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Abstract. A tangent manifold is a pair (M, J) with J a tangent structure (J* = 0,
kerJ =imJ) on the manifold M. A systematic study of tangent manifolds was done
by VAISMAN in [5]. One denotes by HM any complement of imJ := TV. Using the
projections h and v on the two terms in the decomposition TM = HM ®TV one naturally
defines an almost complex structure F' as well as two almost product structures P and
@ on M. Adding to the pair (M,J) a Riemannian metric g in the bundle TV one
obtains what we call a GL—tangent manifold. We assumes that the G L—tangent manifold
(M, J, g) is of bundle-type, that is M posses a globally defined Liouville vector field. This
data allow us to deform F'; P, Q to framed f—structures. This kind of structures have
origin in the paper [6] by YANO. In this paper we introduce a deformation of @ to a
framed f(3, —1)—structure Q. The present results extend to the framework of tangent
manifolds our previous results on framed structures of the tangent bundles of Finsler or
Lagrange manifolds, see [1], [2].
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1. Bundle-type tangent manifolds. Let M be a smooth i.e. C*
manifold. We denote by F(M) the ring of smooth functions on M, by TM
the tangent bundle and by X (M) = I'T'M the F(M)—module of vector
fields on M (sections in tangent bundle).

Definition 1.1. An almost tangent structure on M is a tensor field
J of type (1,1) on M i.e. J € TEnd(T'M) such that

(1.1) J?=0, imJ=ker J.
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It follows that the dimension of M must be even, say 2n and rankJ = n.

Definition 1.2. An almost tangent structure J is called a tangent
structure if there erists an atlas on M with local coordinates (x°,y?),
i,5, k... =1,2,...,n, such that

) ) B
1.2 = 2 N\ —o.
(1.2) J(f%ﬁ’) oy’ J<0y’> !

A pair (M, J) is called a tangent manifold.

For the geometry of tangent manifolds we refer to VAISMAN’S paper [5].
The basic example is tangent bundle TM, cf. the book [3].

Let (M, J) be a tangent manifold. The distribution im.J is integrable.
It defines a vertical foliation V' with TV =imJ. Let us choose and fix a
complement bundle H M called also the horizontal bundle such that

(1.3) TM =HM & TV.

In the following we shall use bases adapted to the decomposition (1.3):
(0; = 0; — Nj(:n Y)9;,0; = 8y) 0; = @, such that TV = span{d;},
HM = span{§;}. The dual cobase is (dz’,dy’ = dy’ + N’(x y)dx’), that
s (HM)* =span{dz’} and (TV)* —span{éy} Here (N](ﬂf y)) are local
functions. Notice that J(8;) = 95, J(9;) =

Let be another atlas on M with local coordinates (#%,7%) in which (1.2)
also holds. Then necessarily one has

~i o~ o1 ' i
(1) B =3, = 00 )y + (),
wpy D D0P 0 (O L oW 9o 0
' 0t 01 0’ | 0 \0xror'’ " 0xi ) dy' | 0w 0
” . — % .
(1.47) i = 520,

By (1.4”) the functions (N;(x,y)) change to the functions (Jv,’f(i‘,yj))
given by

a5k h 2~h
(1.5) o _ o 9% Nk — <ab,+ G k)

koxt — Ok ozt | dxkozi?



3 A FRAMED f(3,1)— STRUCTURE ON TANGENT MANIFOLDS 159

The projections on the two terms in (1.3) will be denoted by h and v,
respectively. Then P = h — v is an almost product tensor structure that
has the horizontal and vertical distribution as +1 (-1)-eigen distributions,
respectively.

It is obvious that J| g/ is an isomorphism j : HM — TV and J = j®0.
Then J' = 0@ j ! is an almost tangent structure, Q = J' + J is an almost
product structure and F' = J’ — J is an almost complex structure.

In the adapted bases (8;,9;) we have:

(1.61) J(8;) =0y, J(0;) =0,
(1.69) J'(6;) =0, J(9;) =&,
(1.65) P(&;) = b;, P(8;) = —0;,
(1.64) Q6:) = 0, Q&) = 6,
(1.65) F(6;) = —8;, F(0;) = 6;.

Moreover, we have

(1.7) PF=—-FP=Q.

2. GL-tangent manifolds. Let (M, J) be a tangent manifold.

Definition 2.1. A pseudo-Riemannian structure g in the vertical sub-
bundle TV = imJ will be called a generalized Lagrange (GL)—structure
on M. We will say that g is a GL—metric and (M, J,g) will be called a
G L—tangent manifold.

