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Abstract. For the study of Finsler spaces, the indicatrices play an important role.
In this paper we review the geometry of the indicatrix in a Finsler space, we establish new
properties of it and we give new proofs for some properties of Finsler spaces based on the
indicatrices. We find the expression of the curvature for a curve given by the equation
6 = 6(F) and in the theory of two-dimensional Finsler spaces we obtain that a certain
curve with K = 1 and the arc-length proportional with 6 is the indicatrix of a Finsler
space.
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1. Preliminaries. Let (M", F) be an n—dimensional Finsler space,
where M" is an n—dimensional manifold and F' = F(z,y) is the Finsler
fundamental function. F is a differentiable function of the point x = (2?) €
M™ and the directional variables y = (y*) € T, (M") and is positively
homogeneous of degree one with respect to y, where T, (M™) is the tangent
space of M™ at the point z.

We shall restrict our discussion to the fixed point xo (€ M™) and the
corresponding tangent space Ty, (M™) of M™ at the point xy. Then the
space V™ = Ty, (M™)\{0}, where 0 is the origin of T, (M™), may be viewed

as an n—dimensional Riemannian space with the metric tensor g;;(zo,y) =
1 0%F?
2 Q0ytoyd ”
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Since the Finsler fundamental function F is positively homogeneous of
degree one with respect to ¥, the metric tensor g;;(y) of V" is positively
homogeneous of degree zero with respect to 3. Accordingly, for

19g;; 1 O3F?

g = 2 dyk - 40y dyidyk

we have
(1.1) Cijey' = Cijry’ = Cijry" = 0.
The Christoffel symbols of the Riemannian connection of V" are

; L n (O9jn | Ognk  Ogjk

K _ —ih J _ J

RAE (81/’“ "o oy
= §""Chji = Cly.

Hence, they coincide with the Cartan torsion tensor.

. oC? oC? .
: : n K jk _ Y~ jh 1 i
The Riemannian curvature tensor of V" is S;*1n, = B~ oy —|—Cj +Cin

C’]l-hC’fk. This is just the v—curvature tensor of the Finsler space. It can be
put in to the form
! I ~h I ~h
S ijk = Chjcki - Chickj'

and it follows
(1.2) Sy’ = Sijmy’ = Sijuy® = Sijmy' =0,

for Spijk = gnSije-
The covariant differentiation of the tensor T;; on V" is the same as the
v—covariant differentiation:

Ty

Tij ‘k: 8yk

T);Cly — TuCly, -

By a direct calculation one gets

F ’z - li7
Ly = Flhy,
hij Ik = —F " (hiely + hyela),

oF

where [; = 7

and hij = gij — lllj



3 THE INDICATRIX IN FINSLER GEOMETRY 165

Moreover, taking into account the positively homogeneousness of degree
one of F' with respect to y*, we succesively deduce:

o (ort N o
oyl \ Oyt y T oy

O°F? , OF _ OF?
3yi8yjy oy T oy
9ij(zo,y)y'y’ = F?

2. Indicatrix of a Finsler space. The indicatrix I, at xo (€ M™)
is defined as being the hypersurface in (V", g(xo,y)) which is given by the
following equation

F(zo,y) =1 or  gij(zo,y)y'y’ = 1.

It can be locally represented by the equations y® = y'(u®) where i =
1,2,...,n and o = 1,2,...,n — 1. In order to study the indicatrix I,
we shall apply the theory of submanifolds in Riemannian manifolds. We
shall denote the projection factor g% and the unit normal vector to I, by
B{, and N*, respectively. Then the induced Riemannian metric tensor g.gs
on I, is given by

o 0 oyt 0 0Oy 0 i i
(2.3) Jas =9 <8u0" uﬁ> =g (aua oy uf oyl ) ~ 9ijBoBj.

