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1. Introduction. It is known that the operators of integration and
derivation have geometrical and physical interpretations and they were used
in the modelation of problems from different domains. The use of reviewed
Liouville-Riemann integration and derivation operators lead to fractional
integration and derivation. The geometrical and physical interpretation is
suggested by the Stieltjes integral and it was done by PODLUBNY [6].

In this paper we present the fractional derivative taking into account
the geometrical character, namely the behavior of associated objects under
a change of local chart.

The outline of this paper is as follows. In Section 2 we describe the
reviewed fractional derivative on R using [2], [4], the fractional osculator
bundle T%(M) on a differentiable manifold and the behavior of introduced
objects under a change of local chart. In Section 3, we define the fractional
osculator bundle of k order using the method presented by MIRON in [5].
We introduce: the Liouvile fractional vector fields, the ak-fractional spray
and the fractional nonlinear connection. We prove that these objects have
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a geometrical character. Our findings are analogous with R. Miron’s results
for the fractional case.

The main results from the present paper were used in [3] for the study
of some fractional geometrical structures and they will permit the study of
other structures of this type.

2. The fractional derivative on R. The fractional osculator
bundle on the differentiable manifold

2.1. The fractional derivative on R. Let f : [a,b] — R be a
derivable function and o € R, oo > 0.
The functions:

ape— L (L)" t — 5)™O (f(s) - s —00
DEO= g () =m0~ F0)as, 0 € oct)

DEO= s (i) [ 0" A -F O 0€ (toc)

are called the left, respectively the right fractional derivative of « order for
function f.

We define the seminorms: || r) = || Df||r2(r), [%|1g(r) = [I"Df||L2(R)
and the norms: ||z = (122 ) + o2 1eluar = (lal Bagry +
\m|3g( R)>7 where J7*(R), respectively Ji(R) denotes the closure of C§°(R)
with respect to [| - [| jo(r), respectively [ - |[ o ().

From the above definitions we have the following [2]:

Proposition 2.1. 1. Let I C R and J} (1), J3 () be the closure of
C§(I) in accordance with the respective norms. Then, for any f € Jf,o(l),
0 < a < 0, respectively for any f € Jgo(l); 0 < a < B, the relation
Dtﬁf(t) = D,?‘Dtﬁ_af(t), respectively, the relation *D?f(t) =* D?*Df_o‘f(t)
holds;

2. If lim,, oo oy, = p € N*, then

Tim (D" (1)) = DYF(#), lim (*Dg” f(1)) =D £ ()

3. If f1, f2 are analytical functions on [a,b], then:

DEAR) =S (&) oetae (;i)k 0]

k=0
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where (di) = jt;
4. If f :[a, b]—>R is analytical and 0€ (a,b) then

)
)= Ea(t) D" f(1)]0,
h=0

tah

where E,, is the Mittag-Leffler function, Eq(t) = > ;2 T+ ah)

2.2. The fractional osculator bundle. Let a € (0,1) and M
a n-dimensional differentiable manifold. The parameterized curves on M,
c1,00 0 I — M, with 0 € I, ¢1(0) = ¢2(0) € M have a fractional contact o
in xg if the relation

(1) D (f o c1)li=o = D{(f o c2)li=o

holds, for all f € F(U) and z¢ € U, where U is a local chart on M.

Preceding equality (1) defines a relation of equivalence. The classes
[c]$, are called the fractional osculator space in xg, which will be denoted
by Oscl) (M) = T2 (M).

Let T*(M) = UmoeMT (M) and 7 : T*(M) — M, given by n%[c|g =
xo. There is a differential structure on T%(M) and (T*(M), 7% M) is a
differentiable bundle space.

If U is a local chart on M with zo € U and ¢: I — M is a curve given
by 2 = 2'(t), i = 1..n, t € I, then [c], is characterized by:

Z

tCK

— D%, t — .
F(l—l—a) t L |t—07 6( 575)

2t (t) = 21(0) +

The coordinates of [c]¢ on (%)~} (U) C T2 (M) are (2%, (), where

1

Dext(t)|i=0, i=1l.n.

From Proposition 2.1 and and the definition of T%(M) we have:

Proposition 2.2. 1. If0 < a < 3 then T'® (M) c TP (M);
2. Iflimy, o0 oty = 1 then lim,, oo T (M) = T(M).
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Let (2%), i = 1..n be the coordinate functions on U and (dz%);1.., be the
base of 1-forms D(U) and ( )l L, the base of the vector fields X'(U).

