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Abstract. The dynamics of some deformable continuous media can be described by
systems of first order partial differential equations. To them we associate, canonically,
a geometric structure build by objects of “metrical” nature and of “connection”; and
thus, a geometry. The associated structure has some properties as: covariant derivation,
parallel transportation and autoparallel manifolds such that the trajectories of the given
system to be autoparallels with respect to this structure.
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I Geometrical structures on the jet space J!(R", M)

I.1 Natural frames on J'(R", M). Let M be a smooth manifold (the
configuration space) of finite dimension m and of local coordinates (u®).
Let J'(R™, M) be the evolution space of dimension n+m -+nm and J!(M)
be the phases space of dimension m(n + 1).

A point in JY(R", M) is locally given by its coordinates (2%, u®, u?). Let
( o 0 0 ) be the natural frame and (dwi,du“,dug) its dual.

Az’ Out’ Ouf

We consider a change of local chart on J'(R", M) given by:

. . ous
(1.1) 7=, 10 = a(u®), @0 = a%“?'

On the set of functions f(z", u¢), the partial differential operators (along
d

the solutions) are given by: -5 = 8‘; + ufa‘zc cf— 383{1' + uf(xh)gjc. In
particular, if f = f(u®), we have d‘?; = ?%.

g
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Proposition. The following properties hold:

7

ouy  ou,; ouy  0*ur 4z d (8@”) _ouf

1.2 Qus  uet dur Judul Ui gzt \ due oue’
(1-2) ouf 9 _ou 9 oui, . _ou,
Oug oug — Qucoul’ oug 7 T our

With respect to the above transformations, the natural frame and its
dual change, respectively, by the rules:

0 _ou* 9  Ouf 9 Jat = 8
13) ou®  ou®* Qu®  Ou® au;“ oux
" 0 _ 0w 0 = gga = U quoy 0% gup

oud  ou® du’ Y Oue oue

By (1.3) follows that the vectors (%)y, in a point y(u®, uf) of the geo-
metrical zone corresponding to the given map, generate a vectorial subspace
V, of the vectorial space T'(.J}(M)) which has the base {(%)y, (%)y}.
This space is called wertical. Thus, a vertical distribution is canonically

associated (it does not depend on the considered local map).

1.2 Distinguished metrics on M. Let assume that on M are given n
(non-degenerated and non-symmetric) “d-metrics” of components a’, (i =
1,7n) and, for any i, we denote by (a$?) the inverse matrix of (al,). These
components change, on a change of local chart, by the rules:

P R LT LA
(14) = Pua gwp "o U = gy gup

S

With them, we build the geometric objects 6{, i,j = 1,n, of components:

1 :
(1.5) €5 = Ea;-waib.

On a change of local chart, they change by the rules:

) T 8.
(16) g?g = 77515, (\V/Z,j = 1,TL)

Proposition. The following properties hold:
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1) det e{ = det(egg) £0,Vi,j=1,n;
C a,
2) 5gch€h% = €35 ,
3) etheqt, = o <t = 0},
1.3 Connections. Let us consider on the manifold M a geometric
object given, in a local map, by a set of functions (aqp).

Definition. We say that we have a connection N on the manifold M,
if the system of local functions aq, change, on a change of local chart, by
the rules:

ou” [ ou? ou’
(1.7) by = oo (u (o + o ’ag),

ous \ oub b

where agﬁ are the components of the metrics defined above.

The functions agp, associated to the local map, are called Christoffel
symbols of first kind of a connection. They generalize the Christoffel coeffi-
cients of first kind of a classical connection ([1], [2]).

With them, by contraction with the given metrics, we build the func-
tions:

1
(1.8) My = —aiac,
i n

which are called Christoffel symbols of second kind.

Proposition. On a change of local chart on M, the functions M
(]

change by the rules:

o oue (od] o ouf
(19) M= B <au5>52ﬂj " ow JW) |

Remark. In the case that all the d-metrics of components aflb (i=1,n)
coincide (and, in particular, if n = 1) we have ¢, = 0y and the formulas
(1.9) become the rules of change of the components of a nonlinear connection

(31 [4])-

1.4 Differential operators. We define a set of n partial differential
operators D; such that on functions they satisfy D;f = af

dxt”
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Let X be a d-vector field, locally written X = X¢ 82“‘ We build the
partial differential operators of the components X by the formulas:

0 AX°

and the action of the operators on the vectors a%a of the natural frame by:

0 p O
1.11 D |=— )= —
(1.11) ‘ <8ua> Af“aub’
where the functions M § change, on a change of local chart, by the rules
(2

(1.9).

