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Abstract. Let (M,g) be a closed, orientable, n-dimensional smooth Riemannian
manifold. To each pointwise nonsingular tensor field h of type (1,1) on M such that the
Nijenhuis derivation corresponding to h vanishes, one can associate an elliptic self-adjoint
second order differential operator A1(1k)7 which is a generalization of the classical Hodge-
de Rham operator A™ (or k-Laplacian), k € {0,...,n}, (see EISEMAN and STONE [8]).
In this paper we shall discuss some questions related to the Hodge type decomposition
induced by Af) as well as spectral properties of Aff).
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1. Hodge-de Rham like operators associated to a tensor field of
type (1,1) and a generalized Hodge theory. Let (M,g) be a closed
(i.e. compact and without boundary), orientable, n-dimensional smooth
Riemannian manifold, C*°(M) = A°(M) the real algebra of smooth real
functions on M and X(M) the C*°(M)-module of smooth vector fields on
M. Recall that a smooth tensor field of type (1,1) on M is a mapping
h : X(M) — X(M) that is C*°(M)-linear. Let 7;'(M) be the C>(M)-
algebra of all tensor fields of type (1,1) on M, E := AY(M) the C*°(M)-
module of smooth differential 1-forms on M and Leeo(apy (E, E) the C°°(M)-
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algebra of all endomorphisms of F. The mapping
T,'(M) — Lewany(E,E), h—bohot,

where b : X(M) — AYM) and § : AY(M) — X(M) are the musical iso-
morphisms defined by the Riemannian metric g, is a C°°(M)-linear isomor-
phism. In what follows we shall identify these two C'*°(M)-algebras.

Fix a smooth tensor field h € 7;'(M) = Leeo () (E, E) and let AF(M) be
the C°°(M)-module of smooth differential k-forms on M, 0 < k < n. Note
that h induces a C°°(M)-linear endomorphism h,(j) : AR(M) — AF(M) for
each k € {0,...,n}, defined as follows:

h{"(f):=0 foreach fe A'(M),

k
h,(cl)(wl/\.../\wk) ::Zwl/\.../\h(wj)/\...Awk, 1<k<n,
=)

where w!

,...,wk € E. In particular, hgl) =h and
hD(W' AL AW"Y) = Trace(h)w' A ... Aw™ forany w!,...,w" € E.

The family h(®) := {h,(cl)|k: € {0,...,n}} defines a graduate derivation of
degree 0 of the exterior algebra @) _, A¥(M) associated to M and let

dp =h®Mod—doh®

be the graduate commutator of h") and d, where d is the graduate deriva-
tion of degree +1 defined be the exterior differentials. Let

(dp)n :=h™ o dy, — d, o W

be the graduate commutator (for the definition of this concept, see for
example CRAIOVEANU [2]) of the graduate derivations h") and dj,, and

[h,h] := %[dhoh — (dn)n]

the Nijenhuis derivation associated to h (for the relation between the Ni-
jenhuis derivation and conservation laws, see STONE [17], [18]).



3 SPECTRAL PROPERTIES OF A CLASS OF HODGE-DE RHAM 109

Lemma 1. (EISEMAN and STONE [8])

(i) If [h,h] =0, then (A(M),dy) = (Ak(M),dgf))OSkSn is a complez of
cochains;

(ii) If h is nonsingular on M, then dy, satisfies the Poincaré lemma.

The linear operator h,(cl) : AF(M) — AF(M) admits an adjoint operator
(ht)](cl) :AF(M) — A*(M) with respect to the canonical inner product () :
AF(M)x A (M) — R for each k € {0,...,n}.

One can easily check that the linear operator
o AR ) - AR, Y = 60D o ()il - () 0 64,
where 6+ : AR (M) — AF(M) is the adjoint of the exterior differential
d® : AF(M) — AF+1(M), is the adjoint of d\*) : AF(M) — AF+1(M) with
respect to the canonical inner products on A¥(M) and A*1(M) respec-
tively, for each k € {0,...,n — 1}.