For f: U — R and a € (0,1), the fractlonal derivative with respect to 2* is
defined by:

(2)
. 19

Do -
wf (@)= INQE a) dxt
/ fx sl a™)—f(z!,. .. 2™ el 2™, 2")

(@7=s)"

ds

where Uy, = {x € U,a* < 2! <b,i=1.n} CU.

From (2) we have:

Proposition 2.3. 1. If f{ = (") then (D% f})(x) = W,

2. Iff2 ) then (D% f7)(z) = 5?.

We consider the functions (z)* € F(U) and d(z%)* = a(z")* lda’ €
DYU), i = 1..n. The fractional exterior derivative is the operator d® :

F(U) — D'(U) given by d*f = d(a*)* D% (f) ([1)).
Let D% : DY(U) — D (U) be the operator given by:

3) D8 (aydet) = 3 (§)ost@( aa)k (ds).

k=0

From (3) and (8ii)k (dz?) = d(( a)k (7)) = 0,k > 1 we obtain:

B
(4) D% (ajdx’) = D% (a;)dx’.

Let d* : DY(U) — D?(U) be the operator given by:
(5) d*(ajda’) = d(z")* A D% (a;dz?).

Proposition 2.4. Let U, U, UNU # @ be two charts on M, x € UNU
and the change of local chart given by:

, , ozt
—t _ =i(..1 n _
(6) T =(x,...,2"), mng(axj>—n
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With respect to (6) the following relations:

d(z")* = Ji(2,7)d(@)*, DS = J.(@,2) DS,
0102t 1

Ty@.) - J@2) = 8 T3 = @) G

hold, where f]yé(x,f) = ﬁng (z?)e.

Let X“(U) be the module of the fractional vector fields generated by
the operators {D%;}i=1.n. A fractional field of vectors Xe X(U) has the
o

form X = %iDg‘i, where X* € F(U),i = 1..n. Under a change of local chart
(0%
it changes by X' = jé-(x,f)Xj.
The fractional differential equation associated to the fractional field of

(0%
vectors X is:
(7) DY (t) = X'(x(t)), i = 1..n.

The fractional differential equation (7) with initial conditions has solutions
[2].

3. The fractional osculator bundle of higher order. Geome-
trical structures

3.1. The fractional k-osculator bundle, k£ > 1. The parameterized
curves on M, ¢1,¢9 : I — M, with 0 € I, ¢1(0) = ¢2(0) = 29 € M have
a fractional contact of k order in z if for any f € F(U), the relations
Dg?(f o cq)|i=0 = D{(f o c2)|t=0, @ = 1..k hold, where g € U and U is a
local chart on M.

The classes ([c]3S)a=1..& are called the fractional osculator space of k

k
order and they will be denoted by Osce¥ (M) = aExo.
. ak ak & ak . &
We consider E = J, cpsr Exp and 75" : B — M given by w6 ([c]3 )a=1..k

k k
= x9. There is a differentiable structure on % and (OE, 7ok M) is a differ-
entiable bundle.



26 LD. ALBU, M. NEAMTU and D. OPRIS 6

If U is a local chart on M with zg € U and ¢: I — M is a curve given

by 2 = a'(t), i = 1.n, t € I, then a class ([c]2)q=1.k is given by the curve:

k

I'Z(t> = xl(O) + ; m

tO(a

Da'(t)]i=0, t € (—¢,€).

ak .
In (70*)~Y(U) C E, the coordinates of ([c]%%),—q  are (zfy @), =
0 o

1..n, a=1..k, where z'=2z"(0), yi(a“):thaaxi(t), i=1..n, a=1..k.

Proposition 3.1. Let U, U, U(\U # 0 be two charts on M and

=7z, ..., 2", i =1.. :
(8) T =7(x,...,2"), 0 n, det D # 0

the coordinates transformation. The coordinates transformation on (w§*)~1
(UNU) are given by:

gi(a) — J; (SU, E)yj(a)

I'(afa—1 —i(aa Yi (—a(a— j(c
Hete S Dhgten) —n 4 )3y,
F(QO&) % —ala—1) , ay,j(20)
(9) o) J;(y Y)Y
D(2a) @ nia1) - aby. j(ab)
R i@y )y
T —-1)) .
v ) iea) 4ok b=2.. .k b<a,
o)
where
Ji(e,7) = D (a0, TG, 0) = DY, =1,
3; (ya(a_l)’ ya(b_l)) = DZj(a(bil))yi(a(a_l))7 G/’ b - 2 oo k', b S a.

