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1. Introduction. The operators of fractional differentiation have
been introduced by Leibnitz, Liouville, Riemann, Grunwal and Letnikov
[7]. The fractional derivatives and integrals are used in the description of
some models in mechanics, physics [7], economics [5] and medicine [12].
The fractional variational calculus [1] is an important instrument in the
analysis of such models. The Euler-Lagrange equations are non-autonomous
fractional differential equations in those models.

In this paper we present the fractional jet fibre bundle of order k£ on
a differentiable manifold as being J**(R, M) = R x Osc®*(M), o € (0,1),
k € N*. The fibre bundle J is built in a similar way as the fibre bundle E*
by R. Miron [10]. Among the geometrical structures defined on J%(R, M)
we consider the dynamical fractional connection and the fractional Euler-
Lagrange equations associated with a function defined on J* (R, M).

In section 2 we describe the fractional operators on R and some of
their properties which are used in the paper. In section 3 we describe the
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fractional osculator bundle of order k. In section 4 the fractional jet fibre
bundle J¥(R, M) is defined, the fractional dynamical connection is built and
the fractional Euler-Lagrange equations are established using the notion of
fractional extremal value and classical extremal value on J*(R, M). In
section 5 we consider some examples and applications.

A more exhaustive presentation of the ideas from this paper may be
found in [4].

2. Elements of fractional integration and differentiation on R.
Let f : [a,b] — R be an integrable function and « € (0,1). The left-sided
(right-sided) fractional derivative of f is the function

w1 d [P f(s) - f(a)
(2 1) (*Dt f)(t)_r(l_a)dt/a (t—S)a dS
' amn L od [P FB) — f(s)
GDENO = rrmar g | e

where t € [a, b) and I' is Euler’s gamma function.

If {a}n>0 is a real number sequence with lim «, = 1 then
- n—oo

(22) Jim (D" )(1) = (D0 = & 1),
The physical and geometrical interpretation of the fractional derivative
on R is suggested by the interpretation of the Stieltjes integral, because
the integral used in the definition of the fractional derivative is a Riemann-
Stieltjes integral [11].
By definition, the left-sided (right-sided) fractional derivative of f, of
order a, m = [a] + 1, is the function

cr L (AT SO
D010 = 1=y () [ Tyt 0€ (oo

* My« _ 1 _i " Oof(s)_f(o) S 00
D10 = =y (i) [ e 0 € 00

If suppf C [a,b], then DY f = _Dgf, *Df = Dy f.
Let us consider the seminorms

(2.3)

’f’«"‘Jg(R) = ”D?HCHL?(R)
_ * [0}
’$|Jg(R) = [I"D; 55||L2(R),
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and the norms

1/
|w@®=0m@®+u@®)/
1/2
lell g = (12132 + 125m )~ -

and J% (R), JoR(R) the closures of C§°(R) with respect to the two norms
from above, respectively.

Proposition 1. Let I C R and let J3; (I) and J5(I) be the closures of

C3° (1) with respect to the norms from above. For any x € JfL(I), 0<a<
B, the following relation holds:

DPx(t) = DD (t).
For any = € JfR(I), 0 < a< 3, it also holds

*DPx(t) = *D{* DY a(t).

3. The fractional osculator bundle of order k on a differentiable
manifold. Let o € (0,1] be fixed and M a differentiable manifold of
dimension n. Two curves p, o : I — R, with p(0) = o(0) =29 € M, 0 € I,
have a fractional contact « of order k € N* in xg, if for any f € F(U),
xog € U, U a chart on M, it holds

(3.1) Di*(f o p) li=o = D{*(f 0 0) =0

where a = 1, k. The relation (3.1) is an equivalence relation. The equiva-
lence class [p]3¥ is called the fractional k-osculator space of M in zg and it

will be denoted by Osc¥(M). If the curve p : I — M is given by ¥ = 2'(t),
t€1I,i=T1, n, then, the class [p]%*, may be written as

xo?
(3.2) 2'(t) = 2°(0) + LD%:i(t) =0 + ... + LDO"“:ci(lt) |
' B rl+a) ! EOT T T+ k) Y =0
where t € (—¢,¢). We shall use the notation
(3.3) 20 =, ) = 1 _paayigy),_,
’ I'(1+ aa) =

fori=1,nand a = 1,k.



90 MIHAI BOLEANTU and DUMITRU OPRIS 4

By definition, the fractional osculator bundle of order k is the fibre
bundle (Osc™* (M), M) where Osc®* (M) = Usoenr Oscy®(M) and w§*
Osc™® (M) — M is defined by w§*([p]o%) = zo, (V)[p]2F € Osc®*(M).

