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Abstract. The aim of this paper is to extend the study of symmetries and conserva-
tion laws from Classical Mechanics to the first-order classical field theories, both for the
Lagrangian and Hamiltonian k-symplectic formalisms. More exactly, we will obtain new
kinds of conservation laws for k-symplectic Hamiltonian systems, without the help of a
Noether type theorem, only using symmetries and pseudosymmetries.

Mathematics Subject Classification 2000: 70505, 70510, 53D05.

Key words: symmetry, conservation law, k-symplectic Hamiltonian system, k-
symplectic Lagrangian system.

1. Introduction. The k-symplectic formalism is the generalization to
the field theories of the standard symplectic formalism in Mechanics, which
is the geometric framework for describing autonomous dynamical systems.
Like in the classical case, the k-symplectic formalism allow us to study
toghether the Lagrangian and the Hamiltonian formalisms for field theo-
ries (using the Legendre transformation or the k-tangent structure ([18],
[19], [20], [30], [35])). So, many results obtained by CrRaAMPIN ([7], [8], [9]),
GRIFONE ([14]), KLEIN ([17]), DE LEON ([18], [19], [20]), MIRON and ANAS-
TASIEL ([22], [23], [24], [25], [26], [27]), NOETHER ([31]), for the symplectic
formalism was already extend or can be extend to the k-symplectic case.

*This work has been partially supported by a grant MEdCT-CNCSIS AT
30C/21.05.2007, cod 100.
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More that, in the last ten years a new Lagrangian and Hamiltonian
formalism was introduced by R. Miron. So, R. Miron defined the higher
order Lagrangians and higher order Hamiltonians and made a very com-
plete study of the geometries of the higher order Lagrange and higher order
Hamilton spaces ([22], [23], [24], [25], [26], [27] and many other papers
of MIRON). The geometric framework created by this high order geome-
tries allows us to study the properties of some very interesting Hamiltonian
dynamical systems and, particularly, allows us to obtain new kinds of con-
servation laws for this (see [10], [29]).

The aim of this paper is to extend the study of symmetries and conserva-
tion laws from Classical Mechanics to the first-order classical field theories,
both for the Lagrangian and Hamiltonian formalisms, using Giinther’s k-
symplectic description, and considering only the regular case. The study of
symmetries and conservation laws for k-symplectic Hamiltonian systems is,
like in the classical case, a topic of great interest and was developped re-
cently by SALGADO, ROMAN-ROY and VILARINO in [35], by generalization
of the Noether’s type theorem for Hamiltonian and Lagrangian systems in
k-symplectic field theories (see [32], [9]). In [35] the Noether’s theorem, ob-
tained for a k-symplectic Hamiltonian system, associates conservation laws
to so-called Cartan symmetries. However, these kinds of symmetries do not
exhaust the set of symmetries. As is known, in mechanics and physics there
are symmetries which are not of Cartan type, and which generate conserved
quantities, i.e. conservation laws (see [21], [33], [34] for some examples).

In the present paper we will obtain new kinds of conservation laws for
k-symplectic Hamiltonian systems, without the help of a Noether type the-
orem and without the use of a variational principle, using only symmetries
and pseudosymmetries associated to the k-vector fileds X = (Xy,..., Xg)
which are solutions of the equation 2221 ix,wa = dH. The main result is
a generalization from the classical (symplectic) case (k = 1) of a results of
JONEs ([16]) and CRASMAREANU ([10]). Applications for Lagrangian and
Hamiltonian k-symplectic formalisms are also presented.

The structure of the paper is the following: after this introduction, in
the second section we present the main notions and tools necessarly in the
third section. Two very interesting examples of k-symplectic Lagrangian
and Hamiltonian systems are presented. In the last section we enounce
and prove the main result and, finally, we present some applications for
k-symplectic Lagrangian and Hamiltonian systems.

