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INTEGRABILITY OF ALMOST QUATERNAL STRUCTURES
BY

VASILE OPROLU

1. Introduction. In this paper we continue the study of the inte-
grability problem of the almost quaternal structures initiated in (6], Recall
that an almost quaternal structure is defined on a 4 m-dimensional manifold
M by a vector subbundle I, with fibre dimension 3, of the bundle of (1,1)-
tvpe tensors on M, having canonical bases, That means that for every
point p =1 there exists a neighbourhood {7 of £ and 3 tensor fields F,, F.,
Fy. sections of the restriction of I’ to U7, satisfving the relations -

(1) Fi=—1,  FFi=—FF=F.; =123
where (a, &, 2) is a cyclic permutation of (1, 2, 3). The tensor ficlds (Fa), (F3)
defining canonical bases of on U7, U, respectively, are related on Nt by :
3
(2) Fa= I sy F,.
b1

where [s,,] = S0(3).

The structural group is G=GL(m, H). Sp (1) and the Lic algebra
¢ of & is of finite type.

Denote by N, the Nijenhuis tensor ficld of F, and let : S=N|-LN,+
=Ny H a, is the l-form defined by :

2 X)=[1/{4m—2)] trace(Y - F,S(X, V),
then the Chern-Bernard invariant (the torsion invariant) of the given al-
most quaternal structure is trivial if and only if S is expressed as :

3
(3) S(X, Y= 2 o, (Y)F, X 2y X)F, V.
@]

This result was obtained in 6. by looking for a torsion free adapted
connection to the almost quaternal structure. Remark that the I-forms
%, a=1, 2, 3, satisfv the relation :

. 3 ‘
(1) Z ay(FaX) =0,
a=t
In this paper we show that if the torsion invariant of the almost quater-

nal structure is trivial then the family of the torsion-free adapted connec-
tions is obtained by Q-projective trans formaticus emlv. Then, using the curva-
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ture invariant obtained as a curvaturc invariant of the (-projective trans-
formations, it is shown that the structure is integrable if and only if this
curvature invariant is trivial. In [4] there were considered the manifolds
carrying integrable almost quaternal structurcs, i.c. the quaternion local
charts are related by coordinate transformations, differentiable in the gene-
ralized quaternionic sense. It was shown that such coordinate transforma-
tions are nccessarily projective. Thus, the result of (47 is framed now in the

general integrability problem for G-structures.
2. The torsion free adapted connections. The following tensor fields

N, :a#b=1,2, 3 arc stronly related to the integrability problem for almost
quaternal structures:

5)  Nu(X, V) =[N, F Y14 [FX, FY1=F[FX, Y]—F,[FX, V]
T [X, F Y 1=F X, F.Y1; astt=1,2,3.

The tensor fields S, N, N, arc related by the following formulae
which can be proved by straightforward computations :
(6) 6NL(X, Y)=FS(X, F,Y)+F,S(X, F YV -F S(F, X, Y) - F,S(F. X, Y}~
S(FX, F\)Y)=S(I, X, F,Y),
(7) 2S(X, Y)=F, N (X, FoY )+ FpNap( N, F YY)+ F Ngy(Fo X, Y}
+F0Nab(Fa‘\—s Y) ’Zvab(Fa"\" FbY)_* 'ab(FhX: Fayr);
(8)  ON(X, Y)=S(X,Y)LI,S(FaX, Y)+La(4, FY)—S(F.X, F,Y),
(9) 6N (X, Y)=F Noy(X, FY )+ FNoy( X, FoY) +F No(Fo X, Y) 4
L F Noo(FaX, )= Nas(FoX, FY) = Nas(Fy X, Fo¥)—F Nop( X, ¥) 4
Nl X, FY) - Nas(F X, V) +F Nl FoX, FoY) +FoNas(FoX, FeY)
4-F No(FX, F,Y).

