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1. Introduction. This is the text of a lecture given by the author
in the University of Iasi, Romania, and which attempted to indicate briefly
some of the mathematical foundations of classical and relativistic physics.
First, a discussion of the role of Euclidean geometry in physics is given.
This involves a brief description of Hilbert’s axioms for Euclidean geome-
try and the latter’s relationship to physics. Second, the role of Euclidean
geometry in the classical work of Galileo and Newton is described. Third,
the mathematical concepts used to differentiate between Greek and classical
theories are presented and compared with those in Einstein’s special theory
of relativity to show the latter’s essential 4-dimensionality.

2. Euclidean geometry. Geometry was regarded as a “visual”
science until the time that mathematicians decided to “axiomatise” their
subject. One of the early applications of such a procedure was in geom-
etry and was due to David Hilbert at the beginning of the 20th century
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[1]. His treatment of Euclidean geometry was a significant step in ax-
iomatics and revealed clearly, amongst other things, the distinction between
Euclidean geometry and the non-Euclidean geometry of Lobachevski and
Bolyai. Hilbert’s axioms have only one “model” up to (geometrical) isomor-
phism and it is the geometry of Euclid. If one makes an obvious change in
Hilbert’s parallel postulate, one similarly achieves a unique model, which is
that of Lobachevski and Bolyai. Hilbert thus laid out the great edifices of
Euclid and of Lobachevski and Bolyai in set theoretic language without the
need to interpret the sets that arise as points, lines etc. They were simply
sets which were controlled by certain rules (axioms). The impact this had
on the scientists of the time can be seen vividly by reading the penetrating
discussions of Einstein [2] and Poincare [3].

Hilbert’s axioms are powerful and beautifully intuitive and can here,
for convenience, be described briefly for 2-dimensional Euclidean geometry.
One starts with two sets, P and L, referred to, respectively, as the sets of
“points” and “lines”, together with a subset I of P ×L called an incidence
relation. Thus one can regard members of P as points in this geometry,
members of L as lines and a member (p, L) of I as a statement that the
point p lies on the line L. Very early in the axiomatic scheme, the set L
can be identified with a family of subsets of P. The axioms can be broken
up, conveniently, into five groups. The first group consists of the axioms of
incidence and gives certain restrictions on the set I that determine which
points lie on which lines. The second group is collectively referred to as the
betweenness axioms and they are introduced to enable sensible statements
to be made about which of three collinear points (that is, points lying on
the same member of L) is between the other two. The third group, the
so-called axioms of congruence, can then be used to install into the model
a notion of length and angle. The fourth group consists of a single axiom,
that of completeness. At this point one can show that given p ∈ P and
L ∈ L such that (p, L) is not a member of I then there exists L′ ∈ L such
that (p, L′) ∈ I and such that L ∩ L′ = ∅. Thus the fifth axiom, again a
single axiom, the parallel postulate, may either postulate the uniqueness of
L′ in each such case, thereby achieving Euclid’s model, or the negation of
this, which then results in the model of Lobachevski and Bolyai.

Now let R2 denote the real plane with the usual Euclidean structure
(so that, in Hilbert’s axiomatic scheme, P = R2 and L is the set of lines
satisfying the usual linear relationships between the x and y coordinates.
Let f : R2 → R2 be a bijective map. Now define a new set L′ on the second
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copy of R2 (the range space of f) by L′ ∈ L′ ⇔ L′ = f(L), L ∈ L. The
obvious resulting structure on the range of f then satisfies Hilbert’s axioms
with line set L′ and f is an isomorphism between the two structures. In
this sense, they are geometrically indistinguishable. Why, therefore, does
one attach such significance to the former of these structures and ignore the
latter?

If geometry and physics are linked in some sense, so that geometry
becomes a branch of physics, then an answer to the above question may
possibly be given through some form of physical measurement theory which
links physical bodies with measuring devices, or by appeal to Galileo’s law
of inertia (Newton’s first law). If, on the other hand, no such relationship
is assumed, so that geometry is merely a useful convention, then its role is
rather arbitrary and descriptive. Since Hilbert’s axioms lead to a concept
of “distance” in the resulting Euclidean model, the second of the above
options leads to difficulties in the interpretation of such a concept. The
first option, together with Galileo’s law of inertia and the interpretation of
distance as being measured by certain physical bodies, is more appealing.
This option will be the one adopted here (see also [4, 5]).