From the definition of fractiogal osculator bundle we can deduce that
if limy, oo @y, = 1 then lim, .o E = E = Osc¥(M). The bundle space
(E,m, M) was defined and studied in [5].
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. ak k ak ah
3.2. Geometrical structures on . Let 75 : E — E, h <k, be
the projections given by: 7% (z, Y@y @Ry = (2,4, y@P) and the

ak ah
operator dmo% Xa(E) — X“(E):

d*n% = T(1 + a)(d(z")* D% +Zd () ADE ) h <y

k
where X O‘(OE) is the module of fractional vector fields on .
We consider Va = Kerd®m gﬁ, h=0,1,...,k—1 and its base given by
{DZ‘Z.(Q(HD), . ,Dyi(ak)}, 1= 1..n. From the deﬁnition of VO we get:

Valin) C- - CVRRCVeh, domafi (D) = Dy g (Do) = Dy, b=1..1h.
From Proposition 3.1 we obtain:

Proposition 3.2. Under the change of local chart (8), the operators

DY, D??“‘"“)’ i =1..n, a =1..n, change by:
ZJJ (aa) DS‘](M)+J (z, x)D;,
(10)

z(oca _ZJ 7 ,yaa)ng(ab),a:l.k.

From Proposition 3.2 we can deduce that Vg;f has geometrical character.
The following fractional fields of vectors:

X i(a)Da
I'=y yi(ak) s
L'(20) j(2a)

213_ (1 + )y @D .
- Yy Yy F(Oé) ) yz(ak)7 ey
(11) ok I'(2q) ,
r=Il+a)y Z(O‘)DO‘ i(a) T F(Oz) yz(Qa) Si(za)

D(ak=1) iar)

+...+ F(a) Yy yiak)

are called Liouville fractional fields of vectors.
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From (9) and (10) the fields Olt“a, a = 1..k have geometrical character and
a k 2a & ak k
reVe™, T eVa®, ... T € Vi1

ak ak

k
The operators N XY E) — XY(E) with the properties:

ak ak
(12) J(Dmi) = Dyi(a)7 J(Dyi(aa)) = Dyi(a(a+l))7

ak o

is called ak fractional tangent structure.
From (10) and (12) we have:

Proposition 3.3. ak-fractional tangent structure has the following prop-
erties:

ak

1. J has a geometrical character;
ak ak ak

2. rang(J)=kn, Jo...oJ=0;

ok ak a(k—1) ak 2a a ok «
3. J(T)= T ,..., J(I')=T, J@I) =0.

k k
The fractional field of vectors § € X a(oi?) is called ak-fractional spray
ak ak

ak ak
if 7(S8)=T. From (11) and (12) we obtain the form of §:

ak . '
§ — 1(1 + a)y@ pe, 1+ LB i) ppa

P(Oé(k — 1)) (o a
(13) +...+ Wy (ak) yila(k—1)
I'(ak)

i (a) (ak)\ Do
F(Oé) G (xay yees Y )Dyi(ak)'

Proposition 3.4. The ak-fractional spray uniquely defines the frac-
tional differential equation given by:

1 a(k+1) 5 i o N
th( J2'(t) + Gl(z, Dfw, ... ,T(1 + a(k — 1)) Di¥z) = 0.
ak ak ok
Let N/ be the submodule of XY*(E) so that XQ(EN(ngk)fl(U) — Nk g

k
Vélk|(ﬂ.gk)—1(U). The submodule K/’ is called fractional nonlinear connection.
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; ak . py(a) e ak ak(pa ok ; _
We consider {** : XY(U) - XY(E )|(ﬂ.ak) vy 1 (Dg) = ALY, 1 =
1..n, where

k
aa;
(14) A% = D% =N " NIDiea, i = L.
a=1
From (10) and (14) we obtain: Ao‘k JJ (z, x)AO‘k.

aa,;
The functions (Nz )ij=1.n:a=1..k are called the coefficients of fractional
nonlinear connection.

ak
Let N5 be the vertical submodule given by:
ak ak

(15) K/@OZN-) Na:?}c(./\/’aa_kl), a:I..k:—l,

k
where X/’ is the submodule defined by fractional nonlinear connection.
From (15) we have:

o ak ak ak
(16) X (E)|( ok) NO '69./\/’]6—1@])0 |(ﬂ_ak)71(U),UCM.

