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Abstract. The purpose of this paper is to study invariant submanifolds of a Rieman-
nian manifold endowed with a golden structure. An m-dimensional Riemannian manifold
(M,g, P) is called a golden Riemannian manifold if the (1,1)-tensor field P on M is a
golden structure (i.e. P> = P + Id) and §(PU,V) = g(U, PV) for every tangent vector

fields U,V € x(M).
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1. Introduction. The idea to construct a new structure on a Rie-
mannian manifold, named by us the golden structure, is based on several
results regarding geometrical structures constructed on Riemannian man-
ifolds ([1],[8],[10]). GOLDBERG and YANO ([5]) introduced the notion of
polynomial structures on a manifold. Our structure was inspired by the
Golden Ratio, which was described by Johannes Kepler (1571 — 1630) as
one of the ”two great treasures of geometry” (the other one is the Theorem
of Pythagoras). The Golden Ratio arises as a result of the solution regard-
ing the division problem of the line segment AB with a point C (which
belongs to the segment AB) in the ratio % = ﬁ—g. The first known written
definition of the Golden Ratio is given by Euclid of Alexandria (around 300
BC): ”A straight line is said to have been cut in extreme and mean ratio
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when, as the whole line is to the greater segment, so is the greater to the
lesser” ([4]).

In this paper, we study the properties of the golden structure on a m-
dimensional Riemannian manifold (M, g), defined as a polynomial structure
([5]) with the structure polynomial f(z) = 2* — x — Id = 0. This structure
is determined by an (1,1) tensor field P on a m-dimensional Riemannian
manifold (M,§) which verifies a similar equation to that satisfied by the
Golden Ratio (i.e. #2 = 2+ 1). In Section 2 we establish several properties
of the induced structure on a submanifold in a Golden Riemannian manifold
and in Section 3 we find some properties of the induced structure on an
invariant submanifold in a golden Riemannian manifold.

We called, in [6], a golden structure on a m-dimensional Riemannian
manifold (]TI/ ,9) an (1,1)-tensor field P which satisfies the equation:

(1.1) P’=P+1d

where Id is the identity on the Lie algebra of vector fields on M X(M ).

A Riemannian manifold (M 3), endowed with a golden structure P such
that

(1.2) §(PU,V) =g(U,PV),

we say that the metric g is ﬁ—compatible and (ﬁ,ﬁ) is named a golden
Riemannian structure.

2. Properties of induced structures on submanifolds in golden
Riemannian manifolds. Let M be a n-dimensional submanifold of codi-
mension r, immersed in a Riemannian manifold (M ., ]3), with a Rie-
mannian metric g and a golden structure P such that the metric g is P-
compatible (the compatibility is provided by the relation (1.2)). We denote
by T, M the tangent space of M in 2 € M and by T;- M the normal space of
M in x, for every x € M. Let i, the differential of immersion i : M — M.
The induced Riemannian metric g of M is given by

(2'1) g(X7 Y) = E(i*X,i*Y),

for all X,Y € x(M). We consider a local orthonormal basis {Ny, ..., N, }
of the normal space T, (M )l at every point x € M. We suppose that the
range indices a, 3,7y isin 1,2,...,r and 4,5,k € {1, ...,n}.
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For any X € T, M, Pi, X and ﬁNa can be decomposed in tangential
and normal components at M in the forms:

(2.2) Pi,X =i,PX + > ua(X)Na, (V)X € x(M)
and
(2.3) PNy =¢iséa+ Y _aapNg, (e ==£1)

s

where P is an (1,1)-tensor field, &, are tangent vector fields on submanifold
M, u, are 1-forms on M and a := (aqg), is a 7 X r matrix of real functions
on M. Thus, we obtain a structure (P, g, uq,&q, (@qp)r) induced on M by
(P,§). The Gauss and Weingarten formulae are:

(24)  VxY =VxV+ Y ho(X,Y)Na, VxNe=-AaX + VxNa,

a=1

respectively, where ho(X,Y) = g(A.X,Y), for every X, Y € x(M).