Consequently, for each k € {0,...,n}, one can define a Hodge-de Rham
like operator

AP AR (M) — AR ), AW = gD o 60 4 50D o gk
associated to the smooth tensor field h (see EISEMAN and STONE [8]).

Definition 2. The elements of the real vector space Ker(Aglk)) [resp.

Im(dﬁlk_l)), Tesp. Im(él(lkﬂ))] are called h-harmonic k-forms (resp. h-ezxact
k-forms, resp. h-coexact k-forms).

The operator Ag{") is formally self-adjoint and formally positive. If h =

Lat(ary, then Al(qk) coincides with the classical Hodge-de Rham operator (or

k- Laplacian) A®),

Theorem 3. (EISEMAN and STONE [8]) The tensor field h is non-

singular on M if and only if the second order differential operator Aglk) is
strongly elliptic, 0 < k < n. In particular, if h is nonsingular on M, then
the real vector space Ker(Aglk)) = Kﬁk) s finite dimensional, 0 < k < n,
and the following orthogonal decomposition (with respect to (,)) is valid for

any k € {0,...,n}:

1
ARM) = Ky @@ Im(Ap)).
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Note that if the nonsingular tensor field h is fixed and the real function
M > x +— det(h(z)) € R is constant, where det(h(x)) denotes the determi-
nant of the linear automorphism h(z) : T M — T M, there exists a smooth
Riemannian metric § on M such that A£10 ) = A(:the Laplace-Beltrami op-
erator associated to §) (see STONE [19]).

Let W#2(A*(M)), s € R, be the Sobolev space associated to A¥(M).

The linear operator
i) s AR(M) — AFY(M) [resp. 68 - AF(M) — AFL(M)]
extends to the continuous linear operator
dﬂg) CWE2(AR(M)) — WO2(AMTL (M) i= L2(AML (M)

[resp. 8% - WL2(AR(M)) — WO2(AF1(M))].

The previous considerations show that if h is nonsingular on M and
the Nijenhuis derivation [h, h] associated to h vanishes, then the complex
(A(M),dy) is elliptic. Hence the following h-dependent version of the Hodge
decomposition theorem is valid:

Theorem 4. If h is a nonsingular smooth tensor field of type (1,1)
on M such that [h,h] = 0, then the following statements are true for each
ke{0,...,n}:

(i) A¥(M) and L2(A*(M)) admit the following orthogonal decomposi-
tions with respect to the canonical inner product:

1 1
AR = K @y (AR () P o (A ()

(see EISEMAN and STONE [8]) and

i €
L2(AR (M) = K @ di ) (W2 (AR () @D oy (WA (AF ()

(ii) The mapping /ng) S w — [w][:= the cohomology class in the cochain

complex (A(M),dy) associated tow] € H¥(A(M),dy,) = Kerd](ﬂk)/lmdglk_l),
1s a R-linear isomorphism.

Corollary 5. Under the same assumptions concerning h as in Theorem
4, the following assertions are true:
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(1) lCl(f) >~ H*(M;R) for each k € {0,...,n}. In particular, dim lCl(f) =
Br(M)(=the k-th Betti number of M);

(i1) Index(A(M),dn) = > . (—=1)Fdim H*(A(M),dn) = x(M)(=the
Euler-Poincaré characteristic of M);

(#i7) If Trace(h) is constant, the star Hodge operator induces a R- linear
isomorphism from ICElk) onto Kfln_k) for each k € {0,...,n}.

For more details concerning the hA-dependent version of Hodge theory,
see EISEMAN and STONE [8], [9], [10], CRAIOVEANU and PuTA [3], LALESCU
and STRETCU [14] (for the classical harmonic theory, see HODGE [13]).