Throughout this paper (a, b, ¢) will be thought of as a cyclic permutation

of (1, 2, 3) and by the symbol X )we mean the summation after the three
(4, b ¢

cyclic permutations (1, 2, 3), (2, 3, 1), (3, 1, 2) of (1, 2, 3). From the formulae
(6), (7) we deduce that the vanishing of S is equivalent to the vanishing
of one of N, ; a#b=1, 2, 3 and from (8), (9} that the vanishing of S hence
of N,, implics the vanishing of afl N, a=1, 2, 3. Thus the vanishing of §
assures the integrability of all three local almost complex structures def ined
by F,. However, in the local chart in which the components of I, are con-
stant the components of ¥, may be not constant. Due to its symmetry, 5

is more convenient to study the integrability problems.
Proposition 1. Ve have the following connection defined on U

; 3
(10) VoY =(1/12) & {Fu[FoX. FY J—Fo[F X, FoY 1} +(1/6) £ (Fa[FoX, Y]~
-, m, b 1) )
—}"al_.aY, Fa}‘r_l} —I—-( l,"2) :X. )'.

whose torsion tensor field is trivial and for which

1
1

S . .
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{11) (VxF) Y =(1/12){F,S(X, ) S(X, F,Y)}.

§ Proof. One verifies easily that V has the propertics of a lincar connec-
ton. Then, using the definition TX,Y)=VyY -V, X— (X Y] of the tor-

sion tensor field, one obtai *=0. Fi i i
the defioin one obtains T'=0. Finally, the formula (11) is proved using

( v"_?F,;) Y == V‘Y(F,, }') Fa V_\- }.’ .
Proposition 2. The relation betwee 1 7,
. . ween {he ! i
U, U’ by the canonical bases (Ia). (Fg), respe;tz'c:i’?:f,m;??ns v V' defined on

(12) V¥ =VeV—(1/6) T {a(Fad) ¥ +Ma(Fa¥)X}—(1/12) T {{4h(X) +
@, b, ¢}

Fho(F XY~ 1o FoX)IFY 4 [40(Y) 42, (F.Y) =0 (F,Y) 1F, X1,
where the 1-forms A, are defined on UNU' by -
(13) Aa=8,d81 -+ 5,,ds., 85pdSs = ""(Slcds:b‘f‘szedseo‘{‘sacdszr)-

The proof is obtai 7 usi
. ])ragkct. obtained by using the formulae (2) and the properties

Proposition 3. If S is given by (3) then .
(1) 12(VyF)Y — 2o ( X)F Y 420 (X)F,Y %a(Y) X —eo( F,Y)F X +
J,—{rx,,(Y)—ar(FﬂY)}FrX—-—{oc((Y)+a,,(F..Y)}F,X.

Thus, even if the torsion of the almost quaternal structure is trivial
]

. ted‘ HO“C\ er A C

Proposition 4. T'/ie connection V de fined on U by :

(15) VeV =VyV +(1/12) 3 {aa(X)E,Y L-aa(V)F, X},
s forsion free and : o
(16) (VeFa)Y = —(1/3)ay(X)F .Y 4 (1/3)a(X)F,Y.

Proof. If V=V--P with P a tensor field of type (I, 2), then :
(VaFo)Y =(VyF,)Y 4 P(X, F,Y)- F,P(X, Y).

It #is given by (15) it follows (16).

Proposition 5. The co ; v’ . S :
related on UNU" by : conmeciions ¥, V' defined on U, U respectively are

(17) i?;;-Y:V';er(l/@a:ﬁ: Da(FaX)Y +2,(FY)X}—(16) £ {(h(X)+
b, g}

@

F2F o X) A F X)F.Y + (ha(Y) + Ml F Y ) A (F,Y))Fo X},
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Proof. Using the definition of S we obtain the transformation formula :
{18) S\ Yi=S(X, ) I;%:}{ 25 (N) 4R (F X)) =1 (F X )Y —

5 - 20, {Y)LRu(FLY) =R T WY )X
06

Next. using the definition of the I-forms o, one gets:
(19) =iﬁas“’?;(‘\'1;_'.1”(1\—) F22a( X)) —Ru(F XY 2o F X))
Since @ F, J)Elx,,,,]"{,. S ey
20)  La)Fie Sa(N)Fod 2 2N) - 2o(FX) AFXE, |

w1 a=1 {s, B,
and then get casily (17). . .

l"inaﬁ\' we s}m(u]d obtain a globally defined adapted connection
related to the locally defined connections ¥, V, ... To this L‘I.ld. let us
compare the 1-forms —-(1/3)x, corresponding to the connection V in (16) and
the I-forms 7, corresponding to the globally defined adapted connection
V. Lo o o
(21) Vil y=—1, (XM A AN)F, ; a=1,2.3.
The transformation formulac for 7, are:

3

) Sba‘qi’:=-’]u+;-u L= 1: 2; 3,

(22)
h=1
and thus we get: |
23 sl (1315 (X) = (- (1312 (X) 4 (132l X) H20(F o X) 2 Fo X))
[/ |
Next, just like in the formula (20)
- N & -
(24) é { FalX) 130, (F X))} = E] {-q,,(FﬂX)-—(I]S)aa(I-ﬂX)}+a}.,l?\,,(F“]\).
w1 @
Reeall that «, satisfv the relation (4), such that, denoting:
B B
(25) S u(FaX) = 67(X).
one gels: , ,
(26) R(N) = X)—(1/6) B2, (FeX),
and then -
o8 o o S
¥ 5 (F0X) o m(F N} (16 Ra( X ) -0 (F X) 2 (T X))
|
Thus the b-forms 7, defined by :
(27) 7 X) (13l X) +25(FX) ,

have the same transformation rule as the l-forms 7,. 1
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Theorem 6. 7hc torsion-free ada pied conncction V with the cories ponding
I-forms 3, given by (27) is: ;

(28)  ViYV=Vi¥—n(X)V—=(Y)N+ ¥ FEX)EY m(F Y HE,XL

Proof. We can do a strightforward verification that V is an adapted
connection with the corresponding 1-forms %,. Another proof can Ly o

tained if we recall that an adapted connection is obtained from ¢ by the
formula : '

v,v=6_r+a_zjl {ul X)— (3t XV E (A @ T — S F@F )0,

aal
where @ is an arbitrary tensor ficld of type(1,2), {6 . Then obtain V taking :
X, Y)=—=(XN)Y —4=(Y).\.

Theorem 7. I/ V is a torsion-free adapled conncetion Sor ihe almost

quaternal structure, thew every other lorsion-free adupled conncction V is ob-
tatned by the formula :

- 3
(29) V¥ = V¥ +0(X)Y 4-0(Y) X — X {a(F, N}, o F, V) E, X,
a- |

T

where o is a |-form globally defincd on M. The 1-form o is related to the 1-
Jorms 1., %, corresponding to ¥, V by the formulac :

(30)  o(X)=(1/6) T FalFuX)— 1a(FaN)} ; Fa(¥) = 1l N)— 20(Eo).

a=1

Proof. Let: V=V4- P, where P is a tensor ficld of type (1, 2) such
that P(X, Y)=P(Y, X). Then P must satisfv the relations :

(31)  P(X,FY)—F,P(X, Yy =—(— 1) (X)F Y (7, 0 (X))

For conventence denote 7,(N)— 1,(X)=5,(F,X). Then the following rela-
tions are obtained from (31):
E

P(X,Y)+EF PN, FY)=8,(FX)EY - 3F XYY
P(X, Y)+F,P(FX, Y)=8,(F,Y)F, X4+ 8{F Y)F X,
—FoP(X, FoY) = F P(EX, FoY )= — B Y)XN £ 5,(F,Y)F,X,
W P(EN, Y)HF P(FX, FY)=—3, ()Y L5,(F,X)F,Y.
Summing up, we get :
(32)  2P(A, Y)= — B X)Y — Bo( V)N R B Fo XML Y 4 B V) FLX
B F oy XYY LB F Y ) N4 81 N Y+ 8 (F )N
Due to the symmetry of £ it follows :

trace(Y = 2(\N, V) —trace(Y - /(Y. X)),



80 VASILE OPROIU 6

h : ]
e —2Ba(X) — 4By X) = 25 ( X) = — 4By (X) —28,(X) — 28,( ).

Since (a, b, ¢) is an arbitrary cyclic permutation of (1, 2, 3), it follows:
fa=Br=Pe=—2w. Then, from (32) we get (29). The expression (30) of o
is obtained casily from the formulae Na(X) = a(X) - 26(F,X).

Remark, Since the I-form o is uniquely determined by the i-forms
Na—7a it follows that a torsion-free adapted connection is well determined
v a linear connection on 17 having its local connection form_s fae )

"~ Remark. The conncction transformation (29) was obtained also in
(2] as the transformation preserving the Q-flat paths. ‘