If {N1,...,N,} and {N7,..., N/} are two local orthonormal basis on a
normal space T;-M then, the decomposition of N/, in the basis { Ny, ..., N;-}
is the following

-
(2.5) N, =Y KIN,,
y=1

for any « € {1,...,r}, where (kg) is an r x 7 orthogonal matrix and we
have (from [2]): uj, = >0 kauy, &§, = >0 ka&y and a5 = >, k:gawgk:g.
Thus, if &,...,& are linearly independent vector fields, then &, ...,&. are
also linearly independent. Furthermore, because a,g is symmetric in o and
B, under a suitable transformation, we can find that a,g can be reduced
to aj5 = Aadag, where A\q (o € {1,2,...,7}) are eigenvalues of the matrix
(aap)r and in this case we have: uj(§a) = €dap(l + Ao — AaAg) and from
this we obtain ul,(£4) = e(1 + Ao — A2).

Proposition 2.1. If we suppose that &1, ...,&, are linearly independent
tangent vector fields on M, it follows that the I1-forms uq,...,u, are also
linearly independent.
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Proof. The equality Y. _; u%uq(X) = 0 is equivalent with
O—ZﬂgXﬁa ) =g(X Zufa V)X € x(M)

thus, we have >! | u%q =0 = pu* =0 so, u1, ..., u, are linearly indepen-
dent on M.

Proposition 2.2. If M is a n-dimensional submanifold of codimen-
sion r, isometrically immersed in a golden Riemannian manifold (M g, P),
from (1.4) and (1.5) we obtain that the elements P, g, ua, €€, (aag)r of the
induced structure on M by the golden structure ﬁ, verify the following equal-
ities:

(2.6) P’X =PX + X —EZua )as
(2.7) Ua(PX) = (1 = taa)ta(X) = ua(X) — ans(X),
(28) AapB = ABa,
(2.9) ug(§a) = &(0ap + Gag = D Gayyp),
gl
(2.10) P&y = 8o — Zaaﬁfﬂv
B

and the connections between the (1,1) tensor field P on M and the induced
metric g on the submanifold M are as follows:

(2'11) ua(X) :€g(X,£a),

(2.12) g(PX,Y) = g(X, PY),

and

(2.13) g(PX,PY) = g(PX,Y) + g(X,V) = Y ua(X)ua(Y),

«

for any X, Y € x(M).
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Remark 2.1. If M is a non-invariant n-dimensional submanifold of
codimension r, immersed in a golden Riemannian manifold (M,g, ﬁ) SO
that the tangent vector fields &i1,&o,...,&, are linearly independent then,
from (2.9) and (2.11) we obtain:

(2.14) I€all? =1+ a0 — > a2,
Y

and, for a # 3 we have

(2.15) Z Aaryryg = Qo
g
For the normal connection V)L(Na, we have the decomposition
'
(2.16) VxNa = los(X)Ng,
p=1

for every X € x(M). Therefore, we obtain an 7 x r matrix (l,3(X)), of 1-
forms on M. From §(Ny, Ng) = 645 we get (V% Na, Ng) +G(No, Vi Ng) =

0 which is equivalent with g(3_. lay (X)Ny, Ng)+g(Na, D, lgy(X)Ny) =0,
for any X € x(M). Thus, we obtain

(2.17) laﬁ = —lga,

for any o, 5 € {1,...,7}. B
Let N5(X,Y) be the Nijenhuis torsion tensor field of P, defined by ([7]):

(2.18)  N3(X,Y)=[PX,PY]+ P*X,Y] - P[PX,Y] - P[X, PY].

Remark 2.2. If (M, g) is a Riemannian manifold endowed with an (1,1)
tensor field P, then the Nijenhuis tensor of P verifies that

- No(X,Y) = (Vp P)(Y) = (V5 P)(X)
2.19
_BIFxP)(Y) - (Fy P)(X)],

for any X,Y € X(M), where V is the Levi-Civita connection on M.
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Remark 2.3. If we suppose that (]Tj ., ﬁ) is a locally product Rieman-
nian manifold (i.e. Pis parallel with respect to the Levi-Civita connection
V of §, VP = 0), from (2.19) we obtain the integrability of the structure P
(which is equivalent with the vanishing of the Nijenhuis torsion tensor field
of P).

