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__a) The set of all infintiesimal HP-transformations of M. denoted by
hp(M) 1s a Lie algebra_of dimension ‘g2 4+-2n=dim P.

b) The subset of hp (M) consisting of complele vector fields, denoted by
hp(M) 1s subalgebra of hp(M). .

¢) The group of HP-transformations of M, denoted by HP(M}) is a
Lic transformation group with Lic algebra hp(M).

dy If the HDP-structure is complete, every infinitesimal HU-transforma-

tion 1s complete, i.c. hp(M)=hp(M).

Theorem 8.5. If the Lic algebra hp (M) of inftnitesinal HP-trans forma
tions of M is of dimension #3[2-1-2n then the normal HP-connection of I
has vanishing curvalure.

Theorem 8.6. A HP-structure P on a manifold M is flat iff the normal
HP-connection has vanishing curvature.

Corollary 8.7. A HP-structure P on a manifold of dimcnsion = 4 is
flat if f UP-curvature tensor ranishes.

Theorem 8.8. Let 2 b a complete flat HP-structure on u simply connected
mani fold M, dim M=, Then there is HP-duf feomorphism of M onto (+(1.+2,2).
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THE 4, -COHOMOLOGY ON THE TANGENT BUNDLE OF ORDER %

BY
MANUEL DD LEON

1. Introduction. Let 1" be a paracompact manifold and / an l-vector
form on I” with vanishing Nijenhuis tensor. Willmore in 7 showned
that if / has maximal rank, then the d,-cohomology, defined by the deriva-
tion d, associated to /. is isomorphic to the de Rham cohoximlog\' of 1.
If / has no maximal rank, then the Poincard lemma is not true, that is, a
d j-closed form is not ;-cxact unless if certain conditions are verified. Here,
we consider the canonical 7-vector forms /i, ..., J, on 7%/, the tangent
bundle of order # of a manifold ./, and study the cohommology defined by
d__fr, Igrgk. We obtain the following results : .

(1) The d, -cohomology is isomorphic {o the de Rham cohomology of
any fiber of the submersion =§_ : 7774 73f.

(2) A semibasic p-form of type h—r-1 (that is, a p-form in [mJ})
iy ~closed is d, -exact.

So, we generalize the results obtained by A vassou for the case
k=1 (2], and those in [3] for the case =2, We remit to 4 for notations
;mdd results of § 2. The formalism of Frélicher-Nijenhuis is also widely
used.

~ 2. Differential calculus on 7%}/ TLet M be a paracompact manifold
of dimension #. The tangent bundle of order & of M is the (4~ [}n-dimensio-
nal manifold of A-jets at 0 € R of differentiable mappings f: R—Af. If

=t T*M =170, 1<r<k, denotes the canonical mapping defined by

sf—gs'f, where 700 is identified with M and =%==* then 7%} has a

bundle structure over 7713/ with projection map =%_,.
Let (U, ) bea coordinate neighbourhood of M and denote by (3,

AL 3P the induced system of coordinates in (=%))(L)

Let J., <7<k, be the canonical 7-vector forms on T*'M'-: thev are
locally expressed with respect to the induced coordinates in T3 by

=, -

where [,, denotes the unit matrix of order ru. Then, rank f,=ru.
Proposition 2.1,

\ 0, if s{h—r+l)z2h+t+1
(1 () {
fk-!—l-s(k—r-rl): ":f 3(]3—"4"1)&"‘"—'1-1
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(2) [, J51=0, for ewery l=r, s<s; therefore, [, defines an  integrable

almost tangent structure of order k on TFM. )
Vor each », 1grghk, the 7-vector form J, defines and endomorphism

] of the exterior algebra A(T*AI), which will be called the r-th vertical

operator.
Proposition 2.2. 1'¢ have

(j")‘—{o’ if s{h—r+1)zh41
' Jivt cioreny of S{h—r41) <k4-1.
Morcover, [, 1s locally cxpressed with respect to the induced coordinates
by
] s<k1
Ji{dv9) = 0, 1f r—}—s'..,.f'—l—
’ dytris RNl g f pbsz k41
Now, let_us consider the derivation 4,, of type i, associated to /, ;
1,5, is the derivation of degree 0 of A{7T*)} defined by

4
(T'J’LO)(‘Y” Loy .Y],)—-= ?:l(ﬁ(l\’:s EREY jr-'\’l', “een -\:P)

for any differential p-form o on T*M. We shall call #,, the »-th vertical
derivation. In fact. 7, is the unique derivation of degree 0 of A(T*}3) which
verifies i, f=0, 7, (df)=J}{(df), for cvery function f on T*3/
With respect to the induced coordinates, ¢, is locally expressed by
iy (d 1) = 0, if s <.‘k+l
T dytre il gy lsz b1,