3. Integrability of almost quaternal structures. Let us find now the
curvature invariant of the almost quaternal structure given bv a tensor
field, related to the curvature tensor field, invariant unc_ler the transforma-
tions (29). It is the second and. last obstruction to the integrabilitv of the

almost quaternal structures. If V=V+4- I’ the corresponding curvature tensor

fields R, R are related by :
R(X,Y)Z=R(X, Y2+ (Ve PUY, Z2)— (Ve PUX, Z)+P(X, P(Y, Z))—
~P(Y, P(X, Z)).
If P is obtained from (29), then:
(33) E(X, VVZ=R(X, V)Z+{L{(X, Y)—L(Y, X)}Z+L(X, Z)Y —L(Y, Z)X—

: 3 . i .
— S {L(X, FY)—L(Y, FX)}oZ— % {L(X, FLZ)F.Y - L(Y, FoZ)F.X},

a=|]
where : ,
(34) L(X, Y)=(me)(}")—m(X)m(Y)+aZ}m(P}X)m(F,,Y).
The relation between the corresponding Ricci tensor fields 7, 7, is :

(35) (X, Y)=r(X,Y)— (dm+4L(X, Y)+{L(X, V) +L(Y, X))
— S A{L(EX, FY)+L(F.Y, FoX)).
a=1

From this relation we obtain by some usual computations :

L(X, Y)—L(Y, X)=-[1{4(m+ D) [{r(X, Y)—r(Y, X)—#(X, ) +r(¥, X}}
L(X, Y)+L(Y, X)= [I/(Sm(m—{-Z))]{rZFaX, F.Y) +;(F,,Y, F,X)--

—1(FoX, FoY)~r(F,Y, F, X)) — [(2m+3)|(8m(m4-2)) ]{r(X, Y)4+#(¥. X)-

—(X,Y)—~Y, X)}.
Thus :

(36)  L(X, Y)=—[1/(4(m+1))r(X, Y)— (X, ¥)}— [(m+3)[(16m(m+ 1)

~]
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(m+2)/fr(X, Y)+7(Y, X)—2(X, Y)—r(¥, X))+ ]I [(16m(m+2)

3 -
(E U(FX FY)Er(FY, FX)—1(F X, F,Y)—r(E,Y, F,X)}.
=]

Replacing this expression of L(X, Y) in (33) we get : I-IH"‘(X, Y)Z=W(X, Y)z,
where :

(37) WX, Y)Z=R(X, V)ZH{Q(X, ¥)= Q(Y, N)}Z+0(X, 2)V—Q(¥, 2)X—
— {Q(X, FY)-Q(Y, FuX) 17— {Q(X, EAEY —Q(Y, F2)E.X),
(38) (%, Y) = 140+ DA, ¥) (g /(L6 -+ ym 3 23) . ¥ .
(¥, X0} [(16min+2))] £ ((FX, FLY) +1EY, T X)),

The tensor field 117 is invariant under all the changes of the torsion-
free adapted connections. Thus it can be called the curvature invariant of
the given almost quaternal structure. \We sce that the vanishing of the
curvature invariant assures the integrability of the almost quaternal
structure, '

Theorem 8. If the Chern-Bernard and the curvature tnvarianls .of
almost quaternal structure are trivial then theve ex ists, locallv, a flat adapted
connection.

Proof. 1f § is given by {3) there exists a torsion frec adapted connection

"V. Then V=0 implies that the curvature tensor field is -

(39)  R(X, Y)Z=—{Q(X, Y)~Q(Y, X)}Z—Q(X, Z)Y +0(Y, 2)X +
+a§'{Q(X, F,Y)—-Q(Y, F,,.Y)}J."',,Z-}-az_.?‘l {Q(X, F.Z)F,Y --QY, F.Z)F. X},
Then _thc Ricci tensor field is : _J
(40) 7(X, Y)=(4m+-4)0(X, Y)- PN, V) +Q(Y, X)) -I—FI {Q(F.X, F.Y)+
+Q(FY, F X))}

To solve our problem we have to do a transformation (29) such that R=0.
Comparing (33) with (37), we sce that if o satisfies the partial ‘differential
system .

(41) (Vx0)(Y) =o(X)e(Y)- !lglm(FaX)c')(Fa}’J +O(X. Y),

then certainly R=11 =0, Thus, let us study the complete integrability of

the partial differential systemn (41). Tic complete integrability condition is :
(VaVre)(Z) — (Vi Vyw)(Z)—(Vy 5 w)(Z)=—o(R(X, Y)Z).

