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Abstract. The mean curvature form is explicitely determined for certain Randers
and Kropina spaces with non-constant 1-form. This extended framework includes for
constant 1-form the Randers and Kropina subcases, and extends the results from [7] and
[2, 1], respectively.
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1. Introduction. Within the framework of Finsler submanifolds,
a significant advance has been established by Shen ([6]) by deriving the
Busemann-Hausdorff mean curvature of a Finsler submanifold. Further,
for (α, β)-Finsler submanifolds with constant β-form, Souza and Tenen-
blat ([7]) and the author ([1, 2]) have investigated Randers minimal hy-
persurfaces, and constant mean curvature (in particular, minimal) Kropina
hypersurfaces, respectively.

In the present work, we obtain the explicit formulas for the mean cur-
vature form in the more general case, when the 1-form β is non-constant.
These lead, in the constant β case, to the results mentioned above.

Let (M̃, F̃ ) be a Finsler structure, and let ϕ : (M, F ) → (M̃, F̃ ) be an
isometric immersion, with F induced by F̃ . Then the following result holds
true ([6]):
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Theorem 1. The mean curvature of M is given by ([6, (57), p. 563])

(1.1) H̃ϕ(X) =
1
G

(
G;xi −G

;zi
azj

b
ϕj

;uaub −G;xjzi
a
ϕj

;ua

)
Xi,

where lower indices stand for corresponding partial derivatives and:
• (ua, vb)a,b∈1,n are local coordinates in TM (dimM = n);
• (xi, yj)i,j∈1,m are local coordinates in TM̃ (dim M̃ = m);
• zi

a are the entries of the Jacobian matrix [J(ϕ)] = (∂ϕi/∂ua)a=1,n,i=1,m;
• ϕt : M → M̃, t ∈ (−ε, ε), ϕ0 = ϕ, is the variation of the surface;
• X is the vector field Xx = ∂ϕt

∂t | t=0 (x) induced along ϕ attached to the
variation;

• G is the Finsler induced volume form

(1.2) G(z) =
vol[Bn]

vol{(va) ∈ Rn | F̃ (vazi
aẽi) ≤ 1} ,

where z = (zi
a)a=1,n,i=1,m ∈ GLm×n( R ), ẽ = {ẽi}i=1,m is an arbitrary basis

in Rm and Bn ⊂ Rn is the standard Euclidean ball.

It was proved that the variation of the volume of M reaches a minimum
for Hϕ = 0 ([6]).

Let F̃ : TM̃ → R be a positive 1-homogeneous locally Minkowski
Finsler fundamental function ([5, 4, 3]). In the following we shall study
the Finsler hypersurfaces (dim M̃ = m = n + 1) for the following cases:

a) Randers space (M̃, F̃ ) with the fundamental function

(1.3) F̃ (x, y) =
√

δijyiyj + bn+1(x)yn+1,

reducible for bn+1 = const. = b ∈ [0, 1) to the case studied by Souza and
Tenenblat ([7]), in which the minimal surfaces of revolution have been
characterized.

b) Kropina space (M̃, F ) with the fundamental function

(1.4) F̃ (x, y) =
δijy

iyj

bn+1(x)yn+1
,

reducible for bn+1 = const. = b ∈ (0, 1) to the case studied in [1, 2], where
the minimal surfaces of revolution have been explicitly determined.
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2. The mean curvature form. Let M = Im ϕ, ϕ : D ⊂ Rn →
M̃ = Rn+1 be a simple hypersurface. Using the notations zi

α = ∂ϕi

∂uα , u =
(u1, . . . , un) ∈ D, hαβ =

∑n+1
i=1 zi

αzj
β, b = bn+1(x) and

B = b(x)2zn+1
a zn+1

b hab, C =
√

det(hαβ),

we have the following:

Theorem 2. a) In the Randers case (1.3), the Finsler volume form
coefficient is ([7, p.627])

GR = C · (1−B)(n+1)/2,

b) In the Kropina case (1.4), the volume form coefficient is ([1, 2])

GK = C ·
(

2√
B

)n

.