On’the other hand, let d,, be the derivation of A(T*) of type dx associated
to J,. d, is the derivation of degree 1 defined by 4, =[i,, d], and it
will be called the 7 th vertical differentiation. In fact, 4, is unigquely charac-
terized by the following relations

{ds, f=Tdf), for every function f on I*Af

{ d"r(] == [ItiJr'

Consequently, o, is locally expressed by

k Al
d ¢ oo
dy f = v f—{i_}"r'"‘—* —1)'_
T hmber 13'\-‘[)')

with respect to the induced coordinates. o )

As a dircet consequence of the Frélicher-Nijenhuis differential con-
comitances, we have dj’,,'_n’_\-J, where N, ts the Nijenhuis tensor of [,.
Then, from (2) in Proposition 2.1, we obtain

Theorem 2.3. The r-th wvertical d [ ferentiation verifies (d; ) =0..
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Moreox.'{-r. a_direct computation leads to the following.
Proposition 2.4.

(n Sl =0, df rds kg2

@) dy, Ji=Tid.

_ Definition 2.5. _{ Zifferential form o cn TVF is suid semibasic of tvper
ifwsImj, . . o

The collection $B, of semibasic forms of tvperon 71 is a graduated
subalgebra of A{7*3]), that is, )

SB, .?SiB,. SPB, 1 S4B, SR,
where S?B, denotes the sct of semibasic forms of degree p.
__In fact, we have a decreasing sequence of subalgebras SI8,2558,D .. D
3 SB1 DSE,, ’
The following results can be casily proved
Proposition 2.6. et « be a p-form on T*M. Then w is semibasic of
tvpe rif and anlv i f ive=0, for cvery tangent vector V e I""k;.-_r(T"'JI), .
Corollary 2.7. T'he derivation i £, vanishes on SB,.
Proposition 2.8.

(n dy, , (SB)CSB,
(2) dpyrof ESB,, for cvery dif ferentiable function Joom 171,

.. Finally, let us remark that the algebra SB, is locally gencrated by the
differentiable functions on 7%1f and dvto gy x!}f‘}“"’_ ’
3. The d, -cohomology. Proposition 3.1. For cvery e %M, there

cvists a neighbourhood U of = and an endomorphism K of AU such that :
(1) R{AY(U)YCAP L), for p> 1.
(2) For every p-form «w on U, there is a p-form wy on U such that

: w=Kdw-FdKo+o,

and, moreover, 1y,00=0 und [lw,=0,
(3) If Jiw=0, then [iKo—0.

Proof. We use the following classic lemma 6 -

o Lemma. Lef j, [=0, |, be the canonical injections of R*™ iy R"-™ - |
de fined by j(z)=(z0). Then, there cxists a linear map

kAR " Ry AR ™)
with the following propertics :
() RAR™ ™ > RYCA* Y(R*™™), for pz1
(2) b+ hd =3} — 72,
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Now, we shall prove the Proposition. Let & be a ncighl;ourhoo‘d of =%(z)
in M : then ('——(1:")‘1([') is a neighbourhood of z in 7%}, We definc

H:UxR-R
bv H(w 9, v 0, v ) = (300, a0 T 19y,

- using the lemma, we obtain dk-{—fcd)H'co=ij'(oH~j§H'm. B.ut‘];H'c-)z
B\(f}lz;?)hw“—]:», because Hoj, = id(. So, @ -ld!‘;H’m—}-chH -] (H;c’:]{,) . )
We define Ko—kH'e and o,=({Heojo)'w ; thus, K AP (L), o,
=AY and e=dKo+Kdo+o,
Moreover, since

(Hojo) (39, ..o WO = (3, ., 41570, ., 0),

then (Hoj,)'w only involves dv . Jdv*", and therefore Jiw,=0 and
1'er.,=0. ]
Finally, if Jjo=0, then some dy®, O<h< h—r, will be always present
in everv term of », and the same is true for Ke. {h]&‘? implies JiKw=0. ’
Proposition 3.2. Lef @ be a p-form on UL If [ is d, -closed, then there
evists a (p-1)-form = on U such that Jio=d, (];<).
Proof. Tet v=Kw. Then -=A* (U}, On the other lland,
dy (Jixy=d,, ) Ko=J;dKe (by Proposition 2.4) =],(m—-Kc{m'~mo)=
J’m—i]’Kﬁ'(o—J:mu-—j:m, because, taking into account Proposition 3.1.
sl r : h L . o
e, —0 and, at the same time, Jido =0 implies ],Iuh.;;:O. .
i - 3 } ot he 7 t ? . 1=
Let (7 denote the differentiable functions on T%M and le or
={f E@/ff; constant along the fibers of the submersion =f., 1 T¥M - T* 1M}
Then we have the following theorem. . '
Theorem 3.3. For every z=THM, there exists a neighbourhood U of z
such that the following sequence is exacl

d’JY ti"r

0~ (Fr ra(U) "’(F(U)__'SIBPC rp{ U) ——

dy, idy, _ ) dy,
.——— S5 ’1BL._,.+|U)(——>S”'B,,_“](U)——’ﬂ.

