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Abstract. We investigate the concepts of almost 2-π structure, almost 2-π Rie-
mannian structure, almost symplectical 2-π structure on TM and n-almost contact 2-π
structure, n-almost contact Riemannian structure on Osc2M .

These structures clearly exist in the natural case when they are given by (1.1), (2.6),
(3.10), (4.1). The theorems 1.1, 2.2, 3.1 and 4.1 point out some important properties.
We investigate also the conditions of normality for these structures.
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Introduction. In the geometry of Lagrange spaces Ln = (M, L) one
introduces in a natural way an almost complex structures F induced by a
canonical nonlinear connection. Then whenever one considers the Lagrange
spaces of order 2, L(2)n = (M, L) the previous structure become more gen-
eral, that is, an almost contact stucture F , also generated by a canonical
nonlinear connection which together with the Sasakian lift G of fundamen-
tal metric tensor of space define a natural almost contact metric structure
denoted by H3n = (Osc2M, G, F ) which represents, the geometrical model
of background space.

In our further considerations, we shall prove that above the kinds of
structures can be extend to 2-π structures studied by us in the works [1],
[2], [3], [4].

Moreover, in the case of spaces Ln = (M,L) we shall prove that there
exists a natural 2-π structure induced by the canonical nonlinear connection
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of the space, and the structure together with Sasakian’s lift G of the funda-
mental tensor generates a metrical 2-π structure on the total space of the
tangent bundle TM . Also, we shall show that the metric canonical linear
connection of the space Ln is compatible with the corresponding structures
F and G.

Finally we shall prove that the almost symplectical structure associated
is integrable. In general for Lagrange spaces of order 2, L(2)n we shall show
that there exists an almost contact natural 2-π structure F generated by
the nonlinear canonical connection N .

Afterwards, we prove that any N -linear connection D is compatible with
the structure F , that is, DF = 0 and by considering the lift of Sasaki’s type
G for the fundamental tensor of the space, we show that the pair (F, G) is
an almost contact metrical 2-π structure. The normality of this structure
is characterized.

1. Almost 2-π structure on TM . Let M be a real n-dimensional
differentiable manifold of the class C∞ and (TM,Π, M) its tangent bundle.
We denote by (xi, yi) (i, j, h = 1, ..., n) the canonical coordinates of every
point u = (x, y) ∈ TM . The local coordinate transformations (x, y) →
(x̃, ỹ) on TM are usually given by

(1.1)





x̃i = x̃i(x1, ..., xn), det ·
∥∥∥∥

∂x̃i

∂xj

∥∥∥∥ 6= 0

ỹi =
∂x̃i

∂xj
yj .

The Liouville vector field Γ is defined by Γ = yi ∂
∂yi and the vertical distri-

bution V on TM is locally generated by the system of vector fields ( ∂
∂yi ).

It is known that a nonlinear connection N is a regular distribution N
on TM such that we have the following direct sum Tu(TM) = Nu ⊕ Vu for
any point u ∈ TM . There exists a local adapted basis of distribution N
and V given by { δ

δxi ,
∂

∂yi } (i = 1, ..., n) where

(1.2)
δ

δxi
=

∂

∂xi
−N j

i

∂

∂yj
.

The system of the functions N j
i are the coefficients of nonlinear connec-

tion N .
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Let {dxi, δyi} (i = 1, ..., n) be the dual basis of adapted basis. We have

(1.2′) δyi = dyi + N j
i dxj .

Definition 1.1. [2] An almost 2-π structure on TM is defined as an
F(TM)-linear mapping F : χ(TM) → χ(TM) with the property

(1.3) F ◦ F = −λ2I,

where λ 6= 0 is a complex number, I being a Kronecker tensor.
One says that F is integrable if the Nijeuhius tensor NF = 0, NF being

given by

(1.4) NF(X, Y ) = F2[X, Y ] + [FX,FY ]− F[FX, Y ]− F[X,FY ].

We have

Theorem 1.1 If N is a nonlinear connection on TM and
{

δ
δxi ,

∂
∂yi

}

is the adapted basis of distribution N then the F(TM)-linear mapping F :
χ(TM) → χ(TM) defined by

(1.5) F
(

δ

δxi

)
= −λ

∂

∂yi
, F

(
∂

∂yi

)
= λ

δ

δxi
(i = 1, 2, ..., n)

is an almost 2-π structure on TM .

