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1. Introduction. Derivatives of fractional order have found many
applications in recent studies in mechanics, physics, economics, medicine.
Classes of fractional differentiable systems have studied in [10], [4], [7].

The fractional tangent bundle is defined, using the method of Radu
Miron’s from [8]. In this paper the fractional dynamical systems on frac-
tional Leibniz algebroids are presented. The associated geometrical objects
have an geometric character. Also, some illustrative examples are given.

2. Fractional tangent bundle on a manifold. Let f:[a,b] = R
and a € R,a > 0. The Riemann-Liouville fractional derivative at to left of
a , respectively at to right of b is the function f —, D¢ f resp. f —; Dy f,
where:

DEi0) = s (5) [ =) — ranas

1 d

Dy f(t) = m(—%

1) b
ym / (t— 8™ (f(s) — F(b))ds,
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where m € N* such that m — 1 < a < m,IT" is the Euler gamma function
d d _d d
and (E)mzaoaooa

We will denote D =, D§. Clearly, if a — 1 then D§f(t) = 4.

Proposition 2.1 ([3]) (i) If lim, .~ a,, = p € N*, then:
()  lim (DfF(0) = D). lim (DG F(1) = DIA(Q).

(i) If f(t) = ¢, (V)t € [a, 0], DY f(t) =0.
(iii) If f1(t) = t7, (V)t € [a,b], then D fi(t) = %tv—a,
(iv) If f1, fo are analytical functions on (a,b), then:

) DEh0 =3 () DA )

k=0

(v) If f : [a,b] — R is an analytical function on (a,b) and 0 € (a,b)
then:

oo o0
1 h
(4) hZOEah f(@)]e=0, where Eqp(t) = Z;)tha

O

Let « € R,a > 0 and M be a manifold and U a local chart. We say
that the curves c1,c2 : I — M,0 € I,¢1(0) = ¢2(0) € M have fractional
contact o in xg, if for all f € C*°(U),xo € U, the following relation holds:

(5) D (f o e1)lt=0 = Dy (f o c2)li=0-

The set of equivalences classes ([c|3,) is called the fractional tangent
space in xo and it is denoted by Ty (U). Let T*(M) = U, epr Tr, (U) and
the projection 7% : T%(M) — M given by 7 ([c]g,) = wo.

On T*(M) there exists a differentiable structure and we can prove that
(T“(M), 7, M) is a differentiable bundle.

In a system of local coordinates on M, if zg € U and ¢ : I — M is a
curve given by ¢ = 2%(t), (V)t € I, the class ([¢]¢ ) is given by:

z0

1

(6) a'(t) = 2'(0) + T(l+a)

t*DExt(t)|4=0, t € (—¢,8).
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On (7®)~Y(U) € T*(M), the coordinates of ([c]$,) are (27, y@)), where:
_ 1
I'l+ )

(7) ' = xl(0)7 yi(a) = Dtaxi(t)vi =1,n.

Proposition 2.2 ([1], [2]). Let U,U be two local charts on M such
that UNU # 0 and the coordinate transformations:

=t _ =1 2 n .
(8) T =T(x,x%, ..., 2"), det<axj>750, i=1,n
The coordinate transformations on (7®)~1(U NU) are given by:
=1 =1 ny (o 1 o o, J(a

and D?; is defined by:

1 /xl of (zt, ..., 2" s, 2t L 2™ 1
0

I'l—a«) ozt (2t — S)st.

(10) Dgif(x) =

Let D*(U) the module of 1-forms on U. Using the fractional exterior
derivative d* : C*°(U) — D*(U), f — d“(f) (see [2]), where d*(f) is:
(11) d*(f) = d(z")* D3 (f)
it follows:
at ak )
Ji(2,7)J (T, x) = 35
We denote by X*(U) the module of fractional vector fields generated by
{Dg;, i =1,n}. A fractional vector field X € X*(U) has the form:

) i . J
(12) d(')* = J,(x,D)d(@), D = J,(F)D2

J zI

a ot ot o
(13) X =X D, X eC>®U),i=1,n,
which for a change of local charts, the correspondent components satisfies:
ﬂi at al
(14) X =Ji(x,7)X, i,j=1n.