Open problem: It is an open problem to decide whether or not a
Weitzenbock formula is valid for A(k), that s if there exist a connection
Laplacian A™ (defined via a linear connection V) on A¥(M) and a bun-
dle endomorphism RW : AK(M) — End(A*¥(M)) induced by the curvature
tensor field associated to V such that

Agﬁ)w =AM — R"w foreach we AF(M).

2. Smooth dependence of the h-Hodge decomposition on the
Riemannian metric. From now on let us assume that h satisfies the
assumptions from Theorem 4 and let M be a closed, n-dimensional smooth
manifold.

In what follows, we endow the set Mt(M) of all smooth Riemannian met-
rics on M with the structure of a Fréchet manifold (see BINZ, SNIATYCKI
and FISCHER [1], GOLUBITSKY and GUILLEMIN [12], pp.74-78), that is
M (M) is a manifold locally modeled over a Fréchet space which is a com-
plete metrisable locally convex topological vector space. Using the Riesz
representation theorem, for any Riemannian metrics g,,g9 € (M), there
exists a smooth automorphism of vector bundles ®, , : TM — T'M such
that

9(X,Y) = go(Pgpg 0 X, Pyg 0 Y),

for each X,Y € X(M). The automorphism ®,4,, is uniquely determined
modulo an isometry of (M, g,) and the following mappings

M(M) > g — &), € L(L*(A*(M)))

and
M(M) 3 g (®; )" € LIL*(A"(M))),
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induced by ®,,,, where L(L?(A*(M))) denotes the space of all bounded
linear operators of L?(A*(M)), are smooth, that is they depend smoothly
on g in the sense of the Fréchet manifold structure of (M ).

Lemma 6. Let g,,9 € M(M) be arbitrary, but fired Riemannian met-
rics and S!gf) (resp. Sg(,k)) : AF(M) — A"K(M) the star Hodge operator
associated to g, (resp. g), 0 <k <n. Then

* k k L1204k 2/ An—k
o; oS =Sk o @r : L2(AR(M)) — LAH(A"*(M))
for each k € {0,1,...,n}. In particular, the mapping
M(M) 3 g — S§¥) € L(L*(A*(M)), L (A" *(M))),

where L(L?(A*(M)), L?(A"=*(M))) denotes the space of all bounded linear
operators from L*(AF(M)) into L?(A"*(M)), is smooth, for each k €
{0,1,...,n}, that is it depends smoothly on g € M(M).

The star Hodge operator Sg(,f) (resp. Sék)) associated to the Riemannian
metric g, (resp. g) € M(M) induces the inner product <, >, (resp. <,>,)

on the Hilbert space L?(A¥(M)) = W%2(A*(M)), such that
<Wi,Wwa >g,= / w1 A Séf)(wg) =:< (JJl,Ag;z)(WQ) >g
M

for any wi,ws € A¥(M), where

AR AR — AR (M), Al = (1R R glnmk) o k),

990 990

for each k € {0,1,...,n}. Aé];l is a R-linear, continuous and formally self-
adjoint (symmetric) operator that can be extended to the Hilbert space
L2(AF(M)) = WO92(A¥(M)). Therefore, all Riemannian metrics induce the
same topology on L?(A¥(M)), for each k € {0,1,...,n}. The same prop-
erty holds for the Sobolev spaces W1H2(A*(M)) and W22 (A*(M)) for each

k € {0,1,...,n}. By Lemma 6 and the definitions of the operators (5}(1]?; :
k
WL2(AF(M)) — WO2(AF(M)) and AL - W2(AR(M)) — WO2(AF(M)),

we have

Corollary 7. Let M be a closed, n-dimensional smooth manifold and
W32(A*(M)) the Sobolev space of class W2, s € {0,1,2}, corresponding to
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the prehilbertian vector space A¥(M), k € {0,1,...,n}. Then the following
two assertions are valid:

(2) The mapping
M(M) 5 g — dy) € LWL (AF(M)), WO (A1 (M)))

is smooth, for each k € {0,1,...,n}, that is the codifferential 51(1’?; depends
smoothly on g € M(M), for each k € {0,1,...,n};

(7i) The mapping

M(M) > g AY) € LW2(AF(M)), WO (AR()))

is smooth, for each k € {0,1,...,n}, that is the operator 5&2 depends

smoothly on g € M(M), for each k € {0,1,...,n}.
Also, by Lemma 6, the mapping

M(M) 5 g— AX) e LWO2(A*(M)))
depends smoothly on g € M(M), for each k € {0,1,...,n}.

