:m’F§—a,F}Ff¢o‘,
(!JJ —dﬂj— akmf+akmkaj+af¢k—( l/Z)u,Ff,mkF;a,.

We call IIf, T, 1y, the coefficients of the normal HP-connection with
respect to the local cross-section .

(4.

(]
~—

Proposition 4.1, Let P be a HP-structure on M and (w', of, v} the normal
HP-connection in . Let U be a coordinate neighbourhood in M with local
coordinate system (V',...,x"). Then there is a unigue crooss-section o : U — P3M
such that

(4.6) swi=dxt and 6'w=0.

If we set

(4.7) 5o = &dar and o'w,—=I1,,da*
then

{4.8) =11} and I,,=I1,,.

Proof. Let 5: U= P be a cross-section such that 6'(wf)=dx’. In terms
of the local coordinate system (u', u}, #3,) in P2, the cross-section is given by

(4.9} M= v, =8} uly= T4,

where Ij; are certain function of (x%,..., ¥*). We take o as the cross-section
given by
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(4.10) wbomxf, 4i=8 wl==—TI.
where
1 t i i Al A 1 »
(4.11) MGy =T}j, — ) (Iey3i4- 8%, — U, FRF— Tl FYFY).

Then we have
(4.12) o"wj =TT} da*.

Clearly, 5 is a cross-section with desired propertics.

The uniqueness is obvious using (4.6).

The rest is an immediate consequence of the facts that Q-0 and
Qi=0. q.e.d.

We call o in Proposition 4.1 the natural cross-section or the natural
frame of I associated with (xL,...,2").

§ 5. Complex connections and HP-connections. Let us consider the
group G} consisting of elements (di, @) with @jF} — Flaf and a},Fi=
=Fia,. The group Gla(s/2,C) consisting of clements A4 € Gl(n, R)
satisfying AF=F 4 can be considered as the subgroup of G2 consisting of
elements (a3, 0). Thus

(5.1) Glr(nf2, ) C H:CGEC L2,

If Pyl is the reduced principal frame bundle with the structure group Glg
{#/2, C), and this structure is, by assumption integrable then therc exists
an atlas on M, such that the transition functions of PLal

(3.2} ¢ UNV »Gl(n, R)
satisfv

(5.3) oiFi=Fiol.
Then for new tranmsition functions

(5.4) ol : UNV =13
which satisfy

(5.3) PnFi=F3i,

we can construct a principal fibre bundle P2MJP*M with structure group GZ

We consider the associated bundles PLM[Gig(nf2, C) and PiAI|H
with fibres G2/Glp{nf2, C) and G2/H? respectively.

Proposition. 5.1. a) The cross-sections M= PLM|Gig(nf2, €) are in
one-to-one correspondence with the torsionless connections in PLM."b) The
cross-sections M - PLMIH2 are in one-to-one correspondence with the HP-
Striecctures on M.

Proof. Let (af, uj, u}) be the local coordinate system in P2V induced
from 2 local coordinate svstem {(¥%...,x") in Al Weintroduce a local coordi-
nate system (24, 25) in PEM)Glg(n[2, €) in such a way that the natural
projection PiM ~ PLM|G1g(n/2, C) is given by the equations
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left invariant form of the group HP(m-42) and its structure cquations
coincide with the equations of Maurer-Cartan for the group HP(n4 2) so
that (L, QF, Q) =0.

§ 4. Natural frames and coefficients of HP-connections. Let I’ be a
HP-structure on a manifold M and (L, {(#%...,x")} a local chart in M. Let
a: "= P he a cross-section and let U'x H=P | U the isomorphism induced
by a. Let g be given by (x) = (v, of, ai)). Let (@}, afi) be the coordinate system
in Hi, where @ ff=Fia} and a;-t—_——a}ak-—a;a,+a.F§a:F,’;+a,F,‘,a;F;_ Then
the natural coordinate svstem (uf, uf, #}y) in P | U can be written as -

(4.1) W=y, wi=alaf, uly=alal,+olualal.

Let us set

(4.2) Yle=a'®r, Yi=g"f.

Then we obtain the following formulae

(1.3) Oi=aljp!, Gi=iridiaid 'a‘;daj-{—a,ﬂ'-|—S}a,ﬁ‘—a,f";,ﬁ”f",‘-—a,F}F}B”.