The Gauss and Weingarten formulae are as follows:

aBgc % j A )
G 55 T Ciy.(x,y) BB = T 3B + bagN',
ON' i j i

where I'’s are Christoffel symbols constructed from g,5(u) and bg = bgsg77.
If one derives the identity F(zg,y’(u®)) = 1 with respect to u®, one gets
I;B:, = 0. Thus the unit normal vector field to I, is N* = [} = % It
follows that the second term in the left side of the formula (W) vanishes
because of C’;kyj =0.

We shall denote the D, the operator of mixt covariant derivative (due
to van der Wearden-Bortolotti). For instance, on Té it acts as follows:

D Ti—%—i—ci T'B* 17 T
alp = gua T ViktpPa T L gaty
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By a direct computation one gets

(2.4) Dagij =0,
(2.5) Do Bly = bagl’,
(2.6) Dyl' = —g"b, B,
(2.7) Dy gap =0,

where the symmetric tensor b,g is the second fundamental tensor of I,
and ¢®? are the contravariant components of gag- Moreover, from (1.1) it
is clear that

(2.8) D.y' = B.
We have seen before that gijBéyj = 0. On applying D, to this we get
91 BaB% + 91 (D BL)y = 0

and on substituting (2.3) and (2.5) in this equation, we obtain gog = —bag-
This equality proves

Theorem 2.1. The indicatriz I, of a Finsler space F™, n > 3, is a
totally umbilical hypersurface with the mean curvature —1.

The same equality leads to
(2.9) DaBé = —gasy'
Thus, we have:

Theorem 2.2. The Gauss and Weingarten derivation formulae of the
indicatriz I, are as follows:

0B

(G) Yl + Cj’k(% y)BZyBIE = Flngy — gasl',
ol Z.
(W) 55 = B
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By the Theorem 2.1, I, may be regarded as the unit sphere in a Eu-
clidean space.

Let R,gys be the curvature tensor of I,,. From the Gauss equation, we
have that

(2.10) Ropys = SijBLBLBE B = (9asgpy — Yon9s)-
On the other hand, from the definitions of h;; and g,z we have
(2.11) 9o = hijBLBY.

Substituting (2.11) in (2.10), we get

(2.12) Ropgys = (Sijkl — hyhji + hikhﬂ)BgBéBl,;Bf;.
Contracting (2.12) by ¢*°, we obtain

(2.13) Rgy = (Sjk — (n — 2)h;) B4 BY,

where Rg, is the Ricci tensor of I, and Sj; = gilSijkl is v—Ricci tensor.
Moreover, contracting (2.13) by ¢, we have

(2.14) R=S5S—-(n-2)(n-1),
where R is the scalar curvature of I, and S = g/%S;;, is v— scalar curvature.
3. On some properties of Finsler spaces based on the indi-

catrices. Now, we shall represent the hypersurface M"~! with respect to
the frame (B, N) as follows:

(3.15) y'(u) = vﬁ(u)BZ; +v(u)N* = vﬁBf; +uN°.
Then we have

Theorem 3.1 ([4]). For a hypersurface M™! : y* = y*(u®) in V", the
vector v* and the scalar v on M™ 1 defined by (3.15) satisfy the following
equations:

a) Davg = gag + bapv,
(3.16) b) Dav = —bagv”.
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Proof. Applying D, to (3.15), and using (2.5), (2.6) and (2.8), we have
(Dqv? — 6] — gﬁ“’bgav)B,iy + (bagv” + Dyv)N* = 0.
Since B,iy and N* are linearly independent, we have (3.16). O

Theorem 3.2. The integrability conditions of (3.16) are as follows:

(3.17) [Ragys + barbs — bybas] v* = [Dgbay — Dabg,] v,

(3.18) [Dﬁba'y — Dabgv] v? =0,
where Ragwgg&g = Rap, © is the Riemannian curvature tensor of M1

Proof. This proof clarifies the relation between the equations of Gauss
and Codazzi for M"~! and the equations (3.17) and (3.18).
The equations of Gauss and Codazzi are given by