For f € F(U), the fractional derivative of order a, a € (0, 1), with
respect to the variable ¢, is defined by

Dz f)(x) - -
(34) _ 1 o fxl f(xl,‘..,xl’l,s,:r"“*l,...,x”)ff(xl,...,xzfl,a’,azl+1,...,x”)d

— I'(l—w) Ozt Jat (zt—s)™ 85
where 2 are the coordinate functions on U, %, i = 1,n, is the canonical

base of the vector fields on U and Uy, = {z € U, a' < 2' < ¥, i =1,n} C
U. Let U, U’ C M be two charts on M, UNU’ # () and consider the change

of variable

(3.5) =z (zt, ..., ")
with det(2Z;) # 0.
Using the notation
a 1 ]
J )= — D% (7))
(3.6) J/ (z, 7) T +a) Dgi(x7)?,
we find
(3.7)
Lla(a—1)) _iaa) i(-a(a—1)
aa) _ (1 1 (mo(a J(a)
o (1+ ) T, 2y
D(2a) %0 (aa=1) oy, j(2a) L(20) Ji/_ata=1)  aby, j((b+1)a)
4+ F(a(a — 1))yi(aa)
7“04) ,

where a = 1, k.

Proposition 2. (see [2], [6])

a) The coordinate transformation on Oscl®®) (M), (x,y" (@), .., yHek)) -
(7, 74, .., 5"®)) are given by the formulas (3.5) and (3.7).

b) The operators D; and the 1-forms d(z")®, i = 1,n, transform by the
formulas

xd

d(zh) = J;(E, x)d(27)e.

D& = Ji(x, T)D>
(3.8) 5 = Jj(@, )
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4. The fractional jet bundle of order k£ on a differentiable
manifold; geometrical objects. By definition, the k-order fractional
jet bundle is the space J**(R, M) = R x Osc**(M). A system of local
coordinates on J*(R, M) will be denoted by (t,z,y(®, ¢y . ¢k,
Consider the projections w§* : J*(R, M) — M defined by

(4.1) 7ok (t, Y@ ylek)y = g

On J*(R, M) we may define the canonical structures

6 = d(t*) @ (Dg + y' @ DY)

a @ @ 1 . .

0y =0'@D%, 0" = ——(d(z")* — y"*d(t)*)
V; = D;i(a)'

The structures (4.2) have geometrical character. The space of the opera-
tors generated by the operators {Df*, D% D;‘“a)}, 1 =1, n, will be denoted

)
by x*((7§)~1(U)). For a — 1 the space of these operators represents the
space of the vector fields on 7y ' (U).

A vector field T € X ((7§)~HU)) is called FODE (fractional ordinary
differential equation) iff

d(t)*(T) = 1

(4.3) a
6'(r) =0,

for ¢ = 1,n. In local coordinates FODE is given by
(4.4) [ =D +y @ D2 + F' D%,

where F* € C*°((r§)~1(U)), i = 1,n. The integral curves of the field FODE
are the solutions of the fractional differential equation (EDF')

(4.5) D2z (t) = F'(t, z(t), D¥x(t)), i=1,n.

The fractional dynamical connection on J%(R, M) is defined by the
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fractional tensor fields ﬁ of type (1, 1) which satisfy the conditions

« o7
910H:0
(0% (0%
(4.6) 00 [T = 0
I?_é[ a:—id a
1% 1%

(0%
where V is formed by operators generated by {D;i(a)}izl,n'

The tensor field ﬁ has a geometrical character, and is called a d*-tensor
field. We get

Proposition 3. a) The fractional dynamical connection ﬁ , in the chart
(78)~1(U), is given by
fi = o [y D8+ HD ) @ ()
(4.7) I(1+a) T e
+(D + HI D)) @ d(2')* = D2y @ d(y" )",
b) The fractional dynamical connection ﬁ[ defines a f(3,—1) fractional
3
structure on J*(R, M), i.e., (]3') — .
¢) The fractional tensor fields ? and m which are defined by

e

I=HoH

= O

(48) o « «
m=—HoH+I,

where I is the identity map, satisfy the relations

«

(0% (0% (0% o o e} o o

lo]l=1], mom=mo], [+m=1

o . . @ o

i(Df‘) = _yz(a)aD:Bi _ (yz(a) HZJ _{_HJ)Dyi(a)
(4-9) l(DfZi) = ng l(D;éi(a)) = DZi(a)

a o
%(Dta) = D¢ + yi(a)Dji + (yi(a) Hz] + H])D;i(a)
m(D%) = 0, m(D% ) = 0.
Let L € C*(J%(R, M)) be a fractional Lagrange function. By defini-

e
tion, the Cartan fractional 1-form is the 1-form 6y, given by

(4.10) 6, = Ld(t)® + S(L).
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We call the Cartan fractional 2-form, the 2-form W, given by
o (7

(4.11) wr, =d¥ 0,

where d? is the fractional exterior differential:

(412) 4o = d(t)aDta + d(l’i)aDgi 4 d( 1(a))a al(oo
In the chart (7)~1(U), 6’aL and &7, are given by