In what follows we will use a base adapted to the decomposition (16).
Then7 A;z(k) = J(Agk) Aaf(:aa) = J(A z(a 1)) a = 2 k D (a)? =1L -n,
with

Aak ak Aak ak « ak
i ENO, yi(aa) ENG, CL:2..I€—1, Dyi(a) EV , 1= 1.n

and

ak a Oé(kl—l)] o

Ayi(a) = Dy N D i(2a) v T N z‘Dyj(ak)?

ak a(k—1).
(17) Ayi(Qa) = D;&l@a) T e e e T N ‘2D§éj(ak), ey

ak o o

Ayi(a(k—l)) = Dyi(a(k—l)) - NiDyj(ozk)'

The dual base of (17) is:
ak i) i(a) o X i\
Sy =dy" )" + Mjd(x?)
ak . . @ . . 20 . .
(18) 5y = d(y'®)® + prid(y" ) + Mid(2?)", ...,

akiak i(ak)\a @ i(a(k—1))\a aki e
5y @) = q(yilek)y +de(y(( ) +o o+ Mid(27)?,
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o o ak. ak. a(kfl)ah a,a(k—l)h .
where: M% = N5, ..., M; =N;+ Np Nj+---+Nj N ;. Thefunctions

K};, a = 1..k are called dual coefficients of fractional nonlinear connection.
From (13) and (18) we obtain:

k .
Proposition 3.5. A ak-fractional spray , Oé‘, with the components G*(x,
y@, y(ak)), determines a fractional nonlinear connection with the dual
coefficients given by:

o . .
1 e 7
M = D2, G,

2ai_ I‘(a) ak o o o

M; = 11(204)(5(Mj)Jrz\Jlej),...,

ak,  T'(a(k —1)) ak alk—1), aa(k—1)
M]—W(S( M j)+Ml M j)'

ak
We consider the adapted base (17) and the operator £ defined by:

ak ok (ak), ak ak ak (ab); ak
(19) ﬁA;zb (ij(aa) ) =L jiAyh(aa), EAZlk(ab) (ij(aa) ) — C jiAyh(aa),

. . (ak)
where a=0..k, b=1..k, yz(o) = z'. The coefficients ( L

the fractional coefficients of linear connection N.

A distinguished fractional tensor field of type (0, k) is given by expres-
. ak ak . ak . ak . ak .
sion: g = gioz’l...ikd(ym(o))a ® sy @ ... @ §y*@R) where §yH ),
a = 0..k are given by (18) and 3?0 = 27
The covariant derivative with respect to fractional nonlinear connection

ak
N of ¢ is defined by:

(ab)

hC ;LZ) are called

i

k (k). ak
ak _“ ak J L
gioil...ik|m - Aym(o) (gioh...ik) - L iom 9 jiy..ig>
k ak ok
ak _ ak h ok h ok
g @y = Aymn) (Gigs, i) = CivmTigh..ix — - — CigmYin...h-

Goi1..dp | m

k
A fractional metric structure on aE is a fractional field of tensors of
k k . . k
type (0,2), G = agijd(:z:’)o‘ ® d(x?)®, with Of]ij(x,y(a), ...,y %)) which is
symmetric and positively defined.
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ak
The fractional Sasaki lift of ¢ is the fractional field of tensors given by:

k

ak  ak i : ak . .

G = 9id(z")* ®@d(a))* + Z 9;6y") @ 6y7(@).
a=1

k k
If the relation agmm =0, oé] or = 0 hold, then the fractional linear
ij | m
connection (19) is called metrical.

ak
Proposition 3.6. On E there is a unique metrical fractional linear

ak
connection N with respect to metrical structure G with the property:

(aa)

(aa) @
C

) ( a
C

; ak)
a= L

(cck i i i
L lj’ ]l == l], a = 1..k.

)

(ak). (ak).
The coefficients [, G Cy have the expressions:

(Oék)i 1akl.s ak ok ak ak ak ok
=5 (Agi 9st + Ayt 9js — Aus 9 j1)
(aa)i 1 ak, ok ak ak ak ak ak
AT 5 (ij(aa) 9 st + Ayiaa) 9 js — Aysaa) 9i1),a=1.k.

The results from the present paper will permit the study of other geo-
metrical objects which are described with the help of the fractional deriva-
tive. Also, we will introduce the fractional osculator Lagrange space of k
order and the main structures on it.
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