Ragys = Rijut BL B, BEBS + basbpy — bpsbary

Rijr BLBLBEN' = Dobgy — Dpbany

respectively. First, we apply D, to (3.16)a) and use DoD~ v = DyDyvg
and (2.7) we succesively obtain

D (bapv) = Da(bysv)
(owag)v + bagDyv = (Dabfyg)v + b%gDav.
On substituting (3.16)b) in the last we obtain
(Dybas — Dabyg)v = (bagbys — bygbas)v’

Taking into account the equations of Gauss, Codazzi and 3! = v‘ng + uN!
we deduce:

(Dybag — Dabyg)v = Riji B: B, BEN
= —Rijle,ingéBgB(l;v(s
= [~ Ryap5 + byobag — basbyglv’
Also, applying D, to (3.16)b) and using DoDgv = D,D,v we obtain

(Dgbas — Dabps)v® + basDgv® — bgsDav® = 0
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where

ba(gD/gvé — bﬁ(;Davé = bangng«/ - b,@(SDagMU'y

bm;g&yngy — bg(;g‘wDavAY
bas9”" (98 + bayv) — basg” (gary + barv)
= ba(;g‘hbﬂvv — bggg‘svbwv =0.

O]

A hypersurface of equation g;;(z0)y'y’ = cin Ty, M will be called similar
to the indicatrix.

Theorem 3.3 ([4]). Let M"™! be a closed hypersurface in V", 3y =
y'(u®) its parametric equation and ¢ = max,¢ym-1 {gij(y(u))y' (w)y’ (v)}.

If M1 s totally umbilical: bog = —0gas and satisfies a condition |o| <
8 8

%, then M™ 1 is similar to the indicatriz in V™.

Proof. From (3.15) and the assumption, we have
gy (W' (W) = g5 (v"Bh+vN') (v B) + o)
(3.19) = gapv™’ +0? <c.
Accordingly, we get
(3.20) v < Ve
On the other hand, applying D) to (3.19) and using Theorem 3.1, we get
D (9ij (y(w)y' (w)y’ (u)) = Dy (gagv“vﬁ + vz)
=2(gxp + vb,\g)vﬁ + 2v(—b>\5vﬁ)v)\ = 20,.
Moreover, applying D,, to the above equations, we have
(3.21) DDy (955 (y(w))y' (w)y’ (u)) = 2Dy0x = 2(gyn + vbyun).
Substitution of the assumption b,g = —0gap into (3.21) gives
DyuDix (955 (y(w))y' (w)y’ (w)) = 2(1 = 0v)gpun

Accordingly, using (3.20) we have

¢ DDy (g (y(w)y' (w)y (w)) = 2(n — 1)(1 — ) > 0.
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Theorem 3.4 ([4]). Let M™™! be a closed hypersurface (i.e. boundless
and compact) in V" and Hy the first mean curvature of M™ 1 and v the
scalar function on M"™ ™1 defined by (3.15). If M1 satisfies an inequality
—1 < Hyv, then M™ 1 is similar to the indicatriz in V™.

Proof. Contracting g"* to (3.21) which is satisfied for a hypersurface
in V™ and using the assumption, we get

9" DDy (93 (y(w))y' (w)y’ (u)) = 2(n — 1)(1 + Hyv) 2 0.
The remaining part of the proof is similar to the proof of Theorem 3.3. [

Theorem 3.5 ([3]). Let M" 1 : y* =y (u®), be a hypersurface similar
to the indicatriz in Tyy(M™). Then M"™ 1 satisfies the condition

1+H1’U:0.

Proof. Since M™™! is similar to the indicatrix in Ty, (M™) it is obvi-
ously closed and

9 (y(w)y (W’ (W) = ¢ (= constant > 0).

On differentiating this equation with respect to u® and using (1.1) we
obtain g;;(y(u))B.y’ (uv) = 0 and hence from (3.15) we have v, = 0 and
consequently y'(u) = v(u)N*. Now from (3.16) we can write gog+basv(u) =
0.

The theorem now follows after contracting with g.gs.