Let (o, @, ;) be the normal HP-connection in £ and set

(4.4) Pi=c'o =1ldx*, ¢i=o'wl=Idx*, pr=0"w, =11 ,dx*,

Then after some straightforward calculations, we obtain the following
formulae :

wi=a !, wf=abla+-atidal + a0’ aw' —aFlw' Fi—a FiFio?,

4.
( (0;=d(!,—akco;‘—]-akw"aj-{-afqu——(l/Z)u,F,’kmkF;a,.

LA
~—

We call I, 115, Uy, the coefficients of the normal HP-connection with
respect to the local cross-section .

Proposition 4.1, Let 12 be a HP-structure on M and (w4 f, ;) the normal
HP-connection in . Let U be a coordinate neighbourhood in M with local
coordinate system (¥',...,x"). I'hen there is a unigue crooss-section a: U — P3M
such that

{4.6) swl=dxt and ¢'w}=0.

If we set

(1.7 5o = HEdxr and o’w,=TI1,,dx*
then

(4.8) I =I1§, and T, =I1,,.

Proof. Let 6: U =P Ve a cross-section such that 6'(wf)=dxf. In terms
of the locai coordinate system (1, us, 5} in P2, the cross-section is given by

(4.9) Mo, wi=8} ujy=—T}.

where I, are certain function of (x1,..., x"). We take ¢ as the cross-section
given bv
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(4.10) W=zt wi=8}, wh=—IT.
where
1 1 1 i i 1 ¥ i u
(4.11) I}, =T, — = 2(1 18+ 3l — b, FRFi- Tl FyF)).
Then we have
(4-12) o' =I1%d*

Clearly, o is a cross-section with desired propertics,

The uniqueness is obvious using (4.6}.

The rest is an immediate consequence of the facts that —0 and
Qi =0, q.e.d.

We call 6 in Proposition 4.1 the natural cross-section or the natural
frame of P associated with (x...,x"),

§ 5. Complex connections and HP-connections. Let us consider the
group G consisting of elements (a), ah) with ajF!  Fia} and ai Fi=
=Fiaj,. The group Glg(nj2, C) consisting of eclements A4« Gl{n, R)
satisfying 4F=FA can be considered as the subgroup of G2 consisting of
elements (a}, 0). Thus

(5.1) Glr(n/2, OV C HXC G2 12,

If PLM is the reduced principal frame bundle with the structure group Gig
(#(2, €), and this structure is, by assumption integrable then therc exists
an atlas on M, such that the transition functions of PLaf

(5.2) 95 : UNV >Gl(n, R)
satisfy

(5.3) S Fl = Figt.
Then for new transition functions

{5.4) et UNV =12
which satisfy

(3.9) puFi=Fioly,

we can construct a principal fibre bundle P2M ) PtM with structure group G2

We consider the associated bundles PLM[G1g{nf2, €) and PiM|H
with fibres GZ/Glg(n/2, C) and G2/H? respectively.

Proposition. 5.1. a) The cross-sections M= PiM|Glg(nf2, C) arc in

One-to-one  correspondence with the lorsionless connections in PLM. b} The
cross-scctions M PLMIHE are in one-to-one correspondence with the HP-
struciures on M.
) Proof. Let (uf, uj, u},} be the local coordinate system in PL3 induced
from a local coordinate system (vh...,a") in M. Weintroduce a local coordi-
nate svstem (27, 23) in PEM[Glg(nf2, €) in such a way that the natural
Projection PrM - PLMGIg(n/2, C) is given by the cquations
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(5.6) 2lesafy b=l mu g

Then a cross-scction 1': M — P [G1g(n/2, C) 15 given locally, by a set
of functions

{5.7) Zhe=—Th(x,...,a") with ' =T},

If we consider the action of the group G} on the fibre GE/G1g(% 2, €) then
we sce that the functions I'fy behave under the change of coordinate system
as coefficients of a connection. Besides, the propertics of the group G imply
that the tensor FY s parallel with respect to I',.

since the reductions of structure group to HE and the cros -sections
M- PLAIHE are in one-to-one correspondence, b/ is cvident. q.c.d.