The next theorem generalizes a result of WENZELBURGER [21], [22] (see
also PETRISOR [15]).

Theorem 8. Under the above assumptions regarding M and h, the
h-Hodge-de Rham decomposition

L2(AF (M) =dy Y (W2 (AL () @sy ) (WA (M) @ Ker(ALY)

depends smoothly on the Riemannian metric g € IM(M), for each k €
{0,1,...,n}. This means that the mapping

M(M) € g — wék){: the orthogonal projection of L*(A*(M)) onto
Im[d Y W2(AR-1(M)) — WO2(AF(M)) == L2(A%(M))] with
k k k
Ker(n)) = K3, @ g (W 2(AM 1 (M) € LLX(A44(M))),

15 smooth.
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3. Spectral properties of Hodge-de Rham like operators. In
what follows assume that h satisfies the same assumptions as in Theorem
4. Since A](ﬂk) : AF(M) — A¥(M) is an elliptic second order differential
operator, formally self-adjoint and formally positive, and (M, g) is a closed,
smooth Riemannian manifold, the following statements are valid.

Lemma 9. (i) For each k € {0,1,...,n}, there exists a discrete spectral
resolution {wﬁl]f;,)\gﬁg}jeN for the operator AElk) : AR(M) — AF(M), where
wl(jkj) € A¥(M) for any j € N, that is {Wl(jz)‘}jeN is a complete orthonor-
mal system in the real Hilbert space L*(AF(M)) = WO2(A*(M)) such that
Aglk)wﬁfj). = )\g?wﬁlkj) for any j € N. Moreover, )\gf; € [0,+00) for any
j € N,each eigenspace of Aﬁlk) is finite dimensional, and 0 € R is an eigen-
value of Aglk) c AR(M) — AR(M) if and only if Br(M) # 0;

(ii) If one arrange the eigenvalues of A](ﬁk) such that

then there exist real constants C(k) > 0 and (k) > 0 such that /\glkz >
C(k)je®) if § > jo is sufficiently large;

(i3i) Let a§k) = <0,wl(lkj)) € R, j €N, be the Fourier coefficients associ-
ated to 6 € L*(A*(M)). If 0 € A¥(M), then

Z ]aék)|)\§1’3 < 400

jEN
and the series Z]EN |a§-k)|)\fﬁ tends to 0 uniformly with respect to the norm
| - lloo,i for any k € {0,1,...,n}, where

bt lloe = sup i) el s avrean,
zeM
jz(wl(lkl))x denoting the i-jet of the smooth section wl(lkl) € C®(A*T*M) at the
point x € M.
For an initial smooth differential k-form § € AF(M), let us consider
the heat equation associated to Agﬂ) . AF(M) — AF(M) with the initial
condition 6:

(3.1) <§t + Aﬂ”) w(z,t) =0,
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(3.2) }i\n%w(x,t) =0(x),

where z € M, t € (0,400). Let (e_mixk))(ﬁ) be the unique solution of the
evolution equation (3.1) that satisfies the initial condition (3.2). The linear
operator e o AF(M) — A¥(M) can be extended to a compact, self-
adjoint operator from L?(A*(M))into L?(A*¥(M)), denoted also by et
Let {wﬁlkj), )\glk;} be a discrete spectral resolution for Al(qk) : AR(M) — AF(M)
and let us consider the Fourier expansion of # € A¥(M):

0= Zag-k)wl(l’g, where ag.k) = (G,wl(l’jj).>, jeN.
jeN

Let us define wh( ) c (AF(M))* by w*( )(w) = <w,w$j)->, w € AF(M)

such that ||wh;f) | = ||wh;j llo. With these notations, the following statement
is valid.