Proof. From (1.5) one sees that the structure F is well defined that this
is it does not depend on the transformation of coordinates (1.1) on TM .
Then (1.5) implies

(1.6) F2

(
δ

δxi

)
= λ2 δ

δxi
, F2

(
∂

∂yi

)
= −λ2 ∂

∂yi
.

¤

Theorem 1.2. The almost 2-π structure F given by (1.5) is integrable,
if and only if, the torsion T i

jh and the curvature tensor Ri
jh of the nonlinear

connection N are equal with zero, where

(1.7) T i
jh =

∂N i
j

∂yh
− ∂N i

h

∂yj
, Ri

jh =
δN i

j

δxh
− δN i

h

δxj
.
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Proof. Since we have
[

δ
δxj , δ

δxh

]
= Ri

jh
∂

∂yi ,
[

δ
δxj , ∂

∂yh

]
=

∂N i
j

δyh · ∂
∂yi through

the agency of Nijeuhnis tensor’s relation (1.4) we obtain

(1.8)
NF

(
δ

δxj
,

δ

δxh

)
= −λ2

(
Ri

jh

∂

δyi
− T i

jh

δ

δxi

)
, NF

(
δ

δxj
,

∂

∂yh

)

= −λ2

(
T i

jh

∂

∂yi
−Ri

jh

δ

δxi

)
, NF

(
∂

∂yj
,

∂

∂yh

)
= −λ2Ri

jh

∂

δyi

which prove that T i
jh = 0, Ri

jh = 0 implies NF = 0 and reciprocally. ¤
In all our further consideration the integrable almost 2-π integrable

structure will be called 2-π structure.

2. Metrical almost 2-π structure on TM. Let Ln = (M, L) be a
Lagrange space. The Lagrangian L is the fundamental function of the space
and

(2.1) gij(x, y) =
1
2
· ∂2L

∂yi∂yj

is the fundamental tensor of the space Ln = (M, L) [7]. From the definition
of Lagrange space we have that

(2.2) rank‖gij(x, y)‖ = n.

We can consider the contravariant gij(x, y) of the fundamental tensor.
We have in [6] the following result:

Theorem 2.1. For any Lagrange space Ln there exists a nonlinear
connection N depending only of the fundamental function L having the co-
efficients given by

(2.3) N i
j =

∂Gi

∂yj

where

(2.3′) Gi =
1
4
gij

(
∂2L

∂yi∂xh
yh − ∂L

∂xj

)
.

With these coefficients the connection is called the canonical connection (if
the space Ln is a Finsler space Fn, then it coincides with famous Cartan
connection).
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The adapted basis of distribution N and V is defined by
(

δ
δxi ,

∂
δyi

)
with

δ
δxi from (1.2), N j

i given by (2.3) and (2.3’) and the dual basis (dxi, δyi)
defined in (1.2’) with the same coefficients N j

i of canonical nonlinear con-
nection.

Then, the Sasakian lift G of the fundamental tensor has the following
expression

(2.4) G = gijdxi ⊗ dxj + gijδy
i ⊗ δyj .

We have the following property:

Theorem 2.2. The pair (F,G) is an almost Riemannian 2-π structure.

Proof. It is necessary to verify the relation

G(FX,FY ) = −λ2G(X,Y ), ∀X,Y ∈ χ(TM).

We have

G
(
F

δ

δxi
,F

δ

δxj

)
= λ2G

(
∂

∂yi
,

∂

∂yj

)
= −λ2gij = −λ2G

(
δ

δxi
,

δ

δxj

)

G
(
F

δ

δxi
,F

∂

δyj

)
= −λ2G

(
∂

∂yi
,

δ

δxj

)
= 0 = −λ2G

(
δ

δxi
,

∂

∂yj

)

G
(
F

∂

∂yi
,F

∂

∂xj

)
= λ2G

(
δ

δxi
,

δ

δxj

)
= λ2gij = −λ2G

(
∂

∂yi
,

∂

∂yj

)

¤
From the book [6] we have

Theorem 2.3. Any metrical N -connection D with h- and v-metric tor-
sion zero has the coefficients given by the generalized symbols of Christoffel

(2.5)





Li
jh =

1
2
gim

(
δgmh

δxj
+

δgjm

δxh
− δgjh

δxm

)

Ci
jh =

1
2
gim

(
∂gmh

∂yj
+

∂gjm

δyh
− ∂gjh

δym

)
.

It follows that we have h-and v-covariant derivatives of the fundamental
tensor equal with zero gij|h = 0, gij |h = 0 which implies that DXG = 0 for
all X ∈ χ(TM). One check that DXF = 0.
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Now, we consider almost simplectical 2-π structure Θ associated to the
structure (F,G) and defined by

(2.6) Θ(X,Y ) = G(FX, Y ).