Remark 2.1. The notion of GL-metric for tangent bundle T'M was
defined by MIRON. Properties of various classes of GL-metrics have been
established in the monograph [3].

The GL-metric g is determined by the local coefficients g;;(z,y) =
g((‘)i,aj) with det(g;;) # 0 and the quadratic form g;;¢¢7, (¢ € R"), of
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constant signature. Using (g;;(x,y)) we define a pseudo-Riemannian metric
G on M by

(2.1) G(z,y) = gij(z,y)dz'da’ + g;j(z,y)dy' sy’

It is clear that the subbundles HM and T'V are orthogonal with respect
to G.

From now on we assume that the GL-tangent manifold (M, J,g) is of
bundle-type, that is C' = yl(?, is a global vector field called Liouville or
Euler vector field. Then in (1.4) one has b’ = 0.

3. A framed f(3,—1)—structure on a GL-tangent manifold
of bundle-type. Let (M, J,g) be a GL-tangent manifold of bundle-type
such that g is a Riemannian metric in TV =imJ.

We call L defined by L? = g;;(z,y)y’y’ a Lagrangian on M and if the
matrix with the entries (%&@LQ) is nonsingular, L will be called a regular
Lagrangian.

The condition “bundle-type” assures that the subset O = {(x%,3%) | ' =
0} is a closed submanifold of M.We restrict our considerations to the open
submanifold M = M \ O of M and we keep the same notations for the geo-
metrical objects involved. We notice that (M, .J, g) is a GL-tangent manifold
of bundle-type.

On M we have L > 0 and so we may consider the vector fields

1 . 1 ..
(3-1) §= Zy’éi, ¢= Zyl&,
as well as the 1-forms
1 i 1 i
(3.2) w= Zyz'dx , = Eyﬂ;y ;

where y; = gij(z,y)y’.
It is immediately that

(3.3)
n€) =0, n() =1

Moreover, if G is the metric given by (2.1), then

(3-4) G(&,6) =1, G(,¢) =0, G((,¢) = 1.
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Recall that on M we have the almost product structure Q.
From (1.65) it follows

and one checks

Lemma 3.1. wo @ =1, noQ = w.
Then (3.3) and (3.4) yield

Lemma 3.2. w(X) = G(X,{),n(X) =G(X,(), VX € X(M).

Now we set

(3.6) Q=Q-+tw(—1n®¢

Theorem 3.1. The triple Q = (Q, (&,(), (w,n)) is a framed f(3,—1)—
structure, that is

Q) =09(¢) =0, woQ=70Q=0,
(3.7)
P=T-wE-—nx¢,

where I is the Kronecker tensor field.
Proof. A direct calculation using (3.3), (3.5) and Lemma 3.1.
Theorem 3.2. The tensor field Q is of rank 2n — 2 and satisfies
(3.8) Q*—9=0.

Proof. The equation (3.8) easily follows from (3.7). We show that
kerF is spanned by ¢ and (, that is kerQ =span{¢,(}. The inclusion
“3” follows from (3.7). For proving the inclusion “C” let be Z = X%3; +
V?9; €kerQ. Then by (3.6), Q(Z) = X°0; +Y6; — L (XFyp)é — +(YFy)¢ =
(Xt — %(Xkyk)y’)& + (Y = H(YFy,)Ys; and Q(Z) = 0 gives X' =
%(Xkyk)yi,Yi - #(Y"“yk)yZ Inserting these in Z it comes out that
7 espan{¢, (}, q.e.d.

The study of structures on manifold defined by tensor field f satisfying
f3+f = 0 has the origin in a paper by YANO, [6]. Later on, these structures
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have been generically called f—structures. They have been extended and
can be encountered under various names. We refer to the book [4].

Theorem 3.3. The Riemannian metric G defined by (2.1) satisfies

(3.9) G(QX,QY) = G(X,Y) — w(X)w(Y) — n(X)n(Y), VX,Y € X(M).

Proof. First, we notice that from the Lemmas 3.1 and 3.2 it follows

G(QX,€) =n(X) and G(QX, () =w(X) for all X € X(M). Then we have
G(RX — w(X)¢—n(X)E QY —w(Y)( —n(Y)E)
= G(QX,QY) —w(Y)G(QX, () —n(Y)G(QX,§) — w(X)G(QY,()
Hw(X)w(Y) = n(X)G(QY, &) +n(X)n(Y)
= GX,Y) —w(X)w(Y) = n(X)n(Y),
because of G(FX,FY)=G(X,Y), q.ed.

Theorem 3.3 says that (Q, G) is a Riemannian framed f(3, —1)— struc-
ture on M.
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