Theorem 10. The following two series converge uniformly in the C'-
topology for anyl € N ift > 6 > 0:

(k)
E(k (x,y,t) Ze ”‘h]w ) ® h(])( )EHom(Ak(TJM),Ak(T;M))
JEN
and
_ (k) _ (k)
(et = S aPull@) = [ (B @) ).
JEN M

where x,y € M, and ji4 denotes the canonical measure on M associated to

g.
Let us define the matrix of Fourier coefficients of the bounded linear
operator

et L2(AR(M)) — L2(AR(M))
by

_iAR)
ay (B s = (720 (), wli §>

/ / (9, 8))(w (]f( )|w )( ©))dpg(x)dpg(y),
xeM JyeM
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1,7 €N, ke€{0,1,...,n}, where (|) denotes the pointwise inner product on
A¥(M) defined by using the fiber metric on A*T*M induced by g.

Theorem 11. (i) With the previous notations the following equalities
—tA®) (k)
Tracerz(e”*"n ) : = Tracenk sy (By (2, 2,1))dpg ()
eM ‘

k —aal®
=Y ag(Bg)) =D e

JEN JEN
are valid for each k € {0,1,...,n}, that is the continuous linear operator
et L2(AF(M)) — L?(A*(M)) is a trace class operator;
(73) If (A(M),dy) is the elliptic complex previously defined, then
- )
Z(—l)kTmceLz(e_tAhk ) = Index(A(M),dn) = x(M).
k=0

k)

The eigenvalues of A( for various values of k£ are not completely in-

(k)
h >

then )\E)l < A£1)1 On the other hand, if Trace(h) is constant, then —via
Corollary 5- )\(k) <M.

Since AP b dﬂ“) =d® o A" and A 658 = 55 o AY for cach
ke{0,1,...,n}, A](nk) preserves the h-exact (resp. h-coexact) k-forms. For
k€ {0,1,...,n} and j € N*, let )\glkg # 0 be the j-th eigenvalue (counted
without multiplicity) of Aglk) and )\/h(?(resp. )\/};(f)) the j-th eigenvalue of
(k

the restriction of Ah) to the space of h-exact (resp. h-coexact) k-forms.
Theorem 4(7) implies the next statements.

dependent. Thus, if /\( ) denotes the first nonvanishing eigenvalue of A

Corollary 12. (i) )\hUZH) = )\ for ke{0,1,...,n—1};
(i1) )\( ) = mm{)\hlj),)\ k+1)} for ke{0,1,....,n—1};
(vi1) )\gl;} = /\}f;j), )‘ﬁm)' = )\}fl. b,

7]
Let us mention other properties of the eigenvalues of Aglk).

Theorem 13. For each k € {0,1,...,n} and for each j € N*, the
etgenvalue function

Ny (M) : (M) 5 g1 A (M, g) € R
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[resp. )\( )( D MM) 5 g — )\h(;kj)(M,g) € R, resp. )\hgc)(M, )
M(M) > g — )\hgj)(M,g) € R] is continuous with respect to the Whitney

C>°-topology on M(M).

Corollary 14. For each k € {0,1,...,n} and for each j € N*, the
multiplicity function

w0, = i € N M) = AP (0, (M) 3 g
— mity(M,g) € N*

resp. m 0 (M,) = #{i € NN (M) = N ()} ) 5 g -
m/h(l;)(M g) € N*, resp. m;;(f)(M, ) =t{i e N*\/\”@(M ) = )\;;Ef)(M, )}
MM) > g — my L& )(M g) € N*] of the eigenvalue function )\( )(M )
[resp. )\h(;j)(M,-), resp. )\hgf)(M,-)] depends upper-semicontinuously on
g € M(M): for each g € M(M), there exists ¢ > 0 such that d(g,g') < €