It should be noted that under the assumptions of the Theorem 3.4, the
hypersurface M™ ! is totally umbilical, v =constant # 0 and H; = —%. O

Theorem 3.6 ([3]). Let M" !yt = y'(u®), be a closed hypersurface
in V™. Then M"~! is similar to the indicatriz in Ty,(M™) if and only if
Dqovg =0 (orvg = 0).

Proof. If we assume that D,vg = 0, then from ((3.16) a)) we have
9ap + bapv(u) = 0, and hence 1+ Hyv = 0. Now using Theorem 3.4 we find
that M"~! is similar to the indicatrix in T,(M™). The converse follows
from the proof of Theorem 3.5. The fact that the conditions D,vg = 0 and
vg = 0 are equivalent is easy to verify. O
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Theorem 3.7. Let M" ! : y' = y(u®), be a closed hypersurface in V™.
Then M™~1 is similar to the indicatriz in Ty, (M™) if and only if

(3.22) 14+ 2Hw + (n — 1)Hv — (n — 2)How? = 0,
where Hy is the second mean curvature of M™ 1.

Proof. From (3.16) we can write

9°79”™ (Dyv5)(Davg) = (D*v”)(Davg)
= (9™ 4+ 0*0)(gap + bapv)
= (n—1)(1+2Hv+ (n—1)H{v — (n — 2)Hyv?).

The result (3.22) now follows from Theorem 3.6. O

Next we shall consider totally umbilical hypersurfaces in V™. In this
case we have from (3.16),

(Davg + Dﬁva) = 2(1 + Hlv)gag.

We shall confine ourselves to totally umbilical hypersurfaces with con-
stant first mean curvature. Such a hypersurface may not necessarily be the
hypersurface similar to the indicatrix in T,,(M"). For example, in the case
where g;; = 0;; the hypersurfaces are hyperspheres. But the hyperspheres
may not necessarily be similar to the indicatrix (the unit hypersphere with
the origin as the center) in T, (M™). This is due to the fact that the center
of a hypersphere need not coincide with the origin of T, (M™).

Theorem 3.8 ([3]). Let M™ ! be a closed totally umbilical hypersurface
with the constant first mean curvature Hy in V", then Hy # 0.

Proof. Let us assume that H; = 0. Then b,3 = 0 and from ((3.16) b))
we have D,v = 0. Hence v =constant and accordingly 1 + H;v =constant.
In this case, we have 1+ Hjv > 0 or 1+ Hiv < 0. Now by Theorem 3.4 this
hypersurface M™~! must be similar to the indicatrix in Ty, (M™) and hence
by Theorem 3.5 we must have 1 + Hjv = 0. But this is a contradiction.
Hence, the result follows. O

Theorem 3.9 ([3]). Let M™ ! be a compact and totally umbilical hyper-
surface with the constant first mean curvature in V™. If M1 satisfies the
condition Ragv®v? <0, then M"~1 is similar to the indicatriz in Ty, (M™),
where n > 3 and R, is the Ricci tensor of ML
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Proof. Since M"~! is totally umbilical, we have bag = H1gap- Substi-
tuting this relation into (3.17) we obtain

(3.23) [Raﬁvcs + Hl2 (96!79,85 - gﬁwgad)] v’ = 0.

On contracting (3.23) with g®7v® we obtain

Rggv’gv‘s + H? ((n - 1)gg(wﬁvd — 55905061]5 =0,
Rosv™0” = (n — 2)Higazv™v” > 0.

Now according to the assumption Ragvo‘vﬁ < 0 and Theorem 3.8 it is
clear that v® = 0. Thus by Theorem 3.6 the hypersurface M"~! is similar
to the indicatrix in T, (M™). O

Theorem 3.10. Let M™ ! be a closed totally umbilical hypersurface
with the constant first mean curvature Hy in V™. Then M~ is similar to
the indicatriz in Ty, (M™) if and only if v = constant.

