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1. Introduction. In the last time there was a great deal of interest
in the geometrical study of concrete dynamical systems.

The goal of our paper is to discuss the Lax formulation, the numerical
integration via Kahan’s integrator for Ishii equation, 2-dimensional Bogoy-
avlensky lattice, 2-dimensional Volterra lattice and to point out some of
their properties.

2. Ishii’s equation. The third order Ishii’s equation, see [1] and [3]
has the following form:
T = ix.

Written as a system of differential equations it can be expressed as:

.i'l = X9
(2.1) .fi;Q =3
i,‘g = T1T2



42 ANANIA ARON, IOAN CASU, OANA CHI§ and COSMIN HOGEA 2

Proposition 2.1. ([1]) The smooth functions Cy,Cy € C*®(R3 R) given
respectively by

1 1
Cl(iﬂl,fﬂg,l’g) =I1T3 — 71'% — 71-:1))
2 3
[resp.]

Ca(z1, 22, 73) = 23 — 556%
are constants of motion for the dynamics (2.1).

A long but straightforward computation or using eventually MATHE-
MATICA leads us to:

Proposition 2.2. The dynamics (2.1) has the following Lax formula-
tion:

L=1[L,B|,
where
0 1-— ms mi 0 0
—14+m3 0 1ms 0 0
L= —ma —img 0 0 0 y
0 0 0 1 0
0 0 0 14+ mgo 0
0 1Mo 0 0 0
—img 0 meo 0 0
0 0 0 mo 0
0 0 0 1—2mg+mi—my 0

i=+/—1.
Remark 2.1. Via the general theory of Lax formulation, we have that
Trace(L?)
is a constant of motion. Furthermore,
Trace(L?) = —1 — 4Cy,

and then our assertion can be obtained also via the Proposition (2.1).
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Let us observe now that Kahan’s integrator [4], associated to the dy-
namics (2.1) has the following form:

( h
it g = 5 (xg+1 + 2%)
h
(2.2) m;‘H xh = 5 (x’g'H + xg’)
h
argﬂ — x4 = B (az?ﬂxg + $3+11‘71l)

Proposition 2.3. (2.2) has the following properties:
(i) It does not preserve the constant of motion Cf.
(ii) It does not preserve the constant of motion Cs.
3. Two-dimensional Bogoyavlensky lattice. The dynamics of the

two-dimensional Bogoyavlenski lattice, see [2], is described by the following
set of differential equations:

T1 = x1T2 + 2123
(3.1) j?g = Xx3 — X1T2
T3 = —T1T3 — T2T3

Let D be the open set of R? given by:
D = {(xl,I'Q,.%'g) c R3|$2 = 0}
Then we have:

Proposition 3.1. The smooth functions C1,Cy € C*°(D,R) given re-
spectively by:
01(1:1, :Eg,xg) =21 +2x9 + 3

[resp.]
1,3

Co(z1, 0, 23) = -

are constants of motion for the dynamics (3.1).

A long but straightforward computation or using eventually MATHE-
MATTICA leads us to:
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Proposition 3.2. The dynamics (3.1) has the following Lax formula-
tion:

L=1IL,B,
where
[ 0 da 0 O 0 0 0 07
—ia 0 a O 0O 0 0 O
0 —a 0 O 0O 0 0 0
I 0 0 0 O 0O b 0 O
0 0 0 O 0 b 0 0
0 0 0 =b —ib 0 0 O
0 0 0 O 0 0 0 ¢
| 0 0 0 O 0 0 c 0 |
0 0 —imy 0 0 0 0 0 7
imp 0 0 0 0O 0 0 O
0 0 0 0 0O 0 0 O
B_ 0 0 0 0 img 0 0 O
0 0 0 —imz 0 0 0 O ’
0 0 0 0 0O 0 0 O
0 0 0 0 0 0 0 O
| 0 O 0 0 0 0 0 my |

i=+v—1,a=mo+m3, b=mi+ma, c=mi+ma-+ms.
Remark 3.1. Via the general theory of Lax formulation, we have that
Trace(L?)
is a constant of motion. Furthermore,
Trace(L?) = —2C%,
and then our assertion can be obtained also via the Proposition 2.1.

Let us observe now that Kahan’s integrator [4], associated to the dy-
namics (2.1) has the following form:

h
1 1 1 1 1
it — = B (27T 2l + ah oy + 2wy + 2 )
h
n+1 _ n+1 n+1 n+1 n+1
(3.2) wy T —ah = o (af el + eyl — 2 el — 2y at)

2

h
1 1 1 1
zy — o = B (27 e + o el + ab el + 2 ah)
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Proposition 3.3. Kahan’s integrator (3.2) has the following properties:
(i) It preserves the constant of motion Cf.
(ii) It preserves the constant of motion Cs.
Proof. The proof can be obtained by direct computation or using
eventually MATHEMATICA. O
If we make a comparisson with the 4" order Runge-Kutta integrator see

the figures (3.1)-(3.3), we obtain almost the same results. However Kahan’s
integrator (3.2) has the advantages to be easier to implement.

Figure 3.1: the 4th order Runge-Kutta integrator

Figure 3.2: Kahan’s integrator
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Figure 3.3: The phase curves of the system (3.1)

4. Two-dimensional Volterra lattice. The dynamics of the two-

dimensional Volterra lattice, see [5], is described by the following set of
differential equations:

T = 1172

Li’g = T2x3 — T1X2
(4.1) 2 B

T3 = X3T4 o3

.%"4 = —X4X3

Proposition 4.1. The smooth functions C € C®(R* R) given by:
C(x1,x9,x3) = 1 + T2 + T3 + 24
is a constant of motion for the dynamics (4.1).

A long but straightforward computation or using eventually MATHE-
MATICA leads us to:

Proposition 4.2. The dynamics (4.1) has the following Lax formula-
tion:

L =L, Bj,
where . )
>a; x3 0 0 0 O
i=1
4
0 z; 0 0 0 O
L = i=1
0 0 0z 0 0]’
0 0 0O 0 0 O
0 0 0O 0 0 O
| 0 0 0 0 x9 0 |
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zo—x4 0 0 O 0 0
0 0 0 O 0 0
. 0 0 —xz9 O 0 0
B= 0 0 0 O 0 0
0 0 0 0 —z14+2z3 0

| 0 0 0O O 0 0 |

Remark 4.1. Via the general theory of Lax formulation, we have that
Trace(L?)
is a constant of motion. Furthermore,
Trace(L?) = —2C2,

and then our assertion can be obtained also via the Proposition (4.1).

Let us observe now that Kahan’s integrator [4], associated to the dy-
namics (4.1) has the following form:

h
n+1 n __ n+l_n n+1,_n
Ty —5(% oy +ay " at)
n+1 n __ ﬁ n+1l_n n+1_n n+1l,_n n+l_n
(42) Ty —902—2(332 af +xyal — oyt al — ah )
4.2
h
n+1 n o__ n+1,.n n+1l,.n n+1l,_n n+1l,.n
) —373—5(953 o+ xf el — o el 4 2l al)
n+1 n __ n+1l, .n n+1l,.n
R 5 (@5l + 2 ah)

Proposition 4.3. Kahan’s integrator (4.2) preserves the constant of
motion C.

Proof. If we add the all relations (4.2) we have immediately:
Pt 4t 4 it 2t = 2 4 2 2l + 2,
and so the desired result. g
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