Proof. Let U be as that in Proposition 3.1, Firstly, SBy_ is stable
dJ, .
by d,, and, moreover, S™B; ., — —0 since SB;_,.. is locally generated by
d;‘.(o)’ r’ d_.).lr-lil_
Now, we shall prove the exactness of the above scquence.
On one hand, @3 —=0. On the other, if for an arbitrary f=/F(U) we
have d,, f=0, that is,

L3 i N )
\ Of d',:\’rr;f.-kﬂ 20,

J=k‘:r 41 33 ()

then, assumed [’ connected, we deduce that [ is constant with res_,z)_cc’t to
AVECN R e fElE (D7), which shows the exactness at FU).
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Finallv, if « €5PB. . (U), p=1, then, by definition of semibasic
form, =/, with “e =A*(L7). Then, if ¢, 0=0, from Proposition 32,
there exists T €AY L) such that Jla=d, [i=, 0 © d, J.= and [z is
semibasic of type k—#-F 1, which shows the exactness at SUB e a(U), p2 L.

Theorem 3.4. The o s,-cohomology is isomorphic to the de Rham cohomo-
logv of any fiber of the submmersion =f : T55 - 1571,

Proof. Let S be an arbitrary fiber of =f , 0 TFM S 7v 3 - then, S is
a submanifold of 7T%M.

The mapping

e
AYS) = =SB 0(S)
being an isomorphism, the result follows taking into account the identity

J;d-—d‘;"];.

Proposition 3.5. Let w be a semibasic p-form of type k—r+1, with =1,
and dy -closed. Then, there exists o =AY NTEMY) such that w==d,» and
betng semibasic of tvpe h—r4-1,

Proaf. Let §U,} be an open covering of M and let {f} be a partition
of unity subordinate to {L;}. Then {(’j=(7:")"((7,)} is an open covering of
TEM and {fi=fon*) is a partition of unity subordinate to [I/,}. Moreover,
for everv U, we have the exact sequence

?

d; o s

0 ~Fr.rna(Us) (7 (U= 8By o U ) =L
dJr I.'[J, [iJ,
“”__,S'"‘llgk_r | [(L"‘) = _’Sfﬂlfk_r A l(l/'r!)_-“‘*()
of Theorem 3.3.

Now, let be ;= {’,; then =, is scmibasic of type k—r+-1 and 4,
closed. Consequently, there exists o €518, ..{U,) such that =ds .

If we put 9=2Xfi9,, then ¢ is semibasic of tvpe #—r+ 1 and, morcover,
ily,9==w. In fact,

da 2=, (3fi2)=Z(ds f)A2:+E fild; 00 =T fi; =0

since d, fi=0.
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INTEGRABILITY OF ALMOST QUATERNAL STRUCTURES
BY

VASILE OPROIU

1. Introduction. In this paper we continue the study of the inte-
grability problem of the almost quaternal structures initiated in 6. Recall
that an almost quaternal structure is defined on a 4 m-dimensional manifold
H by a vector subbundle I, with fibre dimension 3, of the bundle of {1,1)-
tvpe tensors on M, having canonical bases, That means that for every
point p =11 there exists a neighbourhood !~ of £ and 3 tensor fields F,, F,,
Fs. sections of the restriction of J° to U, satisiving the relations -

i1} F3=_7, FolFy=—F,F,- Egr a==1, 2,3,

where (a, &, 2) is a cyclic permutation of {1, 2. 3). The tensor ficlds (Fa), (F3)
defining canonical bases of on Uu, v, respectively, are related on U7 by :

3
|2) I“; = 2 Sap,Fb.
b1

where [s,,] = 50(3).

The structural group is G=GL(m, EX). Sp (1) and the Lic algebra
¢ of & is of finite type.

Denote by N, the Nijenhuis tensor ficld of F, and let . S=N LN, +
+.Ny. I %, is the !-form defined by :

S X)=[1/{4m— 2)] trace(Y —F.S(X, Y},

then the Chern-Bernard invariant (the torsion invariant) of the given al-
most quaternal structure is trivial if and only if S is expressed as :

3
(3) S(X, V)= 2 fay(V)F X — a (X)F, Y},
. a=]

This result was obtained in t61 by looking for a torsion free adapted
connection to the almost quaternal structure. Remark that the [-forms
% a=l, 2, 3, satisfy the relation :
: .3 ‘
(1) L 2 (F,X)=0.
a=1

In this paper we show that if the torsion invariant of the almost quater-
nal structure is trivial then the family of the torsion-free adapted connec-
tions is obtained by Q-projective trans formaticus only. Then, using the curva-
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