Proof. Let M™! be similar to the indicatrix in T}, (M™). Then by
Theorem 3.5 we have 1 + Hyv = 0 and hence v = constant. Conversely, if
v =constant then we should have 1 4+ Hiv > 0 or 1 + Hyjv < 0. The hyper-
surface M™~! is clearly similar to the indicatrix in T,,(M"™) by Theorem
3.4. O

4. Length of indicatrix. We are concerning with the tangent
plane F? at a fixed point z of a two-dimensional Finsler space F? with a

fundamental function F'(z,y) and the fundamental tensor g;; = % azig;
Thus we are concerning with a two-dimensional Minkowski space M?,
a short notation for (F2, F) with a norm function F(y).

Let (I;,m;) be the Berwald frame field of M? ([1]), where I; = gfi and

m; is the unit vector orthogonal to l;, that is, (mi,mg) = (—12,l1) V9
where g = det(gi;). The contravariant components (lz,mz) are given by

I = #ly) and (ml,mQ) = (=l2,11) /\/g. Then Cartan’s tensor Cy;, = %%Zi;f

is written as

Fcijk = Imimjmk,

where [ is called the main scalar.
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The Riemannian covariant differentiation in M? is nothing but the v—co-
variant one in F? with respect to the Cartan connection. Thus the Rieman-
nian covariant derivative X’ | of a tensor field X;(y) in M? is given by

i

X;’k ak:

—i—X’”CT L — X057
Differentiating FI* = y* by Y7, we get [;I' + FI’ |J— 6i and then ¢;,¢" =
kﬂ(l Uk -+ mymy) = 11 +mim; leads to FI |j= m'm;. Also differentiating
Lim* = 0 and g;; = m'm? = 1 by 3/, we obtain Fm® |;= —(I' + Im*)m;.
Now we get

ol mim,;
4.24 . = J
(4.24) o= I
om' o (li +1 ml) m;j
oyl F '
Since

2 ()= 2 ()

holds the system of differential equations

00 _mi

oyt F

(4.25)

is completely integrable. Its solution, the scalar € is called the Landsberg
angle. Then the pair (F, #) may be regarded as a local coordinate system of
F2; we shall call it a polar coordinates system in F2. The Jacobian matrix

3(F 9) j o' y?) Ay’ oy’
BT y?) is [lz, %] and the inverse matrix B(F.0) s |57 = =1, Fr = =Fm’

It follows that the fundamental form ds? = gij(x, y)dy'dy’ of F? becomes

(4.26) ds® = dF? + F2d6>.

In the polar coordinates system (F,6) the movement of the Berwald
frame (li,mi) is written
a_, o ow
oF 7 OF

(4.27) a)
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The equations ((4.27)a) show that the Berwald frame is constant along
every ray issuing from the origin (y = 0).

We stress that the Landsberg angle 6 is only locally defined as a solution
of (4.25) and that the domain of  is not necessarily equal to [0, 27].

We are now concerning with a curve ¢ of M2, Let y* = y'(s) be its
equations, where s is the arc-length of ¢ with respect to the Riemannian
metric ds? under consideration, and (#' = %,ni) the unit tangent and
normal vectors of ¢, respectively. Then the first Frenet formula is

i dt’ i j ok
(4.28) Kn' = Is +Cj 1 (y(s)) /7,
where K > 0 is the curvature of c¢. The orientation of ¢ with respect to s is
assumed to be taken such that there exists an angle « satisfying

(4.29) t' = 1" cosa + m'sin a, n' = —I'sina + m' cos a.

From (4.24) and (4.29) we get

dl'  sina dm’ sina i
(4.30) =M T ——F(l+1m).

We next consider the curve ¢ in the polar coordinate system (F,#). Let
(F'(s),6(s)) be the equation of c. From (1.2) and (4.29) we get

dF , de . sina
(4.31) %:Fh t' = cosa, £:9|iﬂ: 2
Hence we have fl—’z = —(%)ll + 8102 (cos o — I sina)m’ + (42)n'.

