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1. The geometrical picture of the problem. Let SL(2,R) be the
group of real 2 x 2 matrices with determinant one, i.e.

SL(2,R) = {[Z Z} la,b,c,d € R, adbc:l}.

It is a closed subgroup of GL(2,R) and so it is a Lie group. Its Lie

algebra is:
a b
sl(2.R) = {[ } \a,b,c,ER}.
c —a

Let {E1, B2, B3} [resp.{e1, €2, e3}] be the natural basis of si(2, R) [resp.R?],

i.e.,
1 0 01 0 0
El_|:0 1:|aE2_|:0 O:|>E3_|:1 O:|7
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[resp.]
1 0 0
€1 = 0 ;€2 = 1 ;€3 = 0
0 0 1

Let us define a Lie algebra structure [.,.] on R3, by:

[.,.] €1 €2 €3
€1 0 262 —263
€9 —262 0 e1

e3 2e3 | —eq 0

Then a long but straightforward computation leads us to:

Proposition 1.1. ([3]) The map ® : (sl(2,R),][.,.]) — (R3,[.,.]) given
by:
(I)(El) —def €1
(I)(EQ) :def €9
(I)(E3) —def €3

18 an isomorphism of Lie algebras.

In all that follows we shall identify sI(2,R),(sl(2,R))* and R3, as a
vector spaces and then the minus-Lie-Poisson structure on (sl(2,R))* ~ R3
is generated by the matrix:

0 *2332 21‘3
II_ = 29 0 —1
—2x3 T 0

Definition 1.1. A gquadratic and homogeneous Hamilton-Poisson sys-
tem on (sl(2,R))* ~ R3 is the triple (R3,11_, H), where H € C*°(R3,R) is
given by:

H(z1,29,23) = %(bw% + b3 4 b3x3) + dyxows + dowy w3 + d3wi e,
bi,ba, b3 € R, dy,do,d3 € R, b + b3 + b3 +d3 + d3 + d3 #0.
Its dynamics is described by the following set of differential equations:
T

iy | =TI_ - VH,

3
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or equivalent:
T = —2$2(b2$2 + d3{L‘1) + 21’3(b31’3 + dgéEl)

(1.1) &y = 29 (b1z1 + doxs + d3za) — x1(bsws + dixa + daxy)
&3 = —2x3(bix1 + doxs + d3x2) + 1 (baza + dix3 + dszq)

Remark 1.1. ([3]) It is not hard to see that the smooth function C' €
C>®(R3,R) given by:

2
C($1, o, xg) =T + 4%2333

is a Casimir of our Poisson configuration (R3,TI_).

Remark 1.2. ([3]) The phase curves of the dynamics (1.1) are intersec-
tions of the surfaces H(x1, x2,x3) = constant and C(z1, x2,x3) = constant.

2. Numerical integration of the dynamics (1.1) via Kahan’s
integrator. It is well known that Kahan’s integrator [2] for the dynamics
(1.1) can be written in the following form:

(2"t 2t = h(—dy(aTah T 4 aha ) — 2bgahal !
+do(2i T+ xRt 4 2b323ay )
h
ot gl = 5(—2d2:c7fx7f+1 +(2by — dy) (aFal Tt 4 ahat
+4dzafay T — by (afalh T + 2Bt
(2.1)
+2dy (i + afay )

h
n+1 _ n+1 n+1 n+1
xyT —af = 5(2d3x?x1 +bo (2 ay ™ + ™)

+(=2by + dy) (it 4 apat

—2d3(xay Tt + xBah ) — ddyxaith)

\

Proposition 2.1. Kahan’s integrator (2.1) is Hamiltonian (energy) pre-
serving [1] if and only if one of the following conditions holds:
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(iii)

(iv)

(vi)

(vii)

(viii)

bQ y W2
by € R by #£ 0,b3 € R, bobs > 0,d; € R.

b3 :07d3:O7

1
blzidl;b2=0,d2=0,d3=0,

bs € R,dy € R.