Definition. We call partial covariant derivative of a vector field X =
X9 qlong the direction i in R", the field:

ou®?

Yi=D;X = <DiX“+M§ b>
7

ou®’
The functions:
5Xa_ a avyvb ajde ayb
7 L S A

are called partial covariant derivatives of the components X®. They are
d-vector fields, they change, on a change of local chart, by the rules:

dxt ., 0wl ;
=aj ayb _ U [ aj
Sib g T A= B (E'

Let us consider a submanifold £ on M given by the functions: u® =
u®(z"), and a submanifold K on J'(R"™, M), the lift of the submanifold k&,
defined by: u® = u®(a"), uf = gqﬁ

We say that a d-vector field X is transported by parallelism on the mani-
fold K, if along this manifold the partial covariant derivatives with respect

to the given connection vanish:

- dXP
aj ayb _
(1.12) € g7 + Z\ZJbX =0.
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A submanifold u® = u®(z") is called autoparallel if we have:

a] 5%u b
(1.13) “ib D D +J\z‘4b3xh

The operators D; can be prolonged on 1-forms by the formula: D;(fw) =
Di(f)-w+ fD;(w), if the values of D; on the vectors du® of the dual base
are defined: .

D;(du®) = Mgdub.

By the compatibility condition follows M + M y = 0. The covariant deriva-

tives of the components of a 1-form w = aadu are given by:

dap Lo dag
Sxt =& dxd

~ M.
(]

By extension, the covariant derivatives can be defined for any tensor
field.

I.5 Adapted frames. Given a connection (locally expressed by the
components M i), to any natural frame ( 62'17 62 ) on T(J}(M)), which

generates in each point of the tangent space a vectorial space S of dimension
m(n + 1), and to its dual frame (du®,du?) we associate adapted frames
(6“%, 5%@) and (0u®, éuf) respectively.

We define the adapted frame (du®, du?) by:
(1.14) ou® =du®, duf = J\ZJ‘gdub + 6?gdu?.

These covectors change, on a change of local chart, by the rules:

ou _ou® Suc.

8u0‘  Que "

(1.15) St =

We build the adapted frame (5%, %) so that the relations:

Su dul

5 a a 4 _ a 0 _ a 4 __ sag]

hold. It follows:
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Proposition. The frame given by:

T I Ry}
out  Que G toul’ duf " oub

(1.16)

where Efch&‘;]b = 0f 53 N¢ =¢ Mb, is dual to the frame (1.14).
On a change of local chart, we have:

5 our 5 5 out §

(117) Sa0 ~ a0 dun’ sul ot dup

)

ou?
generate a complementary space H, called horizontal space, such that:

TJYM))=HxV.
By (1.17) follows that, given a connection (M §), the vertical distribution
7

The vectors % generate the vectorial space V' and the vectors

V', of dimension nm and generated by the vectors 55a, can be decomposed
in n vertical distributions V;, each of dimension m (due to the existence of
the metrics aab), such that: V = @V;, and we have a horizontal distribution
H, of dimension m, generated by the vectors 6Za'
zw 53 ), can be written, due to
the existence of the connection, as the direct summation: S = H ® V. We
identify the existence of the connection with this decomposition.
Given the adapted frame (1 16) and the associated Lie brackets

[5 as Su
the property: [ o_ 0 ] = aba C,WhereR =5 b(NC) 0 (N ), holds.
J J

The space S generated by the vectors (

é‘ua bl 5ub duo

1.6 Vertical and horizontal operators associated to a connec-
tion. Let X be a vector field on J!(M), locally written in a natural map
X=X 82a + X7 83 With respect to the adapted frame, X becomes:

)
a a_bi
+ (X M + Xiel) —-

(1.18) x = xo° ;
(Suj

ou?

It has a vertical component vX in V and a horizontal component hX
in H such that X = vX + hX. We have:

) 6
a a_bi _ a
(1.19) vX = (X M + X< s 3 hX = X<
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which are written in the natural frame:

(1.20) vX = (X°N2+ XxD) O px—xe?
J

9 9
J aug’- ’ ou®

5
8uj

— X NZ
J
If X is vertical than hX = 0, if X is horizontal than vX = 0.

Proposition. The following properties hold:

vwX =vX, hhX =hX, vhX =0, hvX =0.

IT The study of some elementary dynamical systems

II.1 Systems of implicit first order partial differential equa-
tions. Let us consider a smooth manifold M of dimension m, the first
order jet space J!(R™, M) and the fibre space J'(R™, M) x s T*M.