«
The fractional differentiable equations associated to X is:
(15)  Dpai(t) = X (a(t)), or T(1+a)y () =X (a(t)).
The equations (15) with initial conditions have solutions, see [3]. E-
xamples of fractional differentiable equations on R can be find in [4].
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3. Fractional Leibniz dynamical systems. Let the module
X*(U) of fractional vector fields generated by the operators {D%, i =

R 3 2t v
1,n} and the module D*(U) generated by the 1-forms {d(z")%, i = 1,n}.
Applying the Proposition 2.2 it follows:

(16) (d(x)*) (D%) = D% (27)® = T(1 + ).
If X € X2(U) and & € D*(U) such that & = &id(x?)?, then $(X) =

ala
I'l+4+ a)X w;.

Let be a fractional 2— tensor field B e XYU) x X*(U) and d*f,d%g €
D*(U). The bilinear map [-,-]* : C°(M) x C*(M) — C°°(M) defined by:

(17) £, B = B(d®f,d°h), (¥)f,h € C(M),

is called the ‘ fmctional Leibniz bracket.
atl)

If B=B D% ® D2, from (17) it follows:

atj

Since

19 DW= ;( Y ztsen () e

it follows

o e =3 () Bwrtn () hone

o =3 (0) B o () #

k=0

The pair (M, [-,-]%) is called fractional Leibniz manifold. If the bracket
[-,-]* is skew-symmetric,we say that (M, [-,:]%) is a fractional almost Pois-
son manifold. If o — 1, then one obtain the concept from [6], [9].
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«
For h € C*°(M), the fractional vector field X}, defined by

(22) Xu(f) = [f, B, (V)f € C=(M),

is called the fractional Leibniz vector field associated to h and its associated
dynamical system is the fractional Leibniz dynamical system.
Locally, the fractional Leibniz dynamical system is given by
atj

(23) Dzt (t) = [2'(t),h(t)]®, where [2',h]*=DB -D%h.

Example 3.1. Let the constant 2— tensor ¢ = (3”) defined on R? by

st 0 0
o
(24) g= 0 se72 0 , 81,82,83 € {—1,1},m1 +72+73=0.
0 0 s373
For h = x'z?x3, the associated fractional Leibniz dynamical system is
I'(2 _
Diat = simD%(h) = 11(2(_)0[)3171:023;3(961)1 @
I'(2 _
(25) D¢z? = 5272 D% (h) = F(2(_)a)5272x1m3(1:2)1 «
I'(2 _
\ D&xd = 533D (h) = 11(2(_)0[)33733313:2(.@3)1 @,

If & — 1, it follows the system (7) in [10].
«
For h = (21)%(2?)®(23)® and u = T'(1 + «) the fractional system is
D?xl = u5171x2x3, Df‘x2 = us2’ygx1x3, Dt‘“x3 = u5373xla:2. O

Let % resp. 3 be a skew-symmetric resp. symmetric fractional 2— tensor
field on M. We define the bracket [-,-]* : C®°(M) x C®°(M) — C*°(M) by
(26)  [f,h]® = P(d®f,d*h) + g(d“f,dh), (¥)f,h € C>®(M).

0%
The 4-tuple (M, P, g, [-,-]%) is called fractional almost metriplectic ma-
nifold. The fractional dynamical system associated to h € C*°(M) is

. . 4 atj aij
(27)  Dga'(t) = [2'(t),h(t)]*, where [2',h]* =P DYh+g ]Dg‘jh.
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If we define the bracket [, (-, )] : C°(M)xC®(M)xC>®(M) — C*(M)
by:

(28) [f,h]* = P(d*f,d*hy) + g(do‘f, d®h2), (V)f,hi,ha € C°(M).
The fractional vector field )a( hyh, defined by

(29) Xpny = [f, (ha, ha)],  (9)F € C(M).

is called the fractional almost Leibniz vector field associated to hy, hy €
C° (M) and its associated dynamical system is the fractional almost Leib-
niz dynamical system. Locally, this system is given by:

atj

(30) Di(t) = P D%y +g" D%hs.

(03
Example 3.2. Let be the fractional 2- tensors fields P = (P ), g =
atj

(9°) on R3 and the functions hy, hy € C®(R3) given by:

N 0 1 0 —(22)? — (23)? 0 0
(e}
P=[ -1 0 a2t ], g= 0 —(23)? 2223 ,
0 —a' 0 0 w?ad —(2%)?
a 1 1 o 1
hl _ 5(xZ)lJroz + §(x3)1+a’ hg — §(x1)1+a + (x?;)a.