Every complex connection without torsion I': M — PEM [Glg(n/2, €),
composed with the natural projection PRM[Glg(nf2, €)= PEM/H; gives
a HP-structure M —P3ATHE A HP-connection without torsion is said
to belong to a 1P structure 2 if I induces 77 in the manner deseribed above.
We sav that two complex connections without torsion are HP-related if
they belong to the same Hi>-structure. This definition is equivalent to the
onegivenby Otsuki and Tashiro in [i1]. Indeed an clement (q;, -

Aiqy—abuyFaFalFi+a Fiall;) of Hi induces the transformation of
PRM given by

(3.8) (uf, wl, 1dy) = (1ef, vl s, alaf— uiaPa,—ufaka,+ 1@ Flat b+ wpa FLafFY).

It induces the transformation of PLAf given Ly

(5.9) (=1, zh)—=(z, —8lu—dla,+aFiFi+a FF}).
It means that the connection coefficients are in the following relation
(5.10) Pi=1%4 8?;111———51,}"51711*—({1}",{1“;—,L-Sf,u,‘..

Let I : M~ P3iM[Glg(n/2, C) be a complex connection without torsion.
It corresponds, in natural manner, to a reduction of the structure group
to Glg(#2, C). In other words, it induces an isomorphism of P:M into
P3MM. Thus, a complex connection I' without torsion belongs to a HP-struc-
ture Piff the corresponding subbundle of FM with structure group
G1r{n[2,C} is contained in P. '

Proposition 5.2. Lei I be a complex conncelion without torsion of M and
v PYM = PRI Let (8%, 0)) bethe cannonical form of PEM. Then 701 is the
canonical form of PLIM and 0% is the conncetion form of the conmplev con-
neciion T _

Proof. This is immediate {rom the expression of (04 #) in terms of
lotal ccordinate svstem and Proposition (7.3} in (8. q.c.d.

Let I’ be a HP-structure on Y. We shall the explain HP-curvature
of I, Let (', ol w,;) be the normal projective connection assoriatel with P.
T.et M be the kernel of the natural homomorphism /3 —G (12, C), so
that PLaf=P/M*, Let »' be the Lie algebra of A°. Then we have

Proposition 5.3.

(5.11) 1080 =0, L40f=0,
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fjor 1{::;(*{_\" dem’, where A° denotes the fundamental vecior ficld corvesponding
0 A S,

From the above Proposition 3.3 we see that the 2-form Qi can be projected
down to the bundle PLAf =P/}, It follows that Q! define a tensor field of
type (1,3) just as the curvature form defines the curvature tensor field.
This field is called the HP-curvalure tensor it depends onlv on the HP-
structure I, '

§ 6. Geodesics and completeness. Tct P be a HP-structure on a mani-
fold M and (ef, o}, w;) the nromal HD-connection associated with. With
cach element §'—=(2!, . 2" & R" we can associate a unique vector field B on P
with the following properties :

{(6.1) ol{ By =1 wl(B)=0, o,(B)=0,
We call B the standard orizontal vector field corresponding to =

Definition 6.1. A curve v, tn M is called a ccodesic of the given FP-
structure 1f xp=w=((exp t8)u,) for some standard horizontal vector field B and
for some point w. < P, where = . P— M is the projection. We call t a HP-para-
meter of the geodesic x,. '

Definition 6.2, The HP-structure P ts called complete if cvery standard
horizontal ve.tor field B is complete, that is, gencratcs a 1-parameter group o f
global fransformations.

Definition 6.3. A curve in M is called @ holomorphically projective flat
curve of gruen complex structure if '

a2y dxidal da* AT
6.2 .'.]_‘?._.....__..at SSR TELY 7 il
(6-2) di Par e ) dt PO, di

for some parameter t, where o, B are some functions of the parameter £,
Proposition 6.4. Let P be a HP-structure on M and T' a complex connec-
tion wilhout torsion belonging to P. If we disregard parametrizations, then
the geodesic of P are the same as holomorphicallv projective flat curves of T',
Proof. a) If two complex connections without torsion belong to the
same HP-structure, then they have the same HP-flat curves. Let 1%, and

< i
I'js be the coefficients of these connections, then

=15+ et Skps— 2o Fi— 3 F{FS.
If x'(t), i=1,..., », be the equation of HP-flat curve of the connection T,
then a¢(¢) is also HP-flat curve of I, as one can easily check by straightfor-
ward calculations.

b) We shall show that every geodesic of P is HI-flat curve of the
connection I'. Let B a standard horizontal vector field on P and #, = P. Set
u,={exp £B)u,. Then xp==z(it) is a geodesic of the HP-structure . Let r
be a complex connection belonging to P such that the corresponding isomor-
phism < : PrM — PEM has the following property :

(6.3) tr, €(PpAl) for 0</< ¥ for some 3R .