3. Classical theory. In the classical theory of Newton and Galileo,
there is assumed the concept of absolute time. This is taken as a surjective
function T on the set E of all events in the universe to the set of real numbers
R, so that T attaches to any event its absolute time. This is usually taken
to be consistent with “good clocks” placed at each event, synchronised for
all observers and with a common unit of time measure. A simultaneity
space S(t) ≡ T−1(t) for t ∈ R is then the set of all events occurring at
absolute time t and each such space is assumed to be the set R3 on which
the standard Euclidean geometry structure is supposed to be imposed, that
is, the lines and planes are given by the usual linear relations between the x,
y and z coordinates in each S(t), together with the usual measure of length
and angle. Thus each S(t) is, in this sense, a 3-dimensional Euclidean space
and is the same for all observers, reflecting the classical concept of universal
simultaneity. An observer then consists of a choice of coordinatisation in
each S(t) such that, together with the absolute time coordinate, he can
construct a bijective map g : E → R4. A class of admissible observers is
then a family of observers such that if O and O′ are two members of this
family with associated maps g and g′, the maps g ◦ g′−1 and g′ ◦ g−1 are
bijections on R4 satisfying some agreed degree of differentiability. Thus E
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becomes a 4-dimensional manifold diffeomorphic to R4. Having selected a
class of observers, a particle is then taken for any observer as a continuous
map (its path) from R→ E.

Now, in Newtonian theory, one has the concepts of a “real” force and
an “inertial” force and these are assumed distinguishable in this theory.
Thus, one can define a “free” particle in this theory as one upon which
no real forces act. From this one can introduce the idea of an inertial
observer as an observer for whom coordinates x, y and z can be chosen
in each S(t) satisfying all the conditions of the previous paragraph and,
in addition, the condition that such a free particle’s path is described by
t → (x(t), y(t), z(t), t), where the functions x, y and z satisfy

(1) x = at + b, y = ct + d, z = et + f a, ...f ∈ R
and that for any choice of a, ...f a free particle exists satisfying (1). For a
given inertial observer a (necessarily free) particle which, in his coordinate
system, has constant x, y and z is called a fixed point for this observer
and such fixed points will be assumed to exist for each choice of the three
constants x, y and z. Further, any free particle for one inertial observer
is assumed to be a fixed particle for some other inertial observer and the
collection of fixed points for one inertial observer, when described by some
other inertial observer, satisfy an equation like (1) for the same constants
a, c and e. The collection of fixed points for a particular inertial observer
constitutes an identification of the spaces S(t) for that observer and gives
rise to a projection map from E to any S(t). It is assumed that the length
and angle measures are preserved under this identification. Then the pro-
jection of the path of a free particle for any inertial observer satisfies a
linear relationship between his space coordinates in (any) S(t). Thus these
paths are the lines of the Euclidean geometry originally imposed on each
S(t). In this sense, the axioms have ensured that the Galilean law of inertia
determines the Euclidean geometry on each S(t).

Thus one has topological spaces (in fact manifolds) E and R and a (pro-
jection) map T : E → R such that the triple (E, T,R) is a bundle over R
with projection map T . Each observer gives rise to a section of this bundle
with the inertial observers being associated with an important collection
of sections whose inter-relationships give the Galilean group of transforma-
tions. But, in comparison with Greek physics, where an absolute standard is
rest is assumed and the set E can be endowed with a natural product struc-
ture, classical Newtonian dynamics gives rise only to the bundle (E, T,R).
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with no natural product structure emerging. Although E is a 4-dimensional
manifold, the bundle structure on it and corresponding fibres S(t) show that
it retains some of its 3-dimensionality.

4. Special relativity. The absolute time of classical Newtonian
theory assumes that the synchronisation of clocks can be made in an ob-
server independent fashion. In Einstein’s special theory of relativity, the
absolute time concept is dropped and a different method of synchronising
clocks is adopted which may be regarded as arising from the results of the
Michelson-Morley experiment. In Special Relativity, one still has the con-
cept of an inertial observer and of a free particle and such an observer, O,
is assumed to give rise to a surjective map TO : E → R (so that, for p ∈ E,
TO(p) is the “time” of the event p for O) such that for each t ∈ R, the set
SO(t) ≡ T−1