(0% [0 (03
Since D%hi; = 0, D%hy = T2+ a)2?, D%h = T2+
o (03 [0
a)zd,  D%hy = T2+ a)z', D%hy =0, D%hy = I'(1+ a), the

system (31) becomes:

D¢t 0 1 0 0
Dga? | = -1 0 2! i1(2 + a)z?
D¢ a? 0 -2t 0 gr(z +a)x3
—(22)% — (23)? 0 0 T2+ o)t
+ 0 —(23)? 2223 0 or equiva-
0 22z —(2?)? I'(l+a)
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1
D¢l = §F(1 + a)[z? — 21 (2%)? — 21 (23)]
1
(31) D¢g? = 5F(2 + a)zte® + (1 + a)a?a?
1
D¢ = —5T(2+ a)z'z? —T(1+ a)(z?)?

The system (31) is called the revised fractional Mazwell- Bloch equa-
tions.

If @ — 1, the system (31) reduces to the revised Maxwell-Bloch equa-
tions.

4. Fractional Leibniz algebroids. Let M be a smooth manifold
of dimension n , let 7 : £ — M be a vector bundle and 7* : E* — M the
dual vector bundle.

A fractional Leibniz algebroid structure on a vector bundle 7 : E — M
is given by a bracket [-,:]* on the space of sections Sec(w) and two vector
bundle morphisms %l, ,%2 : B — T*M ( called the left resp. right fractional
anchor) such that for all oy, 09 € Sec(m) and f,g € C°°(M) we have:

{ lea, €p
(32)

[fo1,902]® = fpi(01)(9)o2 — gpy(02)(f)or + falor, oa]®.

A vector bundle 7 : E — M endowed with a fractional Leibniz algebroid
structure on F , is called fractional Leibniz algebroid over M and denoted

a (03 (0%
by (E7 [7] 7p17p2)'
A fractional Leibniz algebroid with an antisymmetric bracket [-,-]* (in

J* = Copec

this case we have ?)1 = —%2) is called fractional pre-Lie algebroid.

. i i
Locally, if p,(eq) = ?)MD;, Dy (ep) = ap%Dg@ then:

i i
(33)  [ofea, 03es]* = 0114 (Dgio3)es — 03 pye(D3i0t)ey + 07 03Ch,ec.

Let us we establish a correspondence between the fractional Leibniz
algebroid structures on the vector bundle 7 : E — M and the fractional 2-
tensor fields on manifold E* of the dual vector bundle 7* : E* — M.

For o € Sec(m), we define the function ig«c on E* by the relation:

(34) ig+o(a) =< o(n*(a)),a >, for ae€E",
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where < -,- > is the canonical pairing between F and E*. If 0 = 0%, and
a € E* has the coordinates (2",&,), then ig<o(a) = 0%,.

Let A be a fractional 2-tensor field on E* and [, -]X defined by:

abB
(35) [F.9ler = A (A0 f,dg), (¥) frg € C(E"),
where
(36) dPf = d(a")* DS f + d(£a)° DL f = d(f) + d°(f).

In the basis { D%, D?a},z' =1,n,a = I, m of the module X3 (z*~1(U))),

Tt Y
the components A®? are given by:

(37) AP = ApD] @ D] + A3, D] © D% + Ab,D% ® D] .

ab ab
For a given fractional 2-tensor field A on E*, we say that A is linear, if

af
for each pair (1, po) of sections of 7* , the function A (d(ig+u1)?, d(ippo)?)
defined on E* is linear with respect the coordinates &,.

If py = pf(x)eq, p2 = pg(x)eq, then dpsp1 = pf(x)a, dp-pa = ps(x)&,
and A (d(igp)?, d(ig-p2)?) = Aap(, €)(15 () (1§(2))*) D, (€) D (6a)?
of
= m(u‘f(fn))ﬁ(ug(m))ﬁAab(x,f). Then A is linear <= Ay (z,§) =
Cgb(x>§c-

The fractional formulation of the Grabowski and Urbanski’s Theorem
from [5], is the following.