& ]' o « (e
0 = <L— (1+a)y( ) z<a>(L>> d(t)

(4.13) +1“(11+) o (L)d(z')

Wi, = Ad(t)® Ad(z")" + Byd(t*) A d(y o)y
+Ad(2H)® Ad(2?)® + Bijd(z')® A d(y? (@),

where
1 (0%
1 .
_ - i@ pa pa _ Pa
(4.14) T leOé)y szDym(L) D% (L)
= D™ j(e) pa
= T g ) Dy D7 (@)(L)

Aij = D3iDjie) (L), Bij = =Dy Dyice (L)-

Proposition 4. If L is regular (i.e., det(%) # 0) then there

exists a fractional field FODE FaL such that Z'Fa wr = 0.
L
(78)~1(U) we have

@ . @
(4.15) T = D + 4" Dyi + M* Do),

where

ai 7 a e} aaL
4.16) : 4
(4. d¢¥ = D& + yl(a)D;Yi

(gik) = (D;i(a) ng(a) (L))_l-

In the chart
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Proposition 5. (see [4]) a) If a fractional extremal value is attained
then a mecessary condition is that the fractional Euler-Lagrange equations
must be satisfied:

(4.17) L+ Z 1)*d;* (Dfiaa L) = 0,

where

(418) " = D +y" DS + 5 CIDY ) + o+ DD s
and i =1,n.

b) If an extremal value is attained then a necessary condition is that the
Euler-Lagrange equations must be satisfied:

aL i a ja (0%
(4.19) o T > (-1)d; (Do L) = 0,
a=1

where
(4.20) di = D +y" DY + ...+ ¢ VD oy

Example. Consider the fractional differential equation
(4.21)

CF(l + 7) Y—a 2 3
T ) F () 4+ aaT (1 4 2a)y %Y + aT(1 + 30)yBY = 0.
T+~ —a) () f(t) 1I'( )y oI'( )y

The equation (4.21) is the fractional Euler-Lagrange equation (4.17) for the
function

L= 1+~— ax’)/f( ) - alF(l + 2&)(ya)a+a2F(1 + 3a)(y2a)a‘

The equation (4.21) is the fractional Euler-Lagrange equation (4.19) for the
function

A+ )yt
T4y — )+

£t = ST+ 20)(5") + ST (1 +30) (4%)°.
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5. Examples and applications
1. The nonhomogeneous Bagley-Torvik equation. The dynamics
of a flat rigid body embedded in a Newton fluid is described by the equation

(5.1) aD2x(t) + bD 2z (t) + cx(t) — f(t) = 0,

where a,b,c € R and the initial conditions are z(0) = 0, D}x(0) = 0. The
equation (5.1) is a fractional differential equation on the bundle J*(R, R)

_1
fora—4.

Proposition 6. The equation (5.1) represents a Euler-Lagrange equa-
tion on the bundle J**(R, R) for a = i, with the Lagrange function given
by
(5.2)

L o

b
Lt 2,7,y )= ex® = (1) — ST(5/2) (%) +5T(3) ()2
2. Differential equations of order one, two and three which
admit fractional Lagrangians. The following differential equations don’t
have classical Lagrangians such that the Euler-Lagrange equation represents

the given equation:

(5.3) B(t) + Vit x) = 0, Vi(t,z) = aUla(;’x)’
(5.4) B(1) + ari(t) + Va(tx) = 0, Va(t,x) = 220D,
(5.5)  F(t) +axi(t) + ard(t) + Va(t,2) =0, Va(t,x) = 8(]::9(;;96)'

For a = % we obtain the fractional Lagrangians that describe the equations

(5.3), (5.4), (5.5), respectively

L(t, 2,y V/?) = Uy (t,2) — %F(2)<y(1/2)>2

Lt,z,y"?,y W) = Us(t,z) - %all“(Q)(y(l/Q))Q N % (3)(y V)2
Lit,a,y M2,y D,y /D) = Uy(t,2) — S02)(y"/2)*+
%F(Q)(y(l))Q _ %F(4)(y(3/2))2.

(5.6)
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In the category of the equations (5.4) and (5.5) there are:

a) the nonhomogeneous classical friction equation

(5.7) mi(t) + v () — aUa(Zj‘”) o,
b) the nonhomogeneous model of Phillips [9]
(5.8) Z(t) + ar&(t) + bix(t) + f(t) =0,

¢) the nonhomogeneous business cycle with innovation [9]

(5.9) Y (t) 4 agij(t) + ary(t) + brx(t) + f(t) = 0.

Conclusions. The paper presents the main differentiable structures on

J*(R, M), in order to describe fractional differential equations and ordinary
differential equations, using Lagrange functions defined on J*(R, M).

With the help of the methods shown, there may be analyzed other mod-

els, such as those found in [5] and [12].
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