We have

Θ
(

δ

δxi
,

δ

δxj

)
= 0,Θ

(
δ

δxi
,

∂

∂yj

)
= −λgij , Θ

(
∂

∂yi
,

∂

∂yj

)
= 0.

Therefore

(2.7) Θ = −λgijδy
i ⊗ dxj .

Theorem 2.4. For any Lagrange space, almost symplectical 2-π struc-
ture Θ is integrable.

Proof. The almost symplectical 2-π structure is integrable, if and only
if its exterior differential is equal with zero.

Because, any Lagrange space Ln one has the property DΘ1 = 0 where
Θ1 = gijδyi⊗dxj (see [7]) it follows that Θ = λΘ1, has the same property.¤

Remark 2.1. It is clear that the above theory remains valid whenever
the space Ln is replaced by the Finsler space Fn and it can be extended to
the study of the general almost 2-π structure on tangent bundle [1],[2],[3],[4].

3. n-almost contact 2-π structure on OSC2M. The extension of
the above theory to the case of the 2-osculator bundle is not immediate
because the almost 2-π structures are not specifically for the differentiable
manifolds Osc2M and, in general, their existence is not ensured.

We shall demonstrate in this section that on Osc2M endowed with a
nonlinear connection there exists a natural n-almost contact 2-π structure
compatible also with a Sasakian metric in the case of Lagrange spaces of
order 2.

First of all, we need some preliminary considerations.
Let us consider again M be a real n-dimensional differentiable manifold

and (Osc2M, Π,M) its 2-osculator bundle.
It is know from [6] that the points of Osc2M are osculator spaces of

order 2 of manifold M .
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We denote by (xi, y(1)i, y(2)i) the canonical coordinates for any point u =
(x, y(1), y(2)) ∈ Osc2M . Then, the canonical coordinate transformations
(x, y(1), y(2)) → (x̃, ỹ(1), ỹ(2)) are given by

(3.1)





x̃i = x̃i(x1, ..., xn), rank

∥∥∥∥
∂x̃i

∂xj

∥∥∥∥ = n, ỹ(1)i =
∂x̃i

∂xj
y(1)j

2ỹ(2)i =
∂ỹ(1)i

∂xj
y(1)j + 2

∂ỹ(1)i

∂y(1)j
y(2)j

and there exists a tangent structure J : χ(E) → χ(E) on the manifold
E = Osc2M defined by

(3.2) J

(
δ

δxi

)
=

∂

∂y(1)i
, J

(
∂

∂y(1)i

)
=

∂

∂y(2)i
, J

(
∂

∂y(2)i

)
= 0.

On Osc2M there exists the vertical distributions V1, V2 with the properties
V1 ⊃ V2, dimV1 = 2n, dimV2 = n [6].

All these distributions are integrable and there exists a number of two

Liouville vector fields linearly independent
1
Γ,

2
Γ.

We have the following properties:
rank‖J‖ = 2n, ImJ = V1, kerJ = V2, ImJ |V1 = V2, ImJ |V2 = 0 and

J
2
Γ=

1
Γ,

0
Γ= 0, J is an integrable structure.

A 2-spray on Osc2M [6] is a vertical field S on Osc2M with the property

JS =
2
Γ.

Then S has form

(3.3) S = y(1)i δ

δxi
+ 2y(2)i ∂

∂y(1)i
− 3Gi(x, y(1)i, y(2)i)

∂

∂y(2)i
.

In [6] one proves that the fundamental geometrical objects like as the nonlin-
ear connections, N -linear connections and so on are generated by a 2-spray
and any nonlinear connection on Osc2M is defined now as a regular distri-
bution N0 on Osc2M supplementary of the vertical distribution. Writing
N1 = J(N0), V2 = J(N1) for any nonlinear connection N0 one obtains the
decomposition in direct sum of tangent bundle at E = Osc2M given by

(3.4) TuE = N0(u)⊕N1(u)⊕ V2(u).
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All the geometrical objects on Osc2M are considered with respect to this
direct sum and the corresponding locally adapted basis to the decomposition
(3.4) is

(3.5)
(

δ

δxi
,

δ

δy(1)i
,

δ

δy(2)i

)
,

where

(3.6)

δ

δxi
=

∂

∂xi
−Nm

i(1)

∂

∂y(1)m
−Nm

i(2)

∂

∂y(2)m
,

δ

δy(1)i

=
∂

∂y(1)i
−Nm

i(1)

∂

∂y(2)m
,

δ

δy(2)i
=

∂

∂y(2)i

in which the system of functions N i
j(1), N

i
j(2) give the coefficients of the

nonlinear connection N0. The dual basis of (3.5) is defined by

(3.7) {δxi, δy(1)i, δy(2)i}
where

(3.8)
δxi = dxi, δy(1)i = dy(1)i + M i

j(1)dxj , δy(2)i

= dy(2)i + M i
j(1)dy(1) + M i

j(2)dxj .

