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Abstract. The purpose of this paper is to study invariant submanifolds of a Rieman-
nian manifold endowed with a golden structure. An m-dimensional Riemannian manifold
(M̃, g̃, P̃ ) is called a golden Riemannian manifold if the (1,1)-tensor field P̃ on M̃ is a

golden structure (i.e. P̃ 2 = P̃ + Id) and g̃(P̃U, V ) = g̃(U, P̃V ) for every tangent vector

fields U, V ∈ χ(M̃).
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1. Introduction. The idea to construct a new structure on a Rie-
mannian manifold, named by us the golden structure, is based on several
results regarding geometrical structures constructed on Riemannian man-
ifolds ([1],[8],[10]). Goldberg and Yano ([5]) introduced the notion of
polynomial structures on a manifold. Our structure was inspired by the
Golden Ratio, which was described by Johannes Kepler (1571 − 1630) as
one of the ”two great treasures of geometry” (the other one is the Theorem
of Pythagoras). The Golden Ratio arises as a result of the solution regard-
ing the division problem of the line segment AB with a point C (which
belongs to the segment AB) in the ratio AC

CB = AB
AC . The first known written

definition of the Golden Ratio is given by Euclid of Alexandria (around 300
BC): ”A straight line is said to have been cut in extreme and mean ratio
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when, as the whole line is to the greater segment, so is the greater to the
lesser” ([4]).

In this paper, we study the properties of the golden structure on a m-
dimensional Riemannian manifold (M̃, g̃), defined as a polynomial structure
([5]) with the structure polynomial f(x) = x2 − x− Id = 0. This structure
is determined by an (1,1) tensor field P̃ on a m-dimensional Riemannian
manifold (M̃, g̃) which verifies a similar equation to that satisfied by the
Golden Ratio (i.e. x2 = x + 1). In Section 2 we establish several properties
of the induced structure on a submanifold in a Golden Riemannian manifold
and in Section 3 we find some properties of the induced structure on an
invariant submanifold in a golden Riemannian manifold.

We called, in [6], a golden structure on a m-dimensional Riemannian
manifold (M̃, g̃) an (1,1)-tensor field P̃ which satisfies the equation:

(1.1) P̃ 2 = P̃ + Id

where Id is the identity on the Lie algebra of vector fields on M̃ , χ(M̃).
A Riemannian manifold (M̃, g̃), endowed with a golden structure P̃ such

that

(1.2) g̃(P̃U, V ) = g̃(U, P̃V ),

we say that the metric g̃ is P̃ -compatible and (P̃ , g̃) is named a golden
Riemannian structure.

2. Properties of induced structures on submanifolds in golden
Riemannian manifolds. Let M be a n-dimensional submanifold of codi-
mension r, immersed in a Riemannian manifold (M̃, g̃, P̃ ), with a Rie-
mannian metric g̃ and a golden structure P̃ such that the metric g̃ is P̃ -
compatible (the compatibility is provided by the relation (1.2)). We denote
by TxM the tangent space of M in x ∈ M and by T⊥x M the normal space of
M in x, for every x ∈ M . Let i∗ the differential of immersion i : M → M̃ .
The induced Riemannian metric g of M is given by

(2.1) g(X, Y ) = g̃(i∗X, i∗Y ),

for all X, Y ∈ χ(M). We consider a local orthonormal basis {N1, ..., Nr}
of the normal space Tx(M)⊥ at every point x ∈ M . We suppose that the
range indices α, β, γ is in 1, 2, ..., r and i, j, k ∈ {1, ..., n}.
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For any X ∈ TxM , P̃ i∗X and P̃Nα can be decomposed in tangential
and normal components at M in the forms:

(2.2) P̃ i∗X = i∗PX +
∑
α

uα(X)Nα, (∀)X ∈ χ(M)

and

(2.3) P̃Nα = εi∗ξα +
∑

β

aαβNβ, (ε = ±1)

where P is an (1,1)-tensor field, ξα are tangent vector fields on submanifold
M , uα are 1-forms on M and a := (aαβ)r is a r× r matrix of real functions
on M . Thus, we obtain a structure (P, g, uα, ξα, (aαβ)r) induced on M by
(P̃ , g̃). The Gauss and Weingarten formulae are:

(2.4) ∇̃XY = ∇XY +
r∑

α=1

hα(X, Y )Nα, ∇̃XNα = −AαX +∇⊥XNα,

respectively, where hα(X, Y ) = g(AαX, Y ), for every X, Y ∈ χ(M).
If {N1, ..., Nr} and {N ′

1, ..., N
′
r} are two local orthonormal basis on a

normal space T⊥x M then, the decomposition of N ′
α in the basis {N1, ..., Nr}

is the following

(2.5) N ′
α =

r∑

γ=1

kγ
αNγ ,

for any α ∈ {1, ..., r}, where (kγ
α) is an r × r orthogonal matrix and we

have (from [2]): u′α =
∑

γ kγ
αuγ , ξ′α =

∑
γ kγ

αξγ and a′αβ =
∑

γ kγ
αaγδk

δ
β.

Thus, if ξ1, ..., ξr are linearly independent vector fields, then ξ′1, ..., ξ
′
r are

also linearly independent. Furthermore, because aαβ is symmetric in α and
β, under a suitable transformation, we can find that aαβ can be reduced
to a′αβ = λαδαβ, where λα (α ∈ {1, 2, ..., r}) are eigenvalues of the matrix
(aαβ)r and in this case we have: u′β(ξα) = εδαβ(1 + λα − λαλβ) and from
this we obtain u′α(ξα) = ε(1 + λα − λ2

α).

Proposition 2.1. If we suppose that ξ1, ..., ξr are linearly independent
tangent vector fields on M, it follows that the 1-forms u1, ..., ur are also
linearly independent.
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Proof. The equality
∑r

α=1 µαuα(X) = 0 is equivalent with

0 =
∑
α

µαg(X, ξα) = g(X,
∑
α

µαξα), (∀)X ∈ χ(M)

thus, we have
∑r

α=1 µαξα = 0 ⇒ µα = 0 so, u1, ..., ur are linearly indepen-
dent on M.

Proposition 2.2. If M is a n-dimensional submanifold of codimen-
sion r, isometrically immersed in a golden Riemannian manifold (M̃, g̃, P̃ ),
from (1.4) and (1.5) we obtain that the elements P, g, uα, εξα, (aαβ)r of the
induced structure on M by the golden structure P̃ , verify the following equal-
ities:

(2.6) P 2X = PX + X − ε
∑
α

uα(X)ξα,

(2.7) uα(PX) = (1− aαα)uα(X) = uα(X)− aαβ(X),

(2.8) aαβ = aβα,

(2.9) uβ(ξα) = ε(δαβ + aαβ −
∑

γ

aαγaγβ),

(2.10) Pξα = ξα −
∑

β

aαβξβ,

and the connections between the (1,1) tensor field P on M and the induced
metric g on the submanifold M are as follows:

(2.11) uα(X) = εg(X, ξα),

(2.12) g(PX, Y ) = g(X,PY ),

and

(2.13) g(PX, PY ) = g(PX, Y ) + g(X, Y )−
∑
α

uα(X)uα(Y ),

for any X,Y ∈ χ(M).
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Remark 2.1. If M is a non-invariant n-dimensional submanifold of
codimension r, immersed in a golden Riemannian manifold (M̃, g̃, P̃ ) so
that the tangent vector fields ξ1, ξ2, ..., ξr are linearly independent then,
from (2.9) and (2.11) we obtain:

(2.14) ‖ξα‖2 = 1 + aαα −
∑

γ

a2
αγ

and, for α 6= β we have

(2.15)
∑

γ

aαγaγβ = aαβ.