Theorem 4.1. For every fractional Leibniz algebroid (E, |-, -]a,?)l, ?)2),
«

there exists an unique fractional 2-tensor A on E* such that for all 0,01, 09 €
Sec(m) and f € C®(M) the following relations hold:
(38)

iplo1, 0] = [(ige01)P, (iE*U2)ﬁ]Xﬁ

B = o) 7 o 7 @)U = [, i) g

aB
Conversely, every fractional 2-linear tensor field A on E* defines a
fractional Leibniz algebroid on E if the relations (38) hold. O
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Let (2%),i = 1,n be local coordinates on U C M and let {e1,...,en}
be a basis of local sections of E|y. We denote by {e!,...,e™} the dual
basis of local sections of E*|;; and (2%, %) (resp., (2%, ,)) the corresponding
coordinates on E (resp., E*).

al
Using (38), every linear fractional 2-tensor field A on E* has the form:
al )
(39) A =C4¢D] @ D] +p,,D; ® D% — PouD% @ Dy .

af
The correspondence between A and a fractional Leibniz algebroid struc-
ture is given by the following relations:

i i
(40) [eas es)* = Copea s P1(ea) = P1aD5i 5 Pa(€a) = Poa Do
We call a fractional dynamical system on (E, [-,]%, py, py), the fractional
o
system associated to vector field X, with h € C*°(E™*) given by:
(41) Xh( f) = (daﬂ f,d*Ph), for all fe C(E").
In the local coordinates (z¢,&,) on E*, the dynamical system (41) reads:

(42) Df¢, = &, ]aﬁ) D&x' = [x' h],s, where
A

(43)  [Eashlon = CHEDL h+ p1o Db, [2°, h] s = —pou Df h.
A b A a

If « — 1,8 — 1, the dynamical system (42) was studied in [6].
If @« — 1 the dynamical system (42) has the form:

i al al 8h
W) # = pin Di6 = Cheanin it
If 3 — 1 the dynamical system (42) has the form:
ai Oh : o
(45) Dia’ = p2“87£a’ o = bfdag + P1aD ih.

If the fractional Leibniz algebroid is a fractional pre-Lie algebroid (that
is, Cgb = —C’gla), then the fractional dynamical system (42) is given by:

(46) D¢, = Ch&aDl h+ P, D%h, DR’ = —3,,D8 .
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If the fractional Leibniz algebroid is a fractional symmetric algebroid
(that is, C% = C{), then the fractional dynamical system (42) is given by:

(47) D¢, = Ch&aDL b+ py,Doh,  Dfz’ =p,,Df h.

Example 4.1. Let the dual 7* : E* = R? x (R3)* — R3 of the vector

bundle 7 : E = R? x R® - R3 and a > 0,3 > 0. We consider on E* the
«

fractional 2-contravariant linear tensor field A defined by the matrix P?,

the fractional anchors %1, apQ and the function h given by:

0 —63.@3 521'2 0 —$3 $2
PB = 53373 0 —513'}1 ’ gl = x3 0 0 9
—6x? Eat 0 —z2 0 0
0 -1 0
pr=1 1 01 —z! | and h(z,&) = (2)*(&)° + («3)*(&)°.
0 = 0

Since D?a (&) = 53&“{—51{1&7%’ DY, (7)Y = 55(9@")7_0‘% fol-

lows:

D{h=0, DJh=T(1+p)(2%) D h=T(1+p)%"
D%h =0, D%h=T(1+a)(&)?, D%h=T(1+a)(3)P.

The fractional system (42) has the matrix form:

Dtﬁfl 0 —53.%'3 fg$2 0
Dlg | =T(+p)| &* 0 gt || @)
DPe —&a? L' 0 (z%)*
0 —az? 22 0
+T(1+a)| 23 0 0 (&) |,
-z 0 0 (&3)°

Dyt 0 -1 0 0

D¢g? | =-T(1+3)| 1 0 —at (22)

D§ a3 0z 0 (z3)

From the above matrix equations follows the fractional dynamical sys-
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tem:
(D& =T(1+ B)(~&(22)2® + &a?(2))+
+ (1 + a)(—23(&)7 + 22(&3)7)
DV = —T(1 + B)at(a3)2&y,
(48) DJ¢3 =T (1 + )zl (2226

Dgz! =T(1+ B)(z?)*
D¢x? =T(1 + B)at ()
D&axd = —T'(1+ B)at(2?)

\

The fractional dynamical system (48) is the («, 3)— fractional dynamical

system associated to fractional Maxwell-Bloch equations. U

Conclusion. The numerical integration of the fractional systems pre-

sented in this paper will be discussed in future papers.
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