We denoted by P the (1,2)-tensor field on M, such that

(2.20) P(X,Y) = (VgP)(Y):=V(PY) - P(VgY),

for any )Z',f € X(M)
Let P(X,Y)" and P(X V)L be tangential and respectively normal com-
ponents on M of P(X,Y), for any X,Y € y(M).

Theorem 2.1. If M is an n-dimensional submanifold of codimension r
in a golden Riemannian manifold (M g, 1 ) then the structure (P, g, uq, €€a,
(aap)r) induced on M by the structure P has the following properties:

(i)(VxP)(Y) = P(X,Y) +8Zh XY§a+Zua YA X,

(1) (Vxua)(Y) = g(P(X Y) N, ) ha(X, PY)
+> (ug )+ ha(X,Y)ag,)
ﬁ

(2.21) <Z“)VX§04 - 7)( ) - 5P(A X +e€ Z aagAﬁX
B
+ Zlaﬂ 667

()X (aag) = (P(X, Na), Ng) — eta(ApX) — ug(AaX)
+ Z[lav (X)ays + 1y (X)aasy]
R

\
for any X, Y € x(M).

Proof. From Vx(PY) = VxPY =3, ua(Y)As X + 3 [ha(X, PY) +
X(ua(Y)) + ZB ug(Y)lga(X)| Ny and

P(VxY) = P(VxY)+e) ha(X,Y)&

+ Z[UQ(VXY) + Z hﬂ(Xv Y)a’,@a]Na
a B
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we obtain

P(X,Y) = (VxP)( Zua AX—z-:Zh (X,Y)é,
+Z (X, PY) + (Vxua)(Y)

+Zuﬁ )ga(X) =Y hs(X,Y)aga]Na.
5

Thus, identifying the tangential part and respectively the normal part in
the last equality, we obtain (i) and (ii) from (2.21).
From

Vx(PN,) = eVxéa— ZaaﬁAﬂx+Z (aap) + cha(X, &)

"‘Zaav' v8(X)]Ng
gl
and
P(VxNa) = —P(AuX)+e) lap(X)€s— Y [us(AaX)
B B
_Zavﬁlav(X N,
S
we obtain

P(X,Na) = eVxla + P(AuX) =Y lap(X)és— > aapAsX
8 B

+Z (aap) + ehg(X, &) + ug(AaX)

— Z awlm ) — Qqy - ZWB(X))]NB

Thus, identifying the tangential part and respectively the normal part in
the last equality, we obtain (iii) and (iv) from (2.21). O
We can find, in a similar way like in [7], the following property:



206 C.-E. HRETCANU and M. CRASMAREANU 8

Theorem 2.2. Let M be a n-dimensional submanifold of codimension
rin a golden Riemannian manifold (M, g, P) with VP = 0. If (P, g, ua;&as
(aap)r) is the induced structure on M by (P,g) and V is the Levi-Civita
connection defined on M with respect to g then, the Nijenhuis torsion tensor
field of P has the form:

NP(X,Y) :_Zg((PAOc—AaP)(X)7Y)§a
(2.22) =Y 9(Y, ) (PAy — A P)(X)
+> (X, &) (PAy — Ao P)(Y)

for any X, Y € x(M).

Corollary 2.1. Let M be a n-dimensional submanifold of codimension r
in a golden Riemannian manifold (M g, ) and let (P, g,uqa,&a, (aap)r) be
the induced structure on M by (P,g). If VP =0 and the (1,1) tensor field
P on M commutes with the Weingarten operators Ay (that is PA, = AP,
for any a € {1,...,7}) then, the Nijenhuis torsion tensor field of P vanishes
on M (that is Np(X,Y) =0, for any X,Y € x(M)).