A function F : JL(R"™, M) — T} M is locally written as:

F:(2hut,uf) — F(a!,u®,ul) = Fy(!, ub, ud)du®.
Its kernel is defined by the conditions:

(2.1) (', ub ul) = 0.

Definition. The system (2.1) is called system of implicit first order
partial differential equations.
We assume that the system is non-degenerated, that means det(aF ) £

8uli’
0,Vi=1,n.

Definition. A system of functions u® = u®(z") is called solution of the
system (2.1) if they, together with there partial derivatives, transform the
equations (2.1) in identities.

It follows that a solution defines a submanifold k, whose lift K is in the
kernel of the function F', expressed by the equations (2.1).

I1.2 Elementary systems of partial differential equations

Definition. We say that a dynamical system is elementary if its equa-
tions are given by:

(2.2) Fy(u,u?) =0.
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We associate to the system (2.2) a system of linear forms called varia-
tional forms and locally written ([5]):

(2.3) MX =a ae”

a abd i + aabgb

where X = §“(ub)a%a is a vector field on M and

0F, 0F,
ma Qap = ou a0

(2.4) at, = det(a’,) # 0, Vi = 1,n.

With respect to the transformation rules (1.1), the coefficients of the
variational form (2.3) change by the formulas:

; ou® ouP 4
ab = Hra dab Gap)

o ou® [ ouf +6u-ﬁ n o2y P
Gab = 5o | gap % T gan s | T suagm i

Proposition. For any i = 1,n, the coefficients aflb are the components
of a non-degenerated distinguished tensor on M.

They represent a set of n “metrics” (as in 1.2), which are associated to
the system (2.2).

For any i, let (a?®) be the inverse of the matrix (a’,). With them we

can build the coefficients £% = Lag¢a/,, defined by (1.5).

On the manifold K of the solutions of (2.2) (F;, = 0), the formulas (2.52)
become (1.7). The functions (ag,) represent the Christoffel coefficients of
first kind of a connection.

We can define the functions Mb = fa “aq as in (1.8).

Ql

(2.5)

Proposition. The coefficients M § define a connection on K.
(2

Indeed, on a change of local chart on M, they change on J*(R", M) by
the rules:

—a a B = = 2
M = au( U 80&] ou Mﬁ> 1 0u® du® 0“u Fg

i 0 oue \ dub is oub n u® OuY 8ub5)uc @i

and on K, these formulas become (1.9). O
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This connection is canonically associated to the system (2.2) and it
implies the existence of a partial covariant derivation D; along the direction i
defined in the same way as in .4, and, thus, a derivation along any direction
A=XN2E2 inR™ D=\D;

We have:

Theorem. The lift of an autoparallel submanifold, which has a point
on the solutions submanifold is completely situated on that submanifold (it
is a solution of the equations (2.2)).

Proof. Let us consider an autoparallel submanifold, satisfying the con-
ditions (1.13), where the coefficients €3 and M § are build with the objects
(2

al, and agp given by (2.4). ‘
The system (1.13) is equivalent with: aibu?h + agpul = 0 and by con-
traction with da”, it follows: %dué’- + %dub =dF, =0. O
j
I1.3 Elementary dynamical systems. In the set of systems of first

order partial differential equations (2.2), we consider the following relation
of equivalence:

Definition. Two systems F,(u®,u®) = 0 and Gg(ub,u?) = 0 are called
equivalent if there exists a matriz (a d-tensor) (A2) with det(A%) # 0 so
that G, = AL Fy, = 0.

By this definition follows that all the systems of a class admit the same
solutions. We call a class of equivalent systems dynamical system.

A property or notion is geometric, if it is related to the elements given
by a system of equations, and it is dynamic, if it holds for all the systems
of an equivalence class.

Proposition. The notion of metric and that of Christoffel symbols
of the first kind are geometrical notions, they change when we change the
representative of the dynamical system. The notion of connection (defined
by its coefficients) is dynamic.

Indeed, by the relations (2.4) written for the systems F, = 0 and G, = 0,

: : i _ OFg __ OF, i _ 0Gq __ 0G4
we obtain the coefficients a;, = oub” agp = & and by, = aub bab = 31

respectively.
Let consider the functions M = aj“aq, and My = bbep.
1 (3
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On the solutions manifold we have the geometric properties bflb = Aflaib,
bay = Agae, and the dynamic property M § = aiaq, = bibey, = M}, which
K3 (]

certify the dynamical character of the connection. O
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