1
b1=§d1563=0,d2=0,d3=0,

by ER,dl € R.

boy =0;b3 =0;de = 0;d3 = 0,
bt ER,dl € R.

. —b%dg + bodqdsg + 2d

2 2
by = 3b3 = ekl

2byds d3’
bo € R, by #0,ds € R,d3 # 0,dy € Rdy € R.

bsdy + 3d3 d3 d3
b= 20T, By B
1 2b3 y U2 bga 3 bga
bs € R, b3 75 0,d1 € R,ds € R.
bsdidy + 2dg — b%dg bgdg
by = sbe = 2
2bsds &

bs ER,bg#O,dl eR,ds € R,dy #O,d;), € R.

bady + 2d3
Sy 08 0; do

bQER,bQ#O,dl eR,ds € R.

b1 =0
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(ix)

bsdi + 2d3
b = w;(h =0;d3 =0
2b3

bgeR,bg%O,dl eR,dy € R,ds € R.

Proof. The proof can be obtained via a long but straightforward com-
putation or it can be obtained using eventually MATHEMATICA. (]
Similar arguments lead us to:

Proposition 2.2. ([1]) Kahan’s integrator (2.1) is Casimir preserving
if and only if one of the conditions (i) — (v) and (ix) from the Proposition
2.1 holds.

Proposition 2.3. Kahan’s integrator (2.1) is Poisson preserving if and
only if one of the conditions (i), (ii), (vii), (viii) from the Proposition 2.1
holds.

In the cases (iii)-(ix) mentioned above we have sketched the 4th order
Runge-Kutta integrator and Kahan’s integrator (see the figures 2.1, 2.2, ...,
2.13)

(i)
1
bl - idl,b3 = 07d2 :O)d?) = O7b2 € R’dl € R.

\

Figure 2.1: 4th order Figure 2.2: Kahan’s inte-
Runge-Kutta integrator grator

(iv)
by =0;b3 =0;dy = 0;d3 =0,b; € R,d; € R.
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Figure 2.3: 4th order Figure 2.4: Kahan’s inte-
Runge-Kutta integrator grator
(v)
by — —b%dQ + bodqds + 2d% o bgd%
b 2byds Tz

bQER,bQ%O,dg{ER,dg},#O,dl € Rdy € R.

Figure 2.5: 4th order Figure 2.6: Kahan’s inte-
Runge-Kutta integrator grator
(vi)
bzdy + 3d3 d; d3
by = -2 Lt 2iby = 2idyg = ——2,
2bs b3 b3

b3€R,b35£0,d1 eR,ds € R.
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Figure 2.7: 4th order Figure 2.8: Kahan’s inte-
Runge-Kutta integrator grator

Figure 2.9: 4th order Figure 2.10: Kahan’s in-
Runge-Kutta integrator tegrator
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(vii)
b — bsdidy + Qd% — b%dg o bgd%
b b3y R
bs € R, bs 7& 0,d1 e R,dy € R, dy 75 0,ds € R.
(viii)

bady + 2d2
_ 2t 2:bg = 0;ds

b
! 2by

=0

bQER,bQ#O,aﬁ € R,ds € R.

In this case the 4th order Runge-Kutta integrator fails.

Figure 2.11: Kahan’s Figure 2.12: 4th order
integrator Runge-Kutta integrator
(ix)

bydy +2d3
= T 57 Y2

b
! 2b3

=0;d3 =0

bs € R)b3 #£0,d1 € R,de € R, d3 € R.
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Figure 2.13: Kahan’s integrator

We shall discuss the spectral stability of the equilibrium states of the
system (1.1) the cases (iii)-(ix) presented in Proposition 2.1.

Case (iii). The equilibrium states of our dynamics (1.1) have the fol-

lowing form:
edN = (M,0,N); M,N €R.