Remark 2.4. Using the model for an almost paracontact structure ([9]),
we can compute the components N, N2 NG) and N@ of the Nijenhuis
torsion tensor field of P for the (P, g,&n,uq, (@ag)r) induced structure on
a n-dimensional submanifold M of codimension r in a golden Riemannian

manifold (M .3, ]5) :

(i) NO(X,Y)=Np(X,Y) -2 Z dua (X, Y)Eq,
a=1

(2.23) (i) NP(X,Y) = (Lrpxua)Y — (Lryua)X,

(i) NP(X) = (Le, P)X

(iv) NJ(X) = (Le,up)X

forany X,Y € x(M) and «, 5 € {1, ...,r}, where Np is the Nijenhuis torsion
tensor field of P and L£x means the Lie derivative with respect to X.

Proposition 2.3. Let M be a n-dimensional submanifold of codimen-
sion r in a golden Riemannian manifold (M g,P) with VP = 0 and let
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(P, 9,ua,&a, (aap)r) e the induced structure on M. If the normal connection
V+ on the normal bundle T+ M vanishes identz’cally (VE=0<=1l,5=0),
then the components NV, N@ NG and N of the Nijenhuis torsion ten-
sor field of P for the structure (P, g,&q, Uq, (aag)r) induced on M have the
forms:

((Z) N(l)(X7 Y) = ZQ<X7§a)(PAa — AaP)(Y)
*Zg(yvga)(PAoz *AaP)(X)a

(i) N (X, Y) = Zaagg (PAg — AgP)(X),Y)

+Zaaﬁuﬂ (X, Y7]) +Z“B Jua(AgY) — ug(Y)ua(AgX)],

(2.24) )
(ZZZ) Né = Zaag PAﬁ Agp)( )
B
—P(PAq = AaP)(X) + ) _[ua(AsX)és + up(X) Aptal,
B

(iv) N3 (X) = —ua(AsPX) — ug(PA.X)
+ Z[aa'yuﬁ(AvX) + aygua(Ay X))

\ vy

for any X,Y € x(M).

Corollary 2.2. Under the assumptions of the last proposition, if P and
the Weingarten operators A, commute (i.e. PA, = AsP,a € {1,...,1})
then we obtain

(i) NO(X,Y) =0,
NS (X, Y) = Y (aapus([X,Y]) + us(X)ua(A5Y)
B8

(2.25) —ug(Y)ua(A4pX)),
<m>N3< X) = [ua(ApX)&s +us(X) Agéal,

B
(iv) No@ (X) = 2 tarta (A, X) — 2ua(PALX)

\ Y

We denote by

(2.26) D, ={X, € TuM : uy(X,) =0}, for any a € {1,...,7}.
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If &,...,& are linearly independent, we remark that D, is an (n — r)-
dimensional subspace in T, M and the function D : & — Dy, (Y)z € M
is a distribution locally defined on M. If X € D, we have that u,(PX) =0
for any X € D, then PX € D. Therefore D is an invariant distribution
with respect to P.

If D} is the orthogonal supplement of D, in T,,M, then we obtain the
distribution D+ : z ~— DZE. Furthermore, we have the decomposition of
T.M = D, ® Dj, the vector fields &, # 0 are orthogonal on D, and
£, € DY, Thus, if & # 0 for any « € {1,...,r}, then D} is generated
by &1,...,& and Dy is r-dimensional in 7, M. We remark that the space
D, is P-invariant ?d P is a golden Riemannian structure on D and its
1+v5

ot

eigenvalues are

3. Properties of invariant submanifolds in golden Riemannian
manifolds

Definition 3.1. ([3])If on M there exist two complementary and orthog-
onal distributions D and D, satisfying the conditions:

(3'1) JB(D:B) = Dy; ﬁ(Dch_> - Tz(M)J_

for each x € M, then M is called a semi-invariant submanifod of the locally
product Riemannian manifold M.

