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Abstract. Using techniques that are specific to Lagrange geometry, [7], [8], [9]
MIRON, introduced and investigated some geometric aspects of Finslerian and Lagrangian
mechanical systems. In the geometrical theory of mechanical systems an important contri-
bution have ABRAHAM and MARSDEN [1], DE LEON and RODRIGUEZ [5]. The rheonomic
Lagrangian mechanical systems, their equations and the associated dynamical systems
were studied by author in [4]. In this paper we extend such geometric investigation to
rheonomic Finslerian mechanical systems, establishing their evolution equations and their
canonical semispray. By means of this important notion we can develop the geometrical
theory on the phase space of the considered mechanical system.
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1. Rheonomic Finsler spaces. Preliminaries. Let M be a real
differentiable manifold of dimension n, (called the configuration space) and
(T'M,m, M) its tangent bundle (7'M is called the phase space). We consider
the manifold 7'M x R and we shall use the differentiable structure on TM x R
as product of manifold TM and R.

The manifold E =TM x R is a 2n + 1—dimensional, real manifold. In
a domain of a local chart U x (a,b), the points u = (x,y,t) € E have the
local coordinates (z¢,y’,t).
A change of local coordinates on F has the following form:
NG
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with rank (g%;) =n and ¢ := % ~0.

Of course, we may take on R only one chart, that is £ = ¢ or we may
consider the affine change of charts on R, that ist = at+b, a ~0, a,b € R.

Definition 1. A rheonomic Finsler space is a pair RF™ = (M, F(z,y,t)),
for which F : TM x R — R satisfy the following axioms:

1. F is a positive scalar function on E =TM X R;

2. F is a positive 1—homogenous with respect to the variables y';

3. F is differentiable on E = (TM \ {0}) x R and continous on the nul
section of the projection w : TM — M ;

4. The Hessian of F', with the entries:

1 0°F?
(1.2) 9ij (2, y,t) = 200y
is positively defined on E.
F is called the fundamental function and g;;(x,y,t) is the fundamental
tensor of space RF™.

We give some important properties of RF™.

A consequence of the homogeneity condition is that the energy of a
Finsler space coincides with the square of the fundamental function of the
space:

OF?
oyt

(1.3)  Ep(z,y,t) =y' = — F? =2F? — [* = F? = g;;(z,y,t)y'y’,

and it is verified the next equality

dF*? dz’ OF?
14 — = FEi(F% - —,
(1.4) dt dt (F5) ot
where E;(F?) = %1;2 - % (%1;2) .

Remark 1. 1. F is a scalar function with respect to (1.1).

2. gij(z,y,t) is a tensor field with respect to (1.1). It is covariant of
order 2, symmetric and nesingular.

3. The pair (M, L = F?(x,y,t)) is a rheonomic Lagrange space, thus we
can use the theory of rheonomic Lagrange space [2], [3], [7] for developing
the geometry of rheonomic Finsler spaces.
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Theorem 1. For any rheonomic Finsler space, FEuler-Lagrange equa-
tions are equivalent with the Lorentz equations:

dzxi+ (2, dx t)dxjdi_pl( dz t)dxj
gzt g DG = g

with 'y]i-k (z,y,t) = 59’}1(89“c + Bg]h - ag]’“) Christoffel symbols for the funda-

oxJ
mental tensorial field g;; and wzth the electromagnetic tensor field F]Z( , C(llf ,t)
_ _ ih99n;
=79 a

The canonical spray S of RF", is as follows

7 a T, S\. 189]]@ k
(16)  Nj(@yt) =55 5.7 (s @Yy Nj(@,y,t) = 525,

where 'y;-k are the Christoffel symbols of the fundamental tensor g;;(z,y,t).
The Cartan nonlinear connection IV, [6], [7], has the coefficients (/N ; (z,y,
1), NO(z,.0). ~
Then N is a differentiable distribution on T'M x R, supplementary to
the vertical distribution V, i.e.:

(1.7) Tu(TM x R) = N(u) ® V(u),Yu € TM x R.