The equation (4.28) is now written in the following simple form:

da  sino

— =K.
ds+ F

(4.32)

It is observed that (4.31) and (4.32) constitute a complete system of
differential equations for (F,0,«), provided a non-negative function K(s)
be given. Therefore we have

Theorem 4.1. Suppose a non-negative function K(s) be given. Then,
in a polar coordinate system (F,0) of M?, a curve having the curvature
K(s) is given by the equation (F(s),0(s)), where F(s), 0(s) together with
a(s) are the unique solutions of differential equations (4.31), (4.32) with a
set of initial values (F'(0),0(0), a(0)).
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Next we are concerned with the equation F' = F(f) of a curve ¢. From
(4.31) we get

dF
4. —=F .
(4.33) 70 cot

Further (4.31) and (4.32) yield

dao FK
4.34 — = -1
( ) df  sina
The equations (4.33) and (4.34) uniquely determine a curve F' = F(6)
having a given curvature K (6), provided a set of initial values (F'(0),6(0))

be given.

We differentiate (4.33) by 6. From the equation as thus obtained to-
gether with (4.33) and (4.34) we eliminate trigonometrical functions and
we get

2L+ 12— LI
{22 4+ (1))

(4.35) K(8)

! _ dF n _ d’F
where L' = &5 and L" = 757 -

In particular, for the equation F'(6) = af + b we have

a a

K(0) = g T )
(1+4ab+a20)2 V1+ab+a®0

where a, b are any constants.
On the other hand, for the curve ¢ given by the equation § = 6(F), from
(4.31) and (4.32) we get

do _ tana da B K tan o
dF  F dF  cosa F

These equations uniquely determine the curve § = 6(F') having the curva-
ture

_OER0QOF) 0, &

K(F -
(F) (1+9’F)% ’ dF’ dr?’

provided a set of initial values (0(0), F'(0)) be given.
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We apply the equations (4.31) and (4.32) to the indicatrix. As it is
given by F(y) = 1, those equations become cosa = 0, Z—Z = sina and

Cfi—z‘ +sina = K. As the curvature K should be non-negative, we get « = 2

2
K =1 and % = 1; the last equation can be also derived from (4.26).
Consequently we have

Corollary 4.2. The indicatriz has the curvature K = 1 and the arc-
length of the indicatriz is equal to the Landsberg angle 0 within an additional
constant.

Remark. Therefore the Landsberg angle may be said to have a charac-
ter of the radian, because the indicatrix is a generalization of the unit circle
of a euclidean plane.

Also, we can prove that a curve ¢ of M? with the curvature K = 1
and its arc-length is proportional with 6 (i.e. sc = 6, c=constant) is the
indicatrix.

Indeed, on substituting the followings

do dadd ~ dF dFd0  df

ds — dods’  ds  dfds’  ds

C

in the equations (4.31) and (4.32), we obtain

dr
Cd& = cos«
_ sin o
©c T F
dﬁ + sin o _q
a9 P

From the last equation we find @ = (1 — 1)6 4+ ag and using this in the
first eguation, we obtain % = %cos ((% - 16+ ao). If we take ¢ = 1 and
ag = — we get F'=1.

We now deal with the arc-length s of the indicatrix. From a linear
coordinate system (yl, y2) we define a pair (p, ¢) of F2 by

y' =pcosg,  y*=psing,  (p>0).

The pair (p, ¢) may be regarded as a coordinate system which is globally
applicable to M? with the origin removed. Along the indicatrix we have
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F(pcos ¢, psin¢) = pF(cos ¢,sin ¢) = 1, and so the indicatrix is given by

cos ¢ 9 sin ¢

1 cosp __ sSm¢
(4.36) vy = F(cos ¢, sin ) vy = F(cos ¢,sin¢)

The whole indicatrix is drawn by (y',y?) of (4.36) with the domain 0 <
¢ <2m. As F (yl,y2) is (1) p— homogeneous, we have