Particulary, we have ([2]):
(i) if dimDy = dimT, (M) for each € M then M is an invariant submani-
fold of M ; in this case we have that

(3.2) P(Ty(M)) C To(M)
and
(3.3) P(Ty(M)*) € To(M)*

for every z € M.
(ii) if dimD, = 0, for each = € M then M is an anti-invariant submanifold
of M; in this case we have that

(3.4) P(Tw(M)) C To(M)

for every z € M.
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Remark 3.1. If M is a n-dimensional invariant submanifold of codi-
mension r, immersed in a golden Riemannian manifold (M, g, ]5), then &,
(a € {1,2,...,7}) are zero vector fields and 1-forms u, vanishes identically
on M (that is ua(X) = g(X,&) = 0). Consequently, (2.2) and (2.3) are
respectively written as follows:

(3.5) Pi,X =i,PX, PNo=) aaqsNg, (V)X €x(M), 0 €{1,2,...,r}
B

Thus, from Proposition 2.2, we obtain that the element of the structure
(P, g,ua,€q, (aap)r), induced on M by structure (g, P), verifies these equal-
ities:
((i) P?2X = PX + X,
(i1)  Gap = Bas
(36) (’Lll) ZV GayO~Ng = Qop + 5o¢ﬂ7
(iv) g(PX.Y)=g(X,PY),

((v) g(PX,PY)=g(PXY)+g(X,Y),
for every X,Y € x(M) and o, 5 € {1,2,...,7}.

Proposition 3.1. Let M be a n-dimensional submanifold of codimen-
sion 1, isometrically immersed in a golden Riemannian manifold (M,q, P)
and let (P, g, uq, e, (aap)r) be the induced structure on M by structure

(g, P). A necessary and sufficient condition for M to be invariant is that
the induced structure (P, g) on M is a golden Riemannian structure, when-
ever P is non-trivial.

From Theorem 2.1 we obtain:

Proposition 3.2. Let M be an n-dimensional invariant submanifold of
codimension r, isometrically immersed in a golden Riemannian manifold
(M,g, ]5) and let (P, g,uq, €€, (aag)r) be the induced structure on M by
structure (g, P). Then

(i) (VxP)(Y)=P(X,Y)T,
(i1) g(P(X,Y), Na) — ha(X, PY) 4+ 3 5 a0phs(X,Y) =0

(iii) P(X, No) " —eP(AuX) +¢ >3 0apApX =0,

(v) X(aag) = g(P(X, Na), Ng) + 32, [lay(X)ayg + Uy (X)aas]

for any X,Y € x(M).

(3.7)
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Proposition 3.3. If M is a n-dimensional invariant submanifold of
codimension r in a golden Riemannian manifold (M, g, P) with VP =0 and
(P, 9,ua,&a, (aap)r) is the induced structure on M by (P,g) (where V is the
Levi-Clivita connection defined on M with respect to g) then, the Nijenhuis
torsion tensor field of P vanishes identically on M (i.e. Np(X,Y) =0, for

any X,Y € x(M)).

Proposition 3.4. Let M be a n-dimensional invariant submanifold of
codimension 1 in a golden Riemannian manifold (M,g, ﬁ) with VP = 0
and let (P, g, uq, &, (aap)r) be the induced structure on M. If the normal
connection V+ on the normal bundle T+M vanishes identically (lag = 0),
then the components NV, N@ NG gnd N of the Nijenhuis torsion
tensor field of P for the structure (P, g,&q, U, (ag)r) induced on M have
the forms:

() NO(X,Y) = Nyg (X) =0,
(3:8) § (i1) N (X,Y) = = g aapg((PAg — AgP)(X),Y)
(it6) N$)(X) = 3 aas(PAg — AgP)(X) — P(PAq — Ao P)(X),

for any X, Y € x(M).

Remark 3.2. In conditions of the last proposition, if PA, = A,P
for every o € {1,2,...,r}, then the components NV, N2 NG and N©)
vanishes identicaly on M (i.e. N = N = NG = N®) = ().
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