On the manifold F, the vertical distribution V is generated by n + 1
local vector fields (8%1’ 8%2’ e %, %)
(1.8) ViueE—-V,CTyFE

Vi =Vou®Vo,n Yue€ L,

where Vj,,, =span (% |) is an 1-dimensional linear subspace of the tangent
space T, E and the n-dimensional linear space V,,,,, =span ( 861 |,) is a linear
subspace of T.E.

Let (2, -2;, 2, be an adapted basis to decomposition (1.8).

Szt Dyt Ot
Thus
0 0 0 0
1. — = ~ N/ — —N?
(1.9) S0 D (.9, )ay (@9, t) 5



148 CAMELIA FRIGIOIU 4

The dual adapted basis is (dz*, §y*, 5t),, :
(1.10) oyt = dy' + N]Z:(w, y, t)da’; 5t = dt + NP (z,y,t)dz’ .

In the following we put ¢ = y° and we introduce the Greek indices o, (3, ..
ranging on the set {0,1,2,...,n}.

2. Rheonomic Finslerian mechanical systems. Finsler geometry
corresponds to the case when the Lagrangians function is second order ho-
mogenous with respect to the velocity coordinates. A Finslerian mechanical
system is a natural extension of the rheonomic Riemannian one studied by
RoMAN in [10].

Definition 2. A rheonomic Finslerian mechanical system is a triple
(2.1) Y = (M, F*(z,y,t), 0i(x, y,1)),

where F(x,y,t) is the fundamental function of a Finsler space RF™ =
(M, F(z,y,t)) and o;(z,y,t) is a d-covector field, (d-means distinguished,
[6]) called the external force of ¥.

A rheonomic Lagrange space RL™ = (M, L(z,y,t)) reduces to a rheo-
nomic Finsler space RF" = (M, F(x,y,t)) if the Lagrangian function is
second order homogenous with respect to the velocity coordinates.

The evolution equations of the rheonomic Finslerian mechanical system
are given by Lagrange equations for the rheonomic Lagrangian L(x,y,t) =
F%(z,y,t) = gij(z,y,t)y'y’, [4]. Then, they are equivalent with the system
of second order differential equations

d*xt , , 1. - dat
(2.2) Ty +2G"(z,y,t) + Nj(z,y,t) = iaz(x,y,t), Y= T
where ¢! = g% 0j, 0i(z,y,t) being 2—homogenous with respect to y* and

L in09nj ;
2 ot 7
One proves, [4], that (2.2) has a geometrical meaning.

The system of equations (2.2) locally determine a semispray S (or a
dynamical system) on the phase space TM x R. If the external force field
oi(x,y,t) is globally defined on T'M x R, then S is global defined on F
and its integral curves are exactly the equations of evolution (2.2) of the
rheonomic Finslerian mechanical system.

(2.3) 2G" = 'yf,s(x,y,t)yTys; Né(a:, y,t) =
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Remark 2. Generally Sis a semispray. But in homogenous case it is
a spray.

Thus, the geometrical theory of the semispray S in the space TM x R
is the geometry of the rheonomic Finslerian mechanical system 3.
Remarking that the functions

(24) él(flf,y7t) = Gl(xayvt) - iO’i(ZC,y,t)

with respect to (1.1) transform as

:i . (912 Gﬁi ; i ] 8.%~'i
2G (ZL’,y,t) - QG](:E?y?t)ax] - Omﬂyj’ N()(l’,y,t) = Ng(l"y’ t)@

We can prove:
Theorem 2. a) S given by:

0
oz’

o 0
oyt ot

(2.5) S =y — — (2G(z,y,t) + Ni(z,y,1))

18 a semispray on TM x R.

b) Sisa dynamical system on TM x R depending only on the rheonomic
Lagrangian mechanical system . We call this semispray the evolution
semispray of the mechanical system % .

¢) The integral curves of S are the evolution curves of ¥ given by (2.2).

We can say too:

The geometry of the rheonomic Finslerian mechanical sistem X is deter-
mined by the geometry of the rheonomic Lagrange space RL"™ = (M, F?(x,y,
t)) endowed with the evolution semispray S.