The existence of such a T is obvious if we consider 1" as a cross-section
(6.4) M= PiGlg{n|2, CYyC PLMG I(n)2, C)
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it is just a question of extending a cross-section defined on x,, 1470, 8] to a
global cross-section. By al it suffices to prove that v, =0, 3 is HP-flat
curve of I Let @, be the curve in PRI defined by v=v M), 1= 0, 5],
Denote by 2, and v, the tangent vectors to these curves i, and @, Then

(6.5) (v'0) (@) =el(it), (¥70) (B)=wit) =0.

Of course, w,— B{u,). Let {7 be a coordinate neighbourhood in M with loci{l
coordinate system (xl..,x*). Let {aj, a;) be the coordinate systein on H;,
then (x4, af, ;) be the coordinate system 1in PIUi. Let (B, B}, B)) he th(:
components of the standard horizontal-vector flcl’d "B as§oc1atcd \\_1th t=R
with respect to the natural basis 2/éx’, aléal, éléa,. From (4.5} we have

]j = “;: ita

af {xr
dx vk TpEk a7 spgtyiiek R e s
(6.6) Bj_-—u,-—/-— —aba B FRER a4 ap P s - —d}-rnd.,
il

. ot i L
Bj-; (!_,bf:_.[——ﬂﬁllik—;‘-t— _:_ Ezl,}*{::*F:af.
i

Set = (cxp ¢ B)ig=(1'{{), aj(f), ay(£}), then we get

o x dat du,

N —_— =, =B, — =B,
(6.7 di at oA
Then from (6.5) and {6.7) we have

dixt T dxt da* dx! , dx?

e — —— =t -+ By —
o T T T Rkl
By a/ we proved our assertion b/. _
To prove the converse it is sufficient to use the uniqueness of the so-
lution of the differential equation. q.c.d. o
§ 7. Complex connections. The Proposition 3.2 implics that there
exists a cross-section ¢ : U -1’ such that

(1.1) bt i==d t, )"0 =T ",

where I'j, are components of a complex connection without torsion.
Proposition. 7.1. Let (o, o @} be the normal HP-connection on P oand
o the above mentioned cross-section. [f we set for such o the

(1.2) by =0"e,=1Td",
then
1 ; 3 h
(1.3) Mo, = I—Z(R-,u+--,2(8$8!z Fifa) (R.-eru)),
H— Y o i

where Ry denote the compenents of the Ricel fensor.
Proof. From 4.5 we¢ have
mi=aldat,

e . . | TR oy
eof — i ard o adat a8l —a et a b F
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7.4 — 3 1 . -
(7-4) m;:d:g—.-lkm’}-{-aju,m’ - = aFho*Fia.+
. l I ‘ .
gk — R, § 8 -~FFN (R, R, {17
J nt2 ”+2(J‘ J:)(lr“ r)f
Then
(75) ';)' x O"(O'-:(i_\".. Lf)_‘;---G’GJ;:]‘;;-}dX“, !-Lj — O'*(JJ_," I['Ud.\k.

From the structure equation (2.1.2) we have

*)i ! i é : Ni . i
(7.6) o' = ‘i{ij AW 85— 18— (T — 110} 854
+ (M Iy—11 o F - FH ,_J"j:-{—_]"fl Lo 4 daf adyl

J

. | S '
If we set Q= EK;“@‘ Aw!, and

Pj'.w =R} +I11 r;sl';“— l.li-jSi —'(l.‘l“——-[l o) 85+

(7-7) N R -

+ (M Fi -1 FR) Fl- - FiLF5+ FilLFS
then _
(78) G'I{;'Hi JI;,'L-I-

It is casy to sce that Pi,—0 and 1), =0. Henee K, —0 and Kf,=0.
This proves that (o, @}, ;) is the normal HP-connection. q.c.d.

The P, are the components of HDP-curvature tensor {c.f. 16, T177).

§ 8. HP-transformations and flat HP-structures. et /2 and [ be
H P-structures on manifolds 3 and )’ of the same dimension #.

Definition 8.1. .4 diffeomorphism f: MM is called holomorphically
projective (with respect to P and P'Yy iff, prolonged to a mapping PM — Pl
maps P onto P'. In particular, a transformation f of M is called holomorphi-
cally projective if it maps I onto ilself.