Fi(cos ¢,sin @) cos ¢ + Fa(cos ¢, sin ¢) sin ¢ = F'(cos ¢, sin @),

1,2
where F; (yl,y2) = %y;y), i=1,2.
Along the indicatrix given by (4.36) it is observed that

1 —sing Fi(—sin¢) + Fscos ¢
dy- = [ T cos ¢ 72 do
—sing . F—Fysing Fycos®¢
= [ 2 + sin ¢ 2 — 7 do,

Fy
il

(4.37) dy' = — <§Z> do, dy? = (g) dé.

which is equal to — ( ) d¢. Similarly we have

S 1
As we are concerned with the Riemannian length ds = { 94 (y)dy"dy? } 2,
the infinitesimal arc-length of the indicatrix is given by

!
dy* dy’ | 2
s = { o) 0 a0
From (4.37) this is rewritten as

1
ds = {g11(F)? — 29121 > + goo(F1)?} 2 F~2d¢.

Paying attention to F; = l; and (g11, —g12,922) = 9(¢°%,9'%,¢'Y) (9 =

det(g;;)), we conclude

(4.38) ds = (ﬁ) do.

g
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Theorem 4.3 ([2]). The infinitesimal arc-length ds of the indicatriz of
a two-dimensional Minkowski space with respect to the Riemannian metric
9ij (y)dy'dy’ is given by (4.38) and the total length of the indicatriz is equal
to the value of the integral

o= ()

where (yl,y2) are taken as (cos ¢,sin @).

According to Propositionl, it may be said that the domain of the Lands-
berg angle 8 is given by 0 < 6 < F7. The value of F7 is not necessarily equal
to 27, as the following example show, so that the name ”angle” may be not
suitable.

Example. We consider a Randers space F™, a Finsler space with a
Randers metric F(z,y) = a(z,y) + B(z,y), where o*(z, dx) = a;;(z)dz'dz’
and B(z,dz) = b;(z)dxz’ ([1] §16,30). In the following we suppose that
a?(z,dx) is a positive-definite Riemannian metric. With respect to this o
we denote by Y, B and 1 the length of y* and of B? = aijbj and the angle
between ¢ and B’. Then we have F(x,y) = Y (1 + Bcos). Therefore
F(z,y) is positive for any non-zero y if and only if B is less than one.
On this condition the Riemannian metric ds?> = 9ij (z,y)dy'dy’ of F™ is
positive-definite. Since g;; is given by

F F Y; Y;
gij = ij — gYin + (oj +bi)(gj +bj> ;

where Y; = aijyj, we get

giju'e! = % {(aijylyj) (asu'n’) — (aijylu])Q} + <YZL + bﬂﬂ)

for any u’.
We now consider a two-dimensional Randers space satisfying 0 < B < 1.
In this case we may refer to an isothermal coordinate system (ml), in which

1 .
we have a(z,y) = a(z) {(y")? + (y*)?}2. It is easily seen that if this (y')
is regarded as an orthonormal coordinate system in an euclidean plane, the
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indicatrix is an ellipse such that the origin (y = 0) is on its inside. Theorem
4.3 shows that the total length of this indicatrix is given by

2 by by . -
= 14+ —cos¢p+ —sing
0 a a

1

_ 2/03 {(14+Beosg) =+ (1~ Beos) * }do,

N

d¢:2/07T (1 —i—Ecosqb)_% do

where B = —-

a
This is an elliptic integral and the value may be obtained by expansion
in power series and termwise integration:

+ .
22" 2n Zn)”

Thus F7, that is, the domain of the Landsberg angle 6, certainly exceeds

Fr=2n

27. The inequality F; > 2 is easily shown by an inequality (1 + a:)_% +
(1—1:)_% >2for0<az <1

Finally we consider the area A; of the indicatrix. Aj is given by the
usual integral [[ \/gdy'dy? in Riemannian geometry. Referring to the polar
coordinate system (F,#), from (4.26) we get

Fr [ 2 1
AI://FdFdH:/ [] do.
0 2 |y

Therefore we obtain

Fy

Ap =1,

=7
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