For the normal connection ∇⊥XNα, we have the decomposition

(2.16) ∇⊥XNα =
r∑

β=1

lαβ(X)Nβ,

for every X ∈ χ(M). Therefore, we obtain an r × r matrix (lαβ(X))r of 1-
forms on M. From g̃(Nα, Nβ) = δαβ we get g̃(∇⊥XNα, Nβ)+ g̃(Nα,∇⊥XNβ) =
0 which is equivalent with g̃(

∑
γ lαγ(X)Nγ , Nβ)+ g̃(Nα,

∑
γ lβγ(X)Nγ) = 0,

for any X ∈ χ(M). Thus, we obtain

(2.17) lαβ = −lβα,

for any α, β ∈ {1, ..., r}.
Let N

P̃
(X,Y ) be the Nijenhuis torsion tensor field of P̃ , defined by ([7]):

(2.18) N
P̃
(X,Y ) = [P̃X, P̃Y ] + P̃ 2[X, Y ]− P̃ [P̃X, Y ]− P̃ [X, P̃Y ].

Remark 2.2. If (M, g) is a Riemannian manifold endowed with an (1,1)
tensor field P, then the Nijenhuis tensor of P verifies that

(2.19)
N

P̃
(X, Y ) = (∇̃

P̃X
P̃ )(Y )− (∇̃

P̃ Y
P̃ )(X)

−P̃ [(∇̃X P̃ )(Y )− (∇̃Y P̃ )(X)],

for any X, Y ∈ χ(M̃), where ∇̃ is the Levi-Civita connection on M̃ .
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Remark 2.3. If we suppose that (M̃, g̃, P̃ ) is a locally product Rieman-
nian manifold (i.e. P̃ is parallel with respect to the Levi-Civita connection
∇̃ of g̃, ∇̃P̃ = 0), from (2.19) we obtain the integrability of the structure P̃
(which is equivalent with the vanishing of the Nijenhuis torsion tensor field
of P̃ ).

We denoted by P the (1,2)-tensor field on M̃ , such that

(2.20) P(X̃, Ỹ ) = (∇̃
X̃

P̃ )(Ỹ ) := ∇̃
X̃

(P̃ Ỹ )− P̃ (∇̃
X̃

Ỹ ),

for any X̃, Ỹ ∈ χ(M̃).
Let P(X̃, Ỹ )> and P(X̃, Ỹ )⊥ be tangential and respectively normal com-

ponents on M of P(X̃, Ỹ ), for any X̃, Ỹ ∈ χ(M̃).

Theorem 2.1. If M is an n-dimensional submanifold of codimension r
in a golden Riemannian manifold (M̃, g̃, P̃ ), then the structure (P, g, uα, εξα,
(aαβ)r) induced on M by the structure P̃ has the following properties:

(2.21)





(i)(∇XP )(Y ) = P(X, Y )> + ε
∑
α

hα(X, Y )ξα +
∑
α

uα(Y )AαX,

(ii)(∇Xuα)(Y ) = g̃(P(X, Y ), Nα)− hα(X,PY )
+

∑

β

(uβ(Y )lαβ(X) + hβ(X,Y )aβα)

(iii)∇Xξα = P(X, Nα)> − εP (AαX) + ε
∑

β

aαβAβX

+
∑

β

lαβ(X)ξβ,

(iv)X(aαβ) = g̃(P(X,Nα), Nβ)− εuα(AβX)− uβ(AαX)
+

∑
γ

[lαγ(X)aγβ + lβγ(X)aαγ ]

for any X,Y ∈ χ(M).

Proof. From ∇̃X(P̃ Y ) = ∇XPY −∑
α uα(Y )AαX +

∑
α[hα(X, PY ) +

X(uα(Y )) +
∑

β uβ(Y )lβα(X)]Nα and

P̃ (∇̃XY ) = P (∇XY ) + ε
∑
α

hα(X, Y )ξα

+
∑
α

[uα(∇XY ) +
∑

β

hβ(X,Y )aβα]Nα
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we obtain

P(X, Y ) = (∇XP )(Y )−
∑
α

uα(Y )AαX − ε
∑
α

hα(X,Y )ξα

+
∑
α

[hα(X,PY ) + (∇Xuα)(Y )

+
∑

β

uβ(Y )lβα(X)−
∑

β

hβ(X, Y )aβα]Nα.