implies
miy (M.g') < my) (M. g)
[resp. m}f])(M g) < mh(])(M g), resp. mh( )(M g) < mh( )(M g)], where
d denotes the canonical metric on IM(M).
For each k£ € {0,1,...,n} and for each j € N*, let Sl(lk])(M) [resp.
Sl;(;];)(M), resp. S;;(jk)(M)] be the set of all Riemz(ail)nian metrics g € M(M)
[

for which the first j eigenvalues of the operator A g lresp. of the restriction

of Agc; to the space of the h-exact and resp. h-coexact differential k-forms
on M] are simple, that is they have multiplicity one, i.e.

k k
S (M) == {g € MAIND (M, 9) < ... < M (M, g)}
resp. S, (M) = {g € 9ﬁ(M)|)\lfﬁ)(M 9) < oo < M (M, 9}, resp.
" k 1" k k‘
Shy) (M) := {g € MO (M, 9) < ... < 25 (M g)}).
Corollary 15. For each k € {0,1,...,n} and for each j € N*, 81(1]? (M)
[resp. S;l(;];)(M), resp. Sﬁ(]k)(M)] is open in M(M).

Open problem: It is an open problem to say if it would be possible to
prescribe a finite part of the h-exact spectrum of Aﬁlk), kEe{l,...,n—1}
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(for a discussion concerning this problem for the classical Hodge-de Rham
operator A®) | see CRAIOVEANU and PUTA [5], TURMACU [20]).

Now, let us sketch the proof of Theorems 3 and 4(i) using the heat
equation method associated to Al(qk). One should remark that this proof
provides another way toward a generalized Hodge theory (for the classical
case, see, for example, CRAIOVEANU and PuTA [4], CRAIOVEANU, PUTA
and RAssIAS [6]). Firstly, let us note that

AR _

%1\1336 B akany = Lakan

for each & € {0,1,...,n} and recall that et AF(M) — AF(M) is
formally self-adjoint and formally positive for any ¢ € (0,+00). Moreover,

the unicity of the solution of the evolution equation (3.1) that satisfies the
initial condition (3.2) implies the following semigroup property of the family

(k)
{e*tAhk |t € (0,400)} of bounded linear operators:

k k k
PN N 7N € N

for any s,t € (0, +00).

Lemma 16. For each fived smooth differential k-form 6 € AF(M), the

real function
(k)
(0, +00) 3 t = [l (9)]* € (0, +-00)

is monotonically decreasing.

Now let us point out the behaviour of the smooth differential k-form
(k)
e~"n " (#) when t tends to +oo.

Theorem 17. Let 0 € A*(M) be a fived smooth differential k-form.
Then the following two statements are valid:

(1) ety (0) converges uniformly for t — +oo;

(44) Hl(lk) (0) :=limy— 4+ e_mg)(Q) € A¥(M) is a h-harmonic form.

The operator H, }(lk) : AF(M) — A¥(M) is called the h-harmonic projector
of order k € {0,1,...,n} associated to h. For 6 € A*(M) , let

(G (0)() = /Ooo<e‘tAik><9> — H(0)(@)dt, w € M.
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Lemma 18. Ggﬁ)(ﬁ) is well-defined and Ggg) (0) € AK(M) for any 6 €
AF(M) and k € {0,1,...,n}.

The operator Gﬁlk) . AK(M) — AF(M) is called the Green operator of
order k € {0,1,...,n} associated to h.

The proofs of Theorems 3 and 4(i) are now an easy consequence of the

next computation. Since H}(f)(e) € ICl(qk) for each § € A*(M), it follows that
k) ok k L a® k
Ao = o ( / (o8 0) o)t
/ AP (= () — 1P (0))dt

_ / AP (e=tA (9))dt

_ A(k)

B / at (6))dt

— lim e A% (0) — lim etAw (9)
t\0 t—o0

—0_ H(k)(e)

and consequently
0 =HP0)+AP(GP(0)) for any 6 € A¥(M).