Proposition 3.1. The equilibrium states e%N, M, N € R are spectrally
stable.

Proof. Indeed, the characteristic polynomial of the matrix correspond-
ing to the linear part of our system at the equilibrium eé\/{ has the following
form:
and then our assertion follows immediately. (]

Case (iv). The equilibrium states of the dynamics (1.1) have the follow-
ing form:

el = (M,0,0); M € R, €N =(0,M,N); M,N €R.
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Proposition 3.2. The equilibrium states e}f have the following be-
haviour:

(i) If dy # 2b1, M # 0, they are unstable.

(ii) If dy = 2bjorM = 0, they are spectrally stable.

Proof. Indeed, the characteristic polynomial of the rnatrix correspond-
ing to the linear part of our system at the equlibrium e} has the following
form

—z(x+ 200 M — diy M )(x — 201 M + d1 M)

and then our assertion follows immediately. ]
Similar arguments lead us to:

MN

Proposition 3.3. The equilibrium states ey are spectrally stable.

Case (v). The equilibrium states of the dynamics (1.1) are:

2bodo M do M
B <2d3M daM ) MeR
2d3 M dg 2d3
edt = Nt “2)M,M);MeR
b b3
dZM bzdd +2d3) M
M M 203 i
4:( R ),ME]R

bM bydo N
MN 2 22 M,N);M,N eR.
d3 2

Proposition 3.4. The equilibrium states eé‘{ are spectrally stable.

Proposition 3.5. The equilibrium states eévzl have the following be-
haviour:

(i) If (b3d2 + d3)/d3 > 0 andM # 0, they are unstable.

(ii) If (b3dy + d3)/ds < 0 orM = 0, they are spectrally stable.

Proposition 3.6. The equilibrium states eé\g, eé\f{, eé\g are spectrally sta-
ble.
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Case (vi). The equilibrium states of the dynamics (1.1) are:

2sM  bEM

esl = (— i ,—72% ,M> ;M eR
2do M d2M

e = (b?),M,—Z%) ‘M eR

eMN — dQM——bSN,M,N ‘M, N €R.
by ds

Proposition 3.7. The equilibrium states e}l edl, eV

stable.

are spectrally

Case (vii). The equilibrium states of the dynamics (1.1) are:

M = (—Qb;j\/[,dzg/j,M>;MeR
eM = (Qfd]f,d;i\/[,M>;MeR
M — (2d§3M,M,— (def +Z‘°;> M) .M € R.

bsdsM  bsN
eMN—<—3?; R ,M,N);M,NER
ds do

Proposition 3.8. The equilibrium states e%, e% and e%N are spectrally
stable.

Proposition 3.9. The equilibrium states e% have the following be-

haviour:
(i) If (d3 + b3ds)/da > O M # 0, they are unstable.
(ii) If (d3 + b3d3)/d2 < 0 orM = 0, they are spectrally stable.

Remark 3.1. The spectral stability [resp. instability] of the equilibrium
states e} can be also discussed but the results are more complicated and
so we shall not give any other details.
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Case (viii). The equilibrium states of the dynamics (1.1) are:

2ds M
e =(0,0,M),M eR, el = <§’,0,M> M e R,
2

M <2d3M B 2d3M

by M
e = (=, b2,M>;MeR, eg‘ﬁN:(—Q,M,N>;M,NeR
2

ds

Proposition 3.10. The equilibrium states eé\{,eé\g and eé\ﬁN are spec-

trally stable.

Proposition 3.11. The equilibrium states eé\g have the following be-
haviour:

(i) If dsM +# 0, they are unstable.

(ii) If dsM = 0, they are spectrally stable.

Case (ix). The equilibrium states of the dynamics (1.1) have the follow-
ing form:

2dy M b N
e = <b23,M,0> MeR, eV = <—Z’l2,M,N> ‘M,N €R.

Proposition 3.12. The equilibrium states eé\f , eég are spectrally stable.
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