Thus, identifying the tangential part and respectively the normal part in
the last equality, we obtain (i) and (ii) from (2.21).

From

∇̃X(P̃Nα) = ε∇Xξα −
∑

β

aαβAβX +
∑

β

[X(aαβ) + εhβ(X, ξα)

+
∑

γ

aαγ · lγβ(X)]Nβ

and

P̃ (∇̃XNα) = −P (AαX) + ε
∑

β

lαβ(X)ξβ −
∑

β

[uβ(AαX)

−
∑

γ

aγβlαγ(X)]Nβ

we obtain

P(X, Nα) = ε∇Xξα + P (AαX)− ε
∑

β

lαβ(X)ξβ −
∑

β

aαβAβX

+
∑

β

[X(aαβ) + εhβ(X, ξα) + uβ(AαX)

−
∑

γ

(aγβlαγ(X)− aαγ · lγβ(X))]Nβ.

Thus, identifying the tangential part and respectively the normal part in
the last equality, we obtain (iii) and (iv) from (2.21). ¤

We can find, in a similar way like in [7], the following property:
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Theorem 2.2. Let M be a n-dimensional submanifold of codimension
r in a golden Riemannian manifold (M̃, g̃, P̃ ) with ∇̃P̃ = 0. If (P, g, uα, ξα,
(aαβ)r) is the induced structure on M by (P̃ , g̃) and ∇ is the Levi-Civita
connection defined on M with respect to g then, the Nijenhuis torsion tensor
field of P has the form:

(2.22)

NP (X,Y ) = −
∑
α

g((PAα −AαP )(X), Y )ξα

−
∑
α

g(Y, ξα)(PAα −AαP )(X)

+
∑
α

g(X, ξα)(PAα −AαP )(Y )

for any X,Y ∈ χ(M).

Corollary 2.1. Let M be a n-dimensional submanifold of codimension r
in a golden Riemannian manifold (M̃, g̃, P̃ ) and let (P, g, uα, ξα, (aαβ)r) be
the induced structure on M by (P̃ , g̃). If ∇̃P̃ = 0 and the (1,1) tensor field
P on M commutes with the Weingarten operators Aα (that is PAα = AαP ,
for any α ∈ {1, ..., r}) then, the Nijenhuis torsion tensor field of P vanishes
on M (that is NP (X, Y ) = 0, for any X, Y ∈ χ(M)).

Remark 2.4. Using the model for an almost paracontact structure ([9]),
we can compute the components N (1), N (2), N (3) and N (4) of the Nijenhuis
torsion tensor field of P for the (P, g, ξα, uα, (aαβ)r) induced structure on
a n-dimensional submanifold M of codimension r in a golden Riemannian
manifold (M̃, g̃, P̃ ):

(2.23)





(i) N (1)(X,Y ) = NP (X, Y )− 2
r∑

α=1

duα(X, Y )ξα,

(ii) N
(2)
α (X, Y ) = (LPXuα)Y − (LPY uα)X,

(iii) N
(3)
α (X) = (LξαP )X,

(iv) N
(4)
αβ (X) = (Lξαuβ)X,

for any X, Y ∈ χ(M) and α, β ∈ {1, ..., r}, where NP is the Nijenhuis torsion
tensor field of P and LX means the Lie derivative with respect to X.