3. Nonlinear connection of a Rheonomic Finslerian mechanical
system. The evolution semispray S given by (2.5) determines a nonlin-
ear connection N depending only by the rheonomic Finslerian mechanical
system X, which has the local coefficients (]\vf ;, N JO) with

v . 190t
(A T _
(3.1) N =N~ 15,
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and (V. ]’-', N jQ ) are the coefficients of Cartan nonlinear connection of the rheo-
nomic Finsler space RE™ = (M, F?). This nonlinear connection is called
the evolution nonlinear connection of the rheonomic mechanical sys-
tem X = (M, F2(x,y,t),0:(2,y,t)). The evolution nonlinear connection N
determines a direct decomposition of the tangent space T, F into horizontal
and vertical subspaces

(3.2) T,E=H,E®V,E, Yue E=TM x R

The adapted basis to this decomposition is given by {%b, 8%,}“, %|u},
where

0 1907 9

(3.3) 5ot 15 By

k2
St

The dual basis adapted to the decomposition (3.2) is given by {dz’|,,, Sy s
Ot|y}, where

. A 190t . .
4 o =0y |lu — ~da? |5 0t = 6t.
(3.4) 0yl = 0y 10y dx?|y; 0t = ot

In (3.3) and (3.4), {%, 8%“ %} and {dz*,0y’, 6t} are the adapted bases to
the Cartan nonlinear connection of the rheonomic Finsler space RF™.

As the evolution nonlinear connection is symmetric, then the weak tor-
sion t;‘k vanishes, that is

a J

ONE QN

The curvature tensor of the evolution nonlinear connection is given by

o SN SN
[ J k
(3:5) Rk dxk dxd

We have that the evolution nonlinear connection N is integrable if and
only if the curvature tensor ¢, vanishes.
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4. Metric N-linear connection of a rheonomic mechanical
system. In the previous sections we have seen that in the presence of an
external force field o;(z, y, t) on a rheonomic Finsler space the geodesic spray
and evolution semispray are different, Cartan nonlinear connection of the
rheonomic Finsler space and the evolution connection N of the mechanical
system are different too.

In this section, we determine the canonical metric N—linear connection
of the rheonomic mechanical system ¥ = (M, F?(z,y,t),0:(z,v, )) The
canonical metric N —linear connection D with local coefficients (F” ks C’Z o)
is uniquely determined by the following system of axioms:

a) the nonlinear connection N is the evolution nonlinear connection of
the rheonomic mechanical system :;

b) Jijla = 0i.e. D is h-metric;

c) le—Fk—F,zJ =0 ie. D is h—symmetric;

d) gijlk =0 ie. D is v— metric;

e) SZ C’Z =0ie. D is v—symmetric

Theorem 3. The canonical metric N—linear connection of the Finsle-
rian mechanical system %, denoted CT(N), has the coefficients:

o 1 ool oot oo
(41) ;k = F;k + zgw <Csk:h By 7 + Cgsh 8yk - Cjkhays)
C]k — C C_;O - C_;O
where g**Cyjj, = C;k and CT'(N) = (F;k, ;"kv C]Z:O) is the Cartan connection
of the rheonomic Finsler space RF™.

Proof. If we use the Lagrange equations (2.2) and

i 1 (09 0955 O0gjk
(42) ik = 99 <(5xj TSk T Sas )

we obtain expression (4.1). The equalities Cv';k = C’Ji-k; Cv'jo = C;:O follows

from a straightforward calculation. O

In a rheonomic Finsler space we have

(4.3) Y'Ciji = y'Cli = y'Cjri = 0
and if we use it, we observe that

1 .. ol ool doh 1 . _do"
4.4 —-ylg¥ | C C —Cin—=—— | =-C%, y°—.
(4.4) 4y g ( skh 3 = By + Cjsh o dyk Jkh 8y5) 1 knY dy®



152 CAMELIA FRIGIOIU 8

5. Electromagnetic tensors of a rheonomic Finslerian me-
chanical system. If we consider the evolution nonlinear connection of a
mechanical system, we can consider h— and v— deflection tensors:

(5.1) D} =y, di, =yl
and h— and v— electromagnetic tensors

o o 1 v

(5.2) Fij = -(Dij — Djs), fij =

N | =

with Dji = gzsbj and sz'j = gzsjj
The h—deflection tensor field has the following expression:

w , 1 . 9o 100
T, 1 el S —_ —

and the h—electromagnetic tensor field Fij of the canonical N-linear con-
nection D has the following expression:
o 1, . o 1 0o* do’ g
(54) Fij = §(Dl] — Dﬂ) = g <gisayj - gjsayi> + Fij; fij = 07
with Fj; the h—electromagnetic tensor field of the canonical /N-linear con-
nection of the rheonomic Finsler space RF™.
We denote by

(5.5) Fpi = 1 ((%j _ aai)

T2\ oy oy
the helicoidal tensor of the mechanical system, [8].

Theorem 4. 1) The h—electromagnetic tensor field Fij of the canoni-
cal N-linear connection D and the helicoidal tensor F;; of the mechanical
system are related by the following formula

o 1
(5.6) Fij = Fij = Fij-

2) The v— electromagnetic tensor fij of the canonical N-linear connec-

tion D vanishes.

Proof. It follows immediately from (5.4) and (5.5). O
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For the h—electromagnetic tensor field Fij we obtain:

Theorem 5. The electromagnetic tensor Fij of a Theonomic Finslerian
mechanical system satisfies the following generalized Mazwell equations:

9 . o 1 190™ 0F;;
Fijie + Fiyi + Frijy = =7 2a50) (fmk: e aym>
p@'j|k+pjk|i+pki|j = 0.

where Y1) means the sum of all cyclic permutations of i,j and k.

Remark 3. In particular if the external force field o; of the Finslerian
mechanical system does not depend on variables 4*, then the elicoidal tensor
Fi; vanishes.

6. Almost Hermitian model of a rheonomic Finslerian me-
chanical system. For a rheonomic Finslerian mechanical system X, we
consider g;; the metric tensor and the evolution nonlinear connection with

the local coefficients (V. ;f, N ]0) Having these geometric objects we can con-

sider the N—lift G of the metric tensor 9ij given by:
(6.1) G= gijdxi ® da’ + gijgyi ® oy’ + 0t ® ot

The metric N—lift G has the following properties:

1) G depends on the rheonomic Finslerian mechanical system > only;

2) G is a pseudo-Riemannian structure on the manifold TM x R;

The evolution nonlinear connection N is characterized by an almost
complex structure F given by:

o S
- R dr' + — ® 0y’

F=_
oy oxt

Almost complex structure F has the following properties:

1) F depends on the rheonomic Finslerian mechanical system % only;

2) F is a tensor field of (1,1)-type on the manifold TM x R and FoF =
—Id+ & ®dt;

3) F is an almost complex structure if and only if the curvature tensor
Ro jx of the evolution nonlinear connection vanishes.

Theorem 6. The pair (G,T) is an almost Hermitian structure on the
differentiable manifold TM x R.
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The almost hermitian model (TM X R,G,F) gives a good geometric

description of the rheonomic Finslerian mechanical system.
We finish the present paper with an example of rheonomic Finslerian
mechanical system.

Example 1. Let o(z,y,t) = {'yij(:v,t)yiyj}% be a rheonomic Rieman-
nian structure on M x R and B(z,y,t) = b;j(x,t)y’ a covector field b;(z,t)
on M x R. Of course a and 3 are functions on the phase manifold TM x R.

Now we consider the rheonomic Randers metric

(6.2) F(x,y,t) = a(z,y,t) + B(z,y,1).

Similarly, with the sclerhonomic case of Randers spaces we can see that
the pair RF" = (M, F(x,y,t)) is a rheonomic Finsler space.
Now, let us consider the d—covector field

(6.3) F, = ai(x,y,t)aayi

with the components o; = gijaj = hF? g;, h € R*.
The triple ¥ ganders = (M, F2, F,) is a rheonomic Finslerian mechanical
system, which have the evolution equations

OF? d OF? . dat
4 - — — — Oy, ' = .
(6:4) oxr*  dt Oyt o Y dt

This system of second order differential equations is equivalent to system
(2.2).

All previous results can be applied for study the geometrical theory on
the phase space TM x R of the rheonomic Randers mechanical systems

ERande’r&
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