All manifolds are real, paracompact, connected and C°°. All maps are
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C®°. Sum over crossed repeated indices is understood. The Lagrangian and
Hamiltonian functions are regular.

2. Geometric framework. In this section we present, shortly, the
geometric elements necessarily for obtain and explain the results from the
next section.

2.1. The tangent bundle of k'-velocities of a manifold M. An
almost tangent structure J on a 2n-dimensional manifold M is tensor field
of type (1,1) of constant rank n such that J?> = 0. The manifold M is
then called an almost tangent manifold. Almost tangent structures were
introduced by CLARK and BRUCKHEIMER [5] and ELIOPOULOS [13] around
1960 and have been studied by many authors (see [3], [6], [7], [8], [14], [19]).

The canonical model of these structures is the tangent bundle 7y :
TM — M of an arbitrary manifold M. The canonical tangent structure J
on T'M is locally given by

(1) J= ® da’

o'
with respect the bundle coordinates on T'M. This tensor J can be regarded
as the vertical lift of the identity tensor on M to T'M (]28)]).

The almost k-tangent structures were introduced as generalization of
the almost tangent structures [18, 19].

Definition 2.1. An almost k-tangent structure J on a manifold M of
dimension n+kn is a family (J*, ..., J*) of tensor fields of type (1,1) such
that

(2) JAoJB =JBogt =0, rankJ* =n, ImJ*N(®pealm JP) =0,

for 1 < A B < k. In this case the manifold M is then called an almost
k-tangent manifold.

The canonical model of these structures is the k-tangent vector bundle
TIM = J}(RF, M) of an arbitrary manifold M, that is the vector bundle
with total space the manifold of 1-jets of maps with source at 0 € R¥ and
with projection map 7 : TAM — M, 7(jjo) = o(0). This bundle is also
known as the tangent bundle of k*-velocities of M [28].
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The manifold TklM can be canonically identified with the Whitney sum
of k copies of T'M, that is

TLM
Joo

TM& - &TM,
(joor =v1,...,j¢ok = vk)

where 04=0(0,...,t,...,0) with ¢ € R at position A and ’UA:(O'A)*(O)(%O).
If (z*) are local coordinates on U C M then the induced local coordi-
nates (z,v%),1<i<n,1 <A<k, on 7 YU)=T_U are given by

d

dt

Definition 2.2. For a vector X, at M we define its vertical A-lift
(X2)? as the vector on T M given by

2'(joo) = #'(0(0)),  va(igo) = (2’ 0 oa)le=0 = va(a’).

(X)A30) = L (00)er- s Ao (0)s + 1K, @as1)e - (06)0)emo

€ Ty (T M)

for all points jio = ((v1)s, ..., (vk)z)) € TEM.

A

In local coordinates we have (X,)4 = Y27  a?-2

oy’
a'0/0x'. The canonical vertical vector fields C’g on TklM are defined by
Cf (v, X1, X2,..., Xg) = (Xp)* and are locally given by O = vy =2

8vf4
The canonical k-tangent structure (J',...,J*) on TIM is defined by
JA(ZjéU) = (T*(Zjég))A, for all vectors Zj1, € Tjéo(TklM). In local coordi-
nates we have

for a vector X, =

8. ® dz

3 JA =
(3) o0,

The tensors J4 can be regarded as the (0,...,14,...,0)-lift of the iden-
tity tensor on M to T M defined in [28].