We note that the mean curvature field (1.1) rewrites:

(2.1) H̃i =
1
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)
, i = 1, n + 1,

and the volume form of the hypersurface M is

dVF = Gdu1 ∧ · · · ∧ dun, G ∈ {GR, GK}.
Moreover, one can derive by tedious computation the explicit expressions

of the field (2.1) in both cases, as follows

Theorem 3. a) The mean curvature field of the hypersurface M in
the Randers space M̃ = Rn+1 with the fundamental function (1.3) has the
following expression
(2.2)

H̃i = −(n + 1)Bbi
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for i = 1, n + 1.
b) The mean curvature field of the hypersurface M in the Kropina space

M̃ = Rn+1 with the fundamental function (1.4) has the following expression
(2.3)

H̃i =
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for i = 1, n + 1, where we have denoted bi = ∂b/∂xi. Then the following
result characterizes the CMC surfaces in Randers and Kropina spaces:

Corollary 1. The CMC equation for nonconstant potential bn+1(x) in
a Randers / Kropina space is H̃iX

i = const, with H̃ is given by (2.2) /
(2.3) respectively, where

X = ||N ||−1
F̃
·N, N i = εijk(G∗Z1)j(G∗Z2)k,

Z1 = (z1
1 , z

2
1 , z

3
1), Z2 = (z1

2 , z
2
2 , z

3
2), G∗v is defined by the equality

(G∗v)(v′) = 〈v, v′〉F =
1
2

∂F 2

∂yi∂yj
viv′j ,

”*” is the Euclidean Hodge operator and εijk is the skew-symmetrization
symbol.

3. Particular cases. In Kropina spaces with constant potential, for
a CMC Monge patch defined by f : D ⊂ R2 → R and parametrized by
ϕ : D → R3,

ϕ(u1, u2) = (u1, u2, f(u1, u2)) =
3∑

i=1

(u1δi1 + u2δi2 + fδi3),

by choosing X = ϕu1×ϕu2 = −δi1f1−δi2f2 +δi3, we infer the CMC Monge
patch equation H̃iX

i = const for

(3.1)

H̃i =
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,
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for all i = 1, n + 1, where E = BC2. Then we have the following:

Corollary 2. The coefficients in the equation (3.1) have the explicit
form:

∂C

∂zi
ε

Xi = f2C
−1[−f1(δε1f2 − δε2f1) + δε2]

∂E

∂zi
ε

Xi = 2b2f2(−1)ε(f1fε̃ + δε2),

where ε̃ = 3− ε, ε = 1, 2,
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Xi = 2b2[f22 + f11(f2

2 − f1f2) + f1f22],

and where the lower indices denote partial derivatives w.r.t. the correspond-
ing domain-variables.

As well, we note that in the Randers case, one can infer for b = const.
the results obtained in [7]. Similarly, in the Kropina case one gets the
following existence result [2]:

Corollary 3. Let M = Σ = Im ϕ be a surface of revolution in a
Kropina space (1.4) with b = const., described by

ϕ(t, θ) = (f(t) cos θ, f(t) sin θ, t), (t, θ) ∈ D = R × [0, 2π).

Then M is minimal iff the function f satisfies the ODE

(3.2) 1 + f ′2 = 3ff ′′(1 + 2f ′2),

whose general solution is given by

f(t) = τ−1(t + C2), τ(s) = ±
∫ −2ds√

−4− 2 · L(−2C1 · e−2s−2/3)
,

where 0 < −C1 << 1 and L is the Lambert function defined implicitly by
L(x) · eL(x) = x.
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Remark. Since the equation yey = x has an infinite number of solutions
y for each (non-zero) value of x, out of the infinite number of branches, L(x)
is the only one which is analytic at 0 (the principal branch of the Lambert
function).
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