Finally, let us discuss the asymptotics of Traceyz (e*mgp) as t \, 0 and
relate these asymptotics to Index(A(M),dn).

For each t € (0,1) and k € {0,1,...,n}, the restriction of El(qk)(-, -, t) on
the diagonal of M x M admits an asymptotic expansion. More precisely,
the following statement is valid.

Lemma 19. For each k € {0,1,...,n} and each m € N, there exists a
smooth mapping em(-,A( )) M — End(Ak(T* )) such that

(1) em(z, A(k)) € End(A*(T;M)) depends functorially on a finite num-
ber of jets of the symbol of the second order differential operator A( )

(i) E1(1 )(x,a:,t) ~ Y em(T, Aﬁl ))t 2 ast\,0, for any v € M;

(7i1) em(z, Age)) =0 for any x € M and any m odd.

For the proof, we refer to GILKEY [11], Lemma 1.8.2.
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Let
M 3z aplx, A](ﬂk)) = Trace(en(x, Agc))) eR
and
(3.3) am(AF)) = / an(e, AP )y (o) € R,
xe

the invariant scalar functions and the numerical invariants respectively as-
sociated to the differential operator Agg), ke {0,1,...,n}.

Lemma 20. (i) The invariants em(x,Aglk)) and am(x,Agﬁ)), m even,
can be expressed by local formulas that are homogeneous of order m in the
jets of the total symbol of Aglk) for each k € {0,1,...,n};

(13) am(z, Agg)) =0 for each m odd and any k € {0,1,...,n};

(

ii1) TmceLz(e_tAém) ~ Y am(Agc))t% as t \, 0, for each k €

{0,1,...,n}.

For the proof of statement (i) we refer to GILKEY [11], Lemma 1.8.3(c),

while the statement (i¢) is an immediate consequence of Lemma 19 (4¢7).
Statement (7i7) is an immediate consequence of the definition of

Tracer (e*mgﬂ)) [see Theorem 11(7)] and of Lemma 19(ii).
For each m € N, let us define the real function

(3.4) M >z ap(z, A(M),dy) = zn:(—l)kam(ac, Agc)) eR.
k=0

Theorem 21. Let (M, g) be a smooth closed Riemannian manifold of
dimension n and h a nonsingular smooth tensor field of type (1,1) on M
such that the Nijenhuis derivation corresponding to h vanishes. Then the
following statements are true:

(i) For each m € N, the mapping M > = — ap(z,A(M),d,) € R
can be expressed by a local formula in the jets of the symbols of Aglk),
k € {0,1,...,n}, which is homogeneous of order m, that is the invariants
am(z, A(M),dyn) € R, z € M, m even [see (ii)], are of local nature;

(7)) am(z, A(M),dn) =0 for each m odd;

(@4) [,cpp am(2, A(M), dn)dpg(x) =0 for each m € N\ {n};

(1) [oens an(@, AE, dp)dpg(x) = x(M).

The statement (7) [resp. (i7)] is an immediate consequence of Lemma
20(7) [resp. (i7)]. Concerning the statements (i7i) and (iv), we use Theorem
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11(47), Lemma 20(iii), as well as the definitions expressed by (3.3) and (3.4),
in order to derive the following relations:

n

X(M) = Index(A(M), dn) == Z(—l)kTracep ((fmgxk))

k=0
~ (1) (A2
m k=0
_ ~ K (. AN ) | 2
—;LZO< 1) ( / o AL >) '

m—n

(LEM am(";’A(M%dh)dug(ﬁf))t ;

I
i\

Since the Euler-Poincaré characteristic x(M) is independent of the pa-
rameter t, the previous asymptotic expansion is independent of ¢, so that
the mentioned statements now follow.

For other details concerning spectral properties of the differential op-
erators Agc), k € {0,...,n}, see CRET [7], LALESCU and STRETCU [14],
PETRISOR [15], PuTa [16].
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