Using (21) and (41) it follows, ajter a quite long computation :

(VaVr)(Z) = 26( X jo(Y)o(Z)— 2o(X) ﬁtc.)(f:,,1‘)(0(1-‘,,2)-_
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—20(Y) £ o(FuX)eo(Fol) — 26(7) %Im(f’,,.‘f)m(F,,Y)-}-LVA-Q)(Y, 7)4-

)

HO(X, Y)o(Z) +0(X, Z)o(Y)— E (01X, T.Y)o(F ) +QUN, FaZ)olFaY )+

=1

™)

+o(ViY)o(Z) -

t

s o(FaVa Y)o(Fo L) +0(Vr Y, Z).
1

"

Then the the complete integrability condition becomes :
(VAQUY, Z)— (V1 O)(X, 2)--{Q(X, ¥)—Q(Y. X)io(Z) +O(X, Z)er(¥)~

3
(Y, Zyes(X)— 33] 101X, FaY) = Q(Y, FaX)lo(FaZ) — S Q(X. FuZ)o(F.Y)

= 't

O(Y, Ful)o{Fo X)) = —a{R(X, Y)Z).

which, due to the expression (39) of R can be written as:

(42) B(X, Y, 2)=(VxQ)(Y, Z)—(0+Q)(X, Z)=0.
We shall deduce B=0 froin the second Bianchi identity satisficd by R :
(43) (VzR}(X, Y)-H(VxR)Y, Z) + (VyR)(Z, X)=0.

Using (21}, we have:
(V2R)(X, Y)Z=— {(V2Q)(X, Y)—(V2Q)(Y, X)}Z—(V20Q)(X, Z)Y +

+(VaQ)(Y. Z)XN + "E_l{(VzQ)(X, FoY)—(V2Q)(Y, F.X)FZ +
X §(VZONX. FZ)F,Y —(Vi0)(Y, F,Z)F.X}.

Next, taking the trace in (43) we obtain :
(44) (4m4-41{B(X, Y, Z)+B(Y, Z, X)+ B(Z, X, Y)}=0.
The following relation is obtained from (43) by taking the trace of the map-
ping Z —(VZ R)(X, Y)Z :
3 L _ -
(43) (4m+1)B(X, Y, Z)- X {B(X,F.)Y, F.Z)— B(Y, FF.Z, F,X}+
([ |

i B(FX, Y, F2)y—B(I,.Z, X, F,Y)}=0
Replacing Y, Z by F, Y. I,Z respectively. summing up for a==1, 2, 3, and

doing cyclic permutations of X, ¥, Z we obtain :

¥ IB(N. FY, F 2+ B(Y, F,Z. FX)+ B(Z, F,X. F,Y) =0,

a1

Then we obtain castlv from {45} :
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(46) (R ){B(X, Y, Z) = B(X, 2, V)}-+3 S {B(X. F,Y, F,Z) -
: a1

B(XN,F.Z. F,Y)! =0,

In (46) replace Y, by .Y, F.Z respectively and sum for a=1, 2, 3 :

3
(47)  (Am+T) L{BX,F,Y. FZ) - B(X. F.Z, FYR+9BX, Y, 2)
a—1
= B(X, Z, Y)1=0.
From (46), (47) it follows: B(X, Y, Z) -+ B(X, Z, Y) 0. Then, using (44),
we obtain B(X, ¥, Z)=0. Thus (41) is completely “integrable and, using
a local solution & we obtain the local connection V with 2 —0.

Theorem 9. The almost guaternal structurc is integrable if and oniv
if the Chern-Bernard and curvature invariants are trivial,

Proof. If Sis given v (3) and 11"=0. let V be a, locally defined, flat
connection. There exists | local chart on M such that the connection coe-
ficients in this local ch t arc trivial. Thus, in this local chart the usual
derivative does coincide with the covariant derivative with respect to V.
Next, using (2} we replace the local canonical basis {F.) of I" bv the local
canonical basis (F;} such that the corresponding I-forms 7, are trivial. To
this end let us remark that the curvature R of the adapted connection V
with its corresponding 1-forms v, satisfies the relation -

R(X, Y)FoZ—FoR(X,Y)Z =~ (dnig- 10 ul(X, YYF, Z+ (d, 4 T o) (X, Y)F,
obtained from (21) by using the definition of R. If V is replaced by V with
=0 then :

(48) dne+F ' He=0, a=1,2, 3.

Now, if #,=0, using the transformation formula (22) for ., the matrix
Sap] must satisfy the differential system :

SapdSact SuutSyet-5Sopds.e=—%, : a=1,2, 3.