Definition 8.2. -1 HP-structure P on u manifold M is called flat, if for
cach point of M there exisls a netghbourhood U and a HP-diffeomorphism onto
o open subsel of Gn42,2) (ef[17).

Everv vector field X on M generates a I-parameter local group of
local transformations. This local group prolonged to /%) induces a vector
ficld on P23, which will be denoted by X ~

Definition 8.3. ¢ call X annfinitesimal HP-transformation if X is
tangent to P at each point of P.

The following theorems have standard proofs.

Proposition 8.4. e/ w=(w!, &}, v} be the normal HP-connection associa-
fed with P. For a vector fueld X on M the following conditions are cquivalent:

a) X is an infinitesimal HP-transformation of M,

b) X is tangent to P af cvery point of I,

¢) Lyw=0,

d) LzBz=0 for cverv 2= R" where By is the standard horizontal vector
Hield corresponding to %,

Theorem 8.4. Lot ' be a HP-strusture on g sumd fold M oof dimension ».
{hen
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__a) The set of all infintiesimal HP-transformations of M. denoted by
hp(M) 1s a Lie algebra_of dimension <n?2+2n—=dim P.

b) The subset of hp (M) consisting of complete vector ficlds, denoted by
hp(M) 1s subalgebra of hp(M). '

¢} The group of HP-transformations of M, denofed by HI(M) 1s a
Lic transformation group with Lic algebra hp(M).

d} If the HDP-structure is complete, every infinitesimal HU-trans forma-

tion 1s complete, i.e. hp(M)=hp(M).

Theorem 8.5. If the Lic algebra hp (M) of infrnitesinal HP-trans forma
tions of M is of dimension #2120 then the normal HP-connection of P
has wvanishing curvalure.

Theorem 8.6. A HP-structure P on a manifold M is flat iff the normal
HP-connection has vanishing curvature.

Corollary 8.7. .1 HP-struciure P on a manifold of dimension = 4 is
flat iff HP-~curvature tensor vanishes.

Theorem 8.8, Let [? be a complete flat HP-structure on a simply connecied
mani fold M, dim M =u. Then there is HP-dif feomorphism of M onto ((n+2,2).
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THE 4, -COHOMOLOGY ON THE TANGENT BUNDLE OF ORDER #

BY
MANUEL DE LEON

1. Introduction. Let 1" be a paracompact manifold and J an I-vector
form on 1" with vanishing Nijenhuis tensor. Willmore in 7. showned
that if J has maximal rank, then the d -cohomology, defined by the deriva-
tion d, associated to J, is isomorphic to the de Rham cohoxilolog\' of I
If J has no maximal rank, then the Poincard lemma is not true, that is, a
d j-closed form is not ,-cxact unless if certain conditions are verified. Here,
we consider the canonical /-vector forms f,. ..., J, on 7%}, the tangent
bundle of order 4 of a manifold .M/, and study the cohomology defined by
a‘Jr, Igrgk. We obtain the following results: i

(1) The «, -cohomology is isomorphic {o the de Rham cohomology of
any fiber of the submersion =5 _,: T*Ar 7% rir.

(2} A semibasic p-form of type h—r+1 (that is, a p-form in ImJ})
dy ~closed is d, -exact.

So, we generalize the results obtained by A vassou for the case
k=127, and those in [3] for the case #=2. We remit to 4 for notations
;mdd results of § 2. The formalism of Frélicher-Nijenhuis is also widely
used.

2. Differential calculus on 7%}/, Let M be a paracompact manifold
of dimension ». The tangent bundle of order & of M is the (k+ I}n-dimensio-
nal manifold of A-jets at 0€R of differentiable mappings f: R—A. If

=yt TPM =173, 1<r<k, denotes the canonical mapping defined by

sf—gstf, where 13 is identified with M and =f==* then 7% has a

bundle structure over 773 with projection map =% _,.

Let (U, «f) be a coordinate neighbourhood of M and denote by (')
MO, ¥ the induced system of coordinates in (F)yU).

Let J,, 1<r<h, be the canonical 7-vector forms on Z*Af ; thev are
locally expressed with respect to the induced coordinates in 753 by

(% o)

where 7., denotes the unit matrix of order rn. Then, rank f,=ru.
Proposition 2.1,

0, if sth—r-LDzk-r1

(1 Ry

Jest ~s(k -1 +1)3 if 5("3—”'}* ]) <k+1