2.2. The cotangent bundle of k'-covelocities of M and (T} )*M.
Almost cotangent structures were introduced by BRUCKHEIMER [4]. An
almost cotangent structure on a 2m-dimensional manifold M consists of a
pair (w, V) where w is a symplectic form and V' is a distribution such that

(1) wlyxy =0, (17) kerw = {0}
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The canonical model of this structure is the cotangent bundle 73, :
T*M — M of an arbitrary manifold M, where w is the canonical symplectic
form wy = —dfy on T*M and V is the vertical distribution. The Liouville
form @ in T*M is defined by 0p(a)(Xa) = a((75)«(a)(Xa)), for all vectors
X, € To(T*M) . In local coordinates (z%, p;) on T*M

o0
op1” " Opr"

Definition 2.3. [1, 2] A k-symplectic structure on a manifold M of
dimension N = n+ kn is a family (wa,V;1 < A < k), where each wy is a
closed 2-form and V is an nk-dimensional distribution on M such that

(4) 0y = pida’, wo = dz* A dp;, V=

(i) wayy =0, (i) NE_; kerwy = {0}.
In this case (M,wa,V) is called a k-symplectic manifold.

The canonical model of this structure is the k-cotangent bundle (T} )* M
= JY(M,R¥)y of an arbitrary manifold M, that is the vector bundle with
total space the manifold of 1-jets of maps with target at 0 € R*, and
projection 7*(j} ,0) = .

The manifold (7})*M can be canonically identified with the Whitney
sum of k copies of T* M, say

(THy*M = T*M&---®T*M,
Jzoo = (j;’oal, o ,j;oak)
where 04 = 1400 : M — R is the A-th component of o.

The canonical k-symplectic structure (wp)a,V;1 < A < k), on (T)*M
is defined by

(wo)a = (74)" (wo)
V(j;,og) = ker T*)*(j;,oa)

where 74 = (T})*M — T*M is the projection on the Ath_copy T*M of
(T{})*M, and wy is the canonical symplectic structure of T*M.
One can also define the 2-forms w4 by wa = —df 4 where (6y)* = (T3)*60
If (z°) are local coordinates on U C M then the induced local coordi-
nates (z%,pf), 1 <i <n,1 < A< kon (T})*U = (*)"}(U) are given

by

» ; : 0
Plikeo) =a'a), o) = der? 5
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Then the canonical k-symplectic structure is locally given by

0 0

g%y 1<A<k.
Op} %ﬁ

(6)  (wo)t =) da'ndpl, V={
i=1
and (09)* = p! dx’.

2.3. Second order partial differential equations on TklM . Let
M be an arbitrary manifold and 7 : Tk}M — M its tangent bundle of
k!-velocities.

Definition 2.4. A section X : M — TklM of the projection T will be
called a k-vector field on M.

Since T} M can be canonically identified with the Whitney sum T} M =
TM®---®TM of k copies of TM, we deduce that a k-vector field X defines
a family of vector fields X1, ..., X on M. GUNTHER in [15] introduce the
following definition.

Definition 2.5. An integral section of the k-vector field X = (X1, ...,
Xi) passing through a point x € M on M is a map ¢ : Uy C RF — M,
defined on some neighborhood Uy of 0 € R¥, such that
0

o0) =2, 6u(t) ((%Q _Xa0(t) ViU, 1<A<k,

or equivalently, ¢ satisfies
(6) Xog=o¢,
where ¢V is the first prolongation of ¢ defined by
oM UpcRF — TIM
t — oW(t) = jyor
where ¢y(s) = ¢(s +t) for all t,s € R* such that s +t € Uy.

In local coordinates,

(7) i
SO %) = (i, %), 20

oA N 1<A<Ek,1<i<n.
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Definition 2.6. We say that a k-vector field X = (Xy,...,Xg) on M
is integrable if there is an integral section passing through each point of
M.

Remark. If ¢ is an integral section of a k-vector field (Xj,..., Xk)
then each curve on M defined by ¢4 = ¢ o ha, where hy : R — RF is the
natural inclusion h4(t) = (0,...,t,...,0), is an integral curve of the vector
field X4 on M, with 1 < A < k. We refer to [11, 12] for a discussion on the
existence of integral sections.

Definition 2.7. A k-vector field on T M, that is, a section & = (&1, . . .,
&)+ TIM — THTLM) of the projection TRy THTIM) — TIM, is a
Second Order Partial Differential Equation (SOPDE) if and only
if it is also a section of the vector bundle T} (T) : T (T M) — TL M, where
T (1) is defined by T} (1) (jho) = ji(r 0 0).