Proposition 2.3. Let M be a n-dimensional submanifold of codimen-
sion r in a golden Riemannian manifold (M̃, g̃, P̃ ) with ∇̃P̃ = 0 and let
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(P, g, uα, ξα, (aαβ)r) be the induced structure on M. If the normal connection
∇⊥ on the normal bundle T⊥M vanishes identically (∇⊥ = 0 ⇐⇒ lαβ = 0),
then the components N (1), N (2), N (3) and N (4) of the Nijenhuis torsion ten-
sor field of P for the structure (P, g, ξα, uα, (aαβ)r) induced on M have the
forms:

(2.24)





(i) N (1)(X, Y ) =
∑
α

g(X, ξα)(PAα −AαP )(Y )

−
∑
α

g(Y, ξα)(PAα −AαP )(X),

(ii) N
(2)
α (X, Y ) = −

∑

β

aαβg((PAβ −AβP )(X), Y )

+
∑

β

aαβuβ([X, Y ]) +
∑

β

[uβ(X)uα(AβY )− uβ(Y )uα(AβX)],

(iii) N
(3)
α (X) =

∑

β

aαβ(PAβ −AβP )(X)

−P (PAα −AαP )(X) +
∑

β

[uα(AβX)ξβ + uβ(X)Aβξα],

(iv) N
(4)
αβ (X) = −uα(AβPX)− uβ(PAαX)

+
∑

γ

[aαγuβ(AγX) + aγβuα(AγX)]

for any X, Y ∈ χ(M).

Corollary 2.2. Under the assumptions of the last proposition, if P and
the Weingarten operators Aα commute (i.e. PAα = AαP, α ∈ {1, ..., r})
then we obtain

(2.25)





(i) N (1)(X, Y ) = 0,
(ii)N (2)

α (X,Y ) =
∑

β

(aαβuβ([X, Y ]) + uβ(X)uα(AβY )

−uβ(Y )uα(AβX)),
(iii)N (3)

α (X) =
∑

β

[uα(AβX)ξβ + uβ(X)Aβξα],

(iv) N
(4)
αα (X) = 2

∑
γ

aαγuα(AγX)− 2uα(PAαX)

We denote by

(2.26) Dx = {Xx ∈ TxM : uα(Xx) = 0}, for any α ∈ {1, ..., r}.
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If ξ1, ..., ξr are linearly independent, we remark that Dx is an (n − r)-
dimensional subspace in TxM and the function D : x 7→ Dx, (∀)x ∈ M
is a distribution locally defined on M. If X ∈ D, we have that uα(PX) = 0
for any X ∈ D, then PX ∈ D. Therefore D is an invariant distribution
with respect to P.

If D⊥
x is the orthogonal supplement of Dx in TxM , then we obtain the

distribution D⊥ : x 7→ D⊥
x . Furthermore, we have the decomposition of

TxM = Dx ⊕ D⊥
x , the vector fields ξα 6= 0 are orthogonal on Dx and

ξα ∈ D⊥
x . Thus, if ξα 6= 0 for any α ∈ {1, ..., r}, then D⊥

x is generated
by ξ1, ..., ξr and D⊥

x is r-dimensional in TxM . We remark that the space
Dx is P-invariant and P is a golden Riemannian structure on D and its
eigenvalues are 1±√5

2 .

3. Properties of invariant submanifolds in golden Riemannian
manifolds

Definition 3.1. ([3])If on M there exist two complementary and orthog-
onal distributions D and D⊥, satisfying the conditions:

(3.1) P̃ (Dx) = Dx; P̃ (D⊥
x ) ⊂ Tx(M)⊥

for each x ∈ M , then M is called a semi-invariant submanifod of the locally
product Riemannian manifold M̃ .

Particulary, we have ([2]):
(i) if dimDx = dimTx(M) for each x ∈ M then M is an invariant submani-
fold of M̃ ; in this case we have that

(3.2) P̃ (Tx(M)) ⊂ Tx(M)

and

(3.3) P̃ (Tx(M)⊥) ⊂ Tx(M)⊥

for every x ∈ M .
(ii) if dimDx = 0, for each x ∈ M then M is an anti-invariant submanifold
of M̃ ; in this case we have that

(3.4) P̃ (Tx(M)) ⊂ Tx(M)

for every x ∈ M .