The coefficients M i
j(1),M

i
j(2) are named the dual coefficients of nonlinear

connection N0 and there exists a relationship of duality between the direct
coefficients and dual coefficients for any nonlinear connection.

In [6] one indicates a method of calculus for dual coefficients when a
2-spray is given.

We can define now the natural n-almost contact 2-π structure.

Definition 3.1. A k-almost contact 2-π structure on E = Osc2M is a
system

(3.9) (F, ξ1, ..., ξk, η
1, ..., ηk),

where F is a tensor field of type (1.1) on ˜Osc2M = Osc2M \ {0}, ξ1, ..., ξk

are the linear independent vector fields and η1, ..., ηk are 1-form fields, such
that we have

(3.10)





F2(X) = −λ2X + λ2
k∑

a=1

ηa(X)ξa, ∀X ∈ χ(E)

F(ξa) = 0, ηa(ξb) = δa
b , (a, b = 1, ..., k)
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where λ is a non zero complex number.
Then it follows that ξ1, ..., ξk belong to the kernel of the mapping F and

we have

(3.11) F3 + λ2F = 0.

The Nijeuhnis tensor is given by the relation (1.4) and the normality con-
dition is

(3.12) NF(X, Y ) + λ2
n∑

a=1

dηa(X, Y ) = 0, ∀X, Y ∈ χ(E).

We prove that in a Lagrange space L(2)n = (M, L) there exists n-almost
contact 2-π structure.

We have

Theorem 3.1. Let N be a nonlinear connection on Ẽ = ˜Osc2M having
the adapted basis

(
δ

δxi ,
δ

δy(1)i ,
δ

δy(2)i

)
. On Ẽ there exists an n-almost contact

2-π structure (3.9) when F is the F-linear mapping defined by

(3.13)

F
(

δ

δxi

)
= −λ

δ

δy(2)i
,

F
(

δ

δy(1)i

)
= 0,

F
(

δ

δy(2)i

)
= λ

δ

δxi

and

(3.14) ξa =
δ

δy(1)a
, ηa = δy(1)a (a = 1, 2, ..., n).

Proof. From (3.13) one remark that F is globally defined on Ẽ. We
verify the relation (3.10) in the base of relations (3.13) and (3.14).

Clearly, the second and the third lines of (3.10) is valid because ξa from
(3.14) belong to Ker F and ηa are their duals.

Let us verify the first relation from (3.10). Indeed, we have

F2

(
δ

δxi

)
= F

(
−λ

δ

δy(1)i

)
= −λ2 δ

δxi
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or equivalently

F2

(
δ

δxi

)
= −λ2 δ

δxi
+

n∑

a=1

[
δya

(
δ

δxi

)
ξa

]

because the last sum is zero.
In the same way one verifies (3.10) for χ = δ

∂y(1)i and χ = δ
∂y(2)i q.e.d.

The n-almost contact 2-π structure will be called natural.
The above theorem leads immediately to. ¤

Corollary 3.1 The natural n-almost contact 2-π structure has the fol-
lowing properties:

10. F is a tensor field of type (1.1) globally defined on Ẽ.
20. KerF = N1, ImF = N0 ⊕ V2.
30. rank‖F‖ = 2n

40. F3 + λ2F = 0
The problem which must solved now is to specify conditions of normality

for this structure. First of all we have

Theorem 3.2. The natural n-almost contact 2-π structure (3.9) is
normal if and only if we have

(3.15) NF(X, Y ) + λ2
n∑

a=1

d(δ(1)ya)(X,Y ) = 0.