To show that this system is completely integrable, remark that it is equi-
valent to:

dsaazsub"]r— SaeTos dsab"'sur'ﬁ‘u Saa"es dS,”.'-- Saatj—SapNia-

Recall that (a. b, ¢) is allways a cvelic permutation of (1, 2, 3). Then the
complete integrability conditions :

0=d"s,,,,=s“p,(l c-—S,“.dﬁ,’,—Fdsnb /\ ch*ﬂdsm- .};b__sab(d.nc"l_?;a X ib)_
sﬂ:r(d;}h'{_ e i T‘“),

0 '(lzsub' 'Sard " -‘rrer(lir+(lsnr T dsaa . LT ‘an-(d'ﬁn+'ﬁb 2 f,,r)_

— Saa (d"; e ;,aAT]h_]-
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0=d3$ac zsggd;}'a‘—sabd'};a"}"dsaa A :";jb"' dsab A -};a=saa(d:’36+'}: e i :"ju)""
“‘sab(d%a"i" ;Jb /\ 5 C)

are satisfied according to (48)._
Thus, for the connection V and the local canonical basis F, we have :

VA Fe=a(Fa)s=0, a=1,2,3:4,4, k=1, .., 4m,

hence the local expressions of Fg are constant. By a linear coordinate
transformation we can give to the matrices associated with I, the usual
canonical expressions. Hence the almost quaternal structure is integrable.
Converselv if the structure is integrable there exist local charts such that
the local expressions of F, in these local charts are constant. For such a
chart consider the local connection having trivial connections coefficients.
This connection is obviously adapted with the corresponding 1-forms
%,=0. Then =0, R=0, thus the local expressions of S and 1V are zero.
Due fo their definition, thev are globally trivial.

A manifold carrying an integrable almost quaternal structure is
called a gquaternion manifold. The typical examples of quaternion mani-
folds are the quaternion projective spaces.
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TWO-POINT BOUNDARY PROBLEMS IN THE -LINEAR THEORY
OF RODS '

BY
GH. CHIOKESCL

_ 1. Intreduction. In the present paper, by rod we mean a bodv B compri-
sing a mater.ml line and two deformable vectors {called ,,dircctors:'), attached
to every point of line (this mathematical model is called also »gencralized
rod” [17). For such a body the basic equations are presented and a strain
energy funclions is proposed. By using the geometrical and constitutive
vquations, the displacement equations of equilibrium are written. For some
self-adjoint boundary value problems, existence and uniqueness theorems
are proved.

2. Notations. Basic equations. et the particle of the material li

the body B be identified with coordinate SI.j In a reference coiﬂ?éug:fi:l{
of B, let C be the material line .R(S) the position vector of the points of C
and D, be the values of the directors on C. The coordinate S is the arc length
parameter of C. Let ¢ be the present material line of B, r the position vector
of the points of » and d, the directors at r. In the present paper the vectors
and the tensor are refered to the following Dbase vectors : the unit principal
normal A,, the unit binormal A, and the tangent vector A,=dR/dS. P

~ We consider an initial straight elastic rod with variable directors
which arc normal to cach other and to the straight line C. So that we have

(2.1 D.=D,,A,, do not sum on «, a=1,2.

As Dy, o = |, 2, deppnd on S, this mathematical model describes a rod which
has nonuniform thickness in the reference configuration.

We present now the basic equations of the theorv [17.

Geometrical equations CT

(2.2) r=R+u, d,=D,L35,,
(23) {“{33=D(m_3:’::+D(31§13: ‘IIHSZEIE—}«D(‘I:T‘;? ‘;’33_2§33=2";’
Rap=D3)843+ Dia)83as kay="8ast D pytel,
where u,'&, are the displacement vectors and v, k;; are the deformation
measures’ denotes the derivative with respéct to S.
Constitutive cqualions
_>‘=”a:290.(?¢/5'|'33): Ez—'2(”1_1);1)[)&3)/1)(:):2Pn(al-.:’.la"as)’
AT Lt s ¢ Y 4 ) ) e p¥ )
{2.4) “13—(D(M'~ ’f'i:l?(ua“” by nptt— D, Pt "‘/2])(;,,])(“,-_—2;,.,((¢ léviy),
P = poDa (€ 6hyy), P32 po( e Chasy)y W =D 7% 4Dy, p*2.,
D(;}K”—D(gﬂt“~——D('2,P“—D['“]5["',