O (t) is the set R3 with the usual Euclidean structure given by
linear relations between x y and z, as earlier, and the standard metric and
angle structure. Thus each inertial observer gives rise to a map E → R4 and
a 4-dimensional manifold structure is assumed achieved on E as before. It
is assumed that the space coordinates and time function TO for each inertial
observer O may be chosen so that (1) holds for free particles (so that O has
fixed points which are taken to have the properties given to fixed points in
the classical case listed after (1)), that the function TO, can be simulated by
good clocks situated at fixed points with respect to O and that these same
clocks will similarly simulate the function TO′ for any other inertial observer
O′ when situated at fixed points with respect to O′. It is also assumed that
the identification of the sets SO(t) for each inertial observer O using the rest
points for O, as before, is consistent with the metric and angle structure
used on each SO(t). With this identification, it makes sense for a given
inertial observer to speak of the distance between any two events. Another
requirement is now insisted upon. For each inertial observer O, and with
the above metric imposed on each SO(t), if p, q ∈ E with distance p q = d
and with TO(p) = t1 and TO(q) = t2 and if p and q are such that a photon
of light can pass through them, there exists a constant c, the same for all
inertial frames, such that d = c(t1−t2). The constant c is, of course, now in-
terpreted as the speed of light and is thus the same for all inertial observers.
This extra restriction is the essential difference between Newtonian and rel-
ativistic theory. It gives consistency with the Michelson-Morley experiment,
clarifies Maxwell’s equations which contain c as a fundamental constant and
is crucial in the statement of the full principle of relativity which, of course,
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extends the Newtonian principle of relativity from mechanical experiments
to all experiments. Clearly, the addition laws for velocity derived from the
Galilean transformations in classical theory are in stark contradiction to
this last assumption. The transformations which then arise between the
inertial observers, the Lorentz and Poincaré transformations, show that the
sets SO(t) and SO′(t′) for inertial observers O and O′ do not coincide in
general for any t and t′. Thus there is no observer independent concept of
simultaneity and no 3-dimensional bundle structure as in the classical case.
One is left with the set E as a 4-dimensional manifold, called space-time.
In this sense, special relativity is truly 4-dimensional.

However, the assumption regarding the speed of light c leads to a very
special structure on E. Suppose one chooses inertial observers O and O′

whose space axes are taken in the usual way as orthogonal straight lines in
the Euclidean geometry of each SO(t) and SO′(t) and calibrated using the
metric described earlier and events p1 and p2 with coordinates (x1, y1, z1, t1)
and (x2, y2, z2, t2), respectively, for O and (x′1, y

′
1, z

′
1, t

′
1) and (x′2, y

′
2, z

′
2, t

′
2),

respectively, for O′. Then a photon will pass through p1 and p2 if and only
if

(2) (x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2 − c2(t2 − t1)2

= (x′2 − x′1)
2 + (y′2 − y′1)

2 + (z′2 − z′1)
2 − c2(t′2 − t′1)

2 = 0

From this it can be shown using the exponential map that a quadratic
form can be defined on the tangent space TpE to E at any p ∈ E for each
observer and any two of these forms at any p ∈ E share their zeros. Thus
any two of them are proportional. The principle of special relativity then
demands that O and O′ shall be indistinguishable and so one is lead to
the Minkowski metric on E which, if one defines a fourth coordinate x4 by
x4 = ct, is represented, in the coordinates chosen here, in Sylvester canonical
form by the matrix diag (1, 1, 1,−1). The Lorentz group of transformations
is then the “orthogonal group” of this inner product on each tangent space
of E. That there is no longer an absolute time nor an observer independent
concept of simultaneity is then clear from the well known way in which the
“space” coordinates enter into the transformation between x4 and x′4.

The mathematics of special relativity was developed by Einstein in
1905 [6] and put into a very elegant 4-dimensional mathematical form by
Minkowski shortly afterwards [7]. It is largely Minkowski’s mathematical
4-dimensional formulation that is in current use and the concept of the
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Minkowski metric is a crucial ingredient in Einstein’s general theory of rel-
ativity.

5. Acknowledgements. The author wishes to thank the members
of Prof Miron’s group in Iasi for useful discussions. He also expresses his
gratitude to Livia Bejan for her hospitality, friendship and collaboration
during his visit to Iasi.

REFERENCES

1. Hilbert, D. – Foundations of Geometry, Open Court Pub Co, Chicago, 1902.

2. Einstein, A. – Sidelights on Relativity, Dover, 1983.

3. Poincare, H. – Science and Hypothesis, Dover, 1952.

4. Trautman, A. – Report to the Conference on Relativity and Gravitation, London

1965.

5. Penrose, R. – The Road to Reality, Jonathan Cape, London, 2004.

6. Einstein, A. – Annalen de Physik, 17, (1905), 891.

7. Minkowski, H. – Göttingen Nachrichten (1908) 53. [For an abridged version in

English see H. Minkowski in The Principle of Relativity, 75, Dover, (1923).]

Received: 15.X.2007 Department of Mathematical Sciences,

University of Aberdeen,

Aberdeen AB24 3UE, Scotland,

UK

g.hall@maths.abdn.ac.uk