Proof. One applies (3.12) in which ηa = δy(1)a (a = 1, ..., n) and con-
sider X and Y equals with the vectors of the adapted basis. ¤

We obtain

Theorem 3.3. The almost n-contact 2-π structure (F, ξa, η
a) is normal

if and only if, the following equations holds

(3.16)

R

(12)
i

jk =
B

(11)
i

jk =
B

(12)
i

jk = 0;
B

(21)
i

jk −
B

(21)
i

kj −
R

(01)
i

jk = 0;
B

(22)
i

jk −
B

(22)
i

kj −
R

(02)
i

jk = 0
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where

(3.17)





R

(12)
i

jk =
δ

N

(1)
i

j

δy(1)k
− δ

N

(1)
i

k

δy(1)j
,

R

(01)
i

jk =
δ

N

(1)
i

j

δxk
− δ

N

(1)
i

k

δxj
;

R

(02)
i

jk =
N

(1)
i

m

R

(01)
i

jk +
δ

N

(2)
i

j

δxk
− δ

N

(2)
i

k

δxj

B

(11)
i

jk =
δ

N

(1)
i

j

δy(1)k
;

B

(12)
i

jk =
N

(1)
i

m

B

(11)
m

jk +
δ

N

(2)
i

j

δy(1)k
− δ

N

(2)
i

k

δy(1)j
;

B

(21)
i

jk =
∂

N

(1)
i

j

δy(2)k
;

B

(22)
i

jk =
N

(1)
i

m

B

(21)
m

jk +
∂

N

(2)
i

j

δy(2)k
.

Our above theoretical considerations prove the validity of the following the-
orem:

Theorem 3.4. If the basic manifold M is paracompact, then there exists
on the total space of its 2-osculator bundle at least one n-almost contact 2-π
structure.

This theorem allows us to define on Osc2M the more general n-almost
contact 2-π structure and to study them using the methods presented in
this section.

4. n-almost contact riemannian 2-π structure. Let us consider
a k-almost contact 2-π structure on the Lagrange space L(2)n given by
(F, ξ1, ..., ξk, η

1, ..., ηk) and G a Riemannian structure on E = Osc2M .

Definition 4.1. One calls k-almost contact Riemannian 2-π structure
any k-almost contact 2-π structure together with a Riemannian structure G
on Ẽ for which

(4.1)





G(FX,FY ) = −λ2G(X,Y )−G(X, λ2
n∑

a=1

ηa(X)ξa)

G(X, ξa) = ηa(X), (a = 1, ..., n)

such that the base (ηa) is orthonormal.
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Now we consider a Lagrange space in which L(x, y(1), y(2)) is the funda-
mental function and

(4.2) gij =
1
2

∂2L

∂y(1)i
∂y(2)j

is its fundamental tensor.
We have rank‖gij‖ and if we consider its contravariant gij then the

Sasakian lift G of the fundamental tensor gij is given by

(4.3) G = gijdxi ⊗ dxj + gijδy
(1)i ⊗ δy(1)j + gijδy

(2)i ⊗ δy(2)j ,

where dxi, δy(1)i, δy(2)i is the dual basis of the adapted basis for the nonlin-
ear canonical connection of the space L(2)n.

Following the same line as in the usual cases of the Riemannian metric
structure in the Lagrange spaces L(1)n presented in section 1 and 2 we
obtain the next result:

Theorem 4.1. The natural n-almost contact 2-π structure (F, ξ1, ..., ξn,
η1, ..., ηn) together with the Sasakian lift G given by (4.3) is a n-almost
contact Riemannian 2-π structure on Osc2M .

Let us consider the metric N -connection with respect to G which has
the coefficients given by generalized Christoffel symbols:

(4.4)





Lm
ij =

1
2
gms

(
δgis

δxj
+

δgsj

δxi
− δgij

δxs

)

Cm
ij(α) =

1
2
gms

(
∂gis

∂y(α)j
+

∂gsj

∂yα)i
− ∂gij

∂y(α)s

)
α = 1, 2.

Therefore we have

Theorem 4.2. If D is canonical N -connection with the coefficients
(4.4) then natural n-almost contact Riemannian 2-π structure (F,G) has
the property DXF = 0 and DXG = 0∀X ∈ χ(Osc2M).

Remark 4.1. The previous theory can be particularized in the case of
normal n-almost contact Riemannian 2-π structure.

The previous theory proves that on the differentiable paracompact man-
ifold M and Osc2M there exists n-almost contact Riemannian 2-π struc-
tures and that their general theory can be studied through the agency the
specified methods.
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Thus in general, the basis problems of the n-almost contact Riemannian
2-π structures in Lagrange spaces of order 2 are elucidated.

All this theory can be applied in the particular case of the Finsler spaces
of order 2 by imposing on the Lagrangian certain conditions of homoge-
neousness.
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