11 ON SOME INVARIANT SUBMANIFOLDS IN A RIEMANNIAN MANIFOLD209

Remark 3.1. If M is a n-dimensional invariant submanifold of codi-
mension r, immersed in a golden Riemannian manifold (M̃, g̃, P̃ ), then ξα

(α ∈ {1, 2, ..., r}) are zero vector fields and 1-forms uα vanishes identically
on M (that is uα(X) = g(X, ξα) = 0). Consequently, (2.2) and (2.3) are
respectively written as follows:

(3.5) P̃ i∗X = i∗PX, P̃Nα =
∑

β

aαβNβ, (∀)X ∈ χ(M), α ∈ {1, 2, ..., r}

Thus, from Proposition 2.2, we obtain that the element of the structure
(P, g, uα, εξα, (aαβ)r), induced on M by structure (g̃, P̃ ), verifies these equal-
ities:

(3.6)





(i) P 2X = PX + X,

(ii) aαβ = aβα,

(iii)
∑

γ aαγaγβ = aαβ + δαβ ,

(iv) g(PX, Y ) = g(X, PY ),
(v) g(PX, PY ) = g(PX, Y ) + g(X, Y ),

for every X, Y ∈ χ(M) and α, β ∈ {1, 2, ..., r}.
Proposition 3.1. Let M be a n-dimensional submanifold of codimen-

sion r, isometrically immersed in a golden Riemannian manifold (M̃, g̃, P̃ )
and let (P, g, uα, εξα, (aαβ)r) be the induced structure on M by structure
(g̃, P̃ ). A necessary and sufficient condition for M to be invariant is that
the induced structure (P, g) on M is a golden Riemannian structure, when-
ever P is non-trivial.

From Theorem 2.1 we obtain:

Proposition 3.2. Let M be an n-dimensional invariant submanifold of
codimension r, isometrically immersed in a golden Riemannian manifold
(M̃, g̃, P̃ ) and let (P, g, uα, εξα, (aαβ)r) be the induced structure on M by
structure (g̃, P̃ ). Then

(3.7)





(i) (∇XP )(Y ) = P(X, Y )>,

(ii) g̃(P(X, Y ), Nα)− hα(X,PY ) +
∑

β aαβhβ(X, Y ) = 0
(iii) P(X,Nα)> − εP (AαX) + ε

∑
β aαβAβX = 0,

(iv) X(aαβ) = g̃(P(X,Nα), Nβ) +
∑

γ [lαγ(X)aγβ + lβγ(X)aαγ ]

for any X, Y ∈ χ(M).
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Proposition 3.3. If M is a n-dimensional invariant submanifold of
codimension r in a golden Riemannian manifold (M̃, g̃, P̃ ) with ∇̃P̃ = 0 and
(P, g, uα, ξα, (aαβ)r) is the induced structure on M by (P̃ , g̃) (where ∇ is the
Levi-Civita connection defined on M with respect to g) then, the Nijenhuis
torsion tensor field of P vanishes identically on M (i.e. NP (X, Y ) = 0, for
any X,Y ∈ χ(M)).

Proposition 3.4. Let M be a n-dimensional invariant submanifold of
codimension r in a golden Riemannian manifold (M̃, g̃, P̃ ) with ∇̃P̃ = 0
and let (P, g, uα, ξα, (aαβ)r) be the induced structure on M. If the normal
connection ∇⊥ on the normal bundle T⊥M vanishes identically (lαβ = 0),
then the components N (1), N (2), N (3) and N (4) of the Nijenhuis torsion
tensor field of P for the structure (P, g, ξα, uα, (aαβ)r) induced on M have
the forms:

(3.8)





(i) N (1)(X,Y ) = N
(4)
αβ (X) = 0,

(ii) N
(2)
α (X, Y ) = −∑

β aαβg((PAβ −AβP )(X), Y )
(iii) N

(3)
α (X) =

∑
β aαβ(PAβ −AβP )(X)− P (PAα −AαP )(X),

for any X,Y ∈ χ(M).

Remark 3.2. In conditions of the last proposition, if PAα = AαP
for every α ∈ {1, 2, ..., r}, then the components N (1), N (2), N (3) and N (4)

vanishes identicaly on M (i.e. N (1) = N (2) = N (3) = N (4) = 0).
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