Let (2%) be a coordinate system on M and (z%,v%) the induced co-
ordinate system on TklM . From the definition we deduce that the local
expression of a SOPDE ¢ is

9
oz’

0

¥ 1<A<E
v

(8) a(a’,vYy) = v + (€a)
We recall that the first prolongation ¢(!) of ¢ : U ¢ R¥ — M is defined
by
oM UCRF — TIM)
t — () = jou

where ¢.(s) = ¢(s+1t) for all t,s € R.

Proposition 2.8. Let & an integrable k-vector field on TklM. The neces-
sary and sufficient condition for £ to be a Second Order Partial Differential
Equation (SOPDE) is that its integral sections are first prolongations S
of maps ¢ : RF — M. That is

0

Ea(oM (1) = (¢(1))*(t)(%

)(®)
forall A=1,... k. These maps ¢ will be called solutions of the SOPDE &.

From (7) and (8) we have
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Proposition 2.9. ¢ : R¥ — M is a solution of the SOPDE ¢ =
(&1,. .., &), locally given by (8), if and only if

99’

ot

82 (Z)’L

g 1) = (€560 1).

(t) = va (e (1)),

If ¢ : T'M — TIT!M is an integrable SOPDE then for all integral
sections o : U C R¥ — T} M we have (1p7 0 0)M) = o, where 7: T)M — M
is the canonical projection.

Now we show how to characterize the SOPDEs using the canonical k-
tangent structure of TklM .

Definition 2.10. The Liouwville (or canonical) vector field C on
TklM 1s the infinitesimal generator of the one parameter group

Rx (T}M) —  T}M

(87 (1'7‘,1)}3)) - <mi’€s UZB)
Thus C' is locally expressed as follows:
; 0
©) C=3Cn=2 b5
B i.B Up

where each Cp corresponds with the canonical vector field on the B-th copy
of TM on T} M.

From (3), (8) and (9) we deduce the following

Proposition 2.11. A k-vector field ¢ = (&1,...,&) on TIM s a
SOPDE if and only if

JA(Ea) = Ca, V1< A<E,

where (J', ..., J*) is the canonical k-tangent structure on M.

2.4. Hamiltonian and Lagrangian formalisms. The role played
by symplectic manifolds in classical mechanics is here played by the k-
symplectic manifolds (see GUNTHER, [15]). Let (M,w4,V;1 < A<k)bea
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k—symplectic manifold. Let us consider the vector bundle morphism defined
by GUNTHER ([15]):

0F Tl M — T*M
(10) N
(Xl,...,Xk) — Qﬂ(Xl,...,Xk):ZZXAWA-
A=1

Definition 2.12. Let H : M — R be a function on M. Any k-vector
field (Xq,...,Xg) on M such that

QO (X1,..., X)) =dH

will be called an evolution k-vector field on M associated with the Hamilto-
nian function H.

It should be noticed that in general the solution to the above equation
is not unique. Nevertheless, it can be proved [20] that there always exists
an evolution k-vector field associated with a Hamiltonian function H.

We denote by X% (M) the set of k-vector fields X = (X1,..., Xy) on M
which are the solutions of the equation

k
(11) > ix,wa =dH.
A=1

Let (27, p{‘) be a local coordinate system on M. Then we have

Proposition 2.13. If X = (Xy,...,Xk) is an integrable evolution k-
vector field associated to H, i.e. X €XE (M), then its integral sections
c: RF — M
(t%) — (o'(tF), o (t7)),

are solutions of the classical local Hamilton equations associated with a reg-
ular multiple integral variational problem [36]:

O0H
12 - = —
(12) oz’

A )

; H
&%v aiAzaiUA’ 1<i<n, 1< A<Lk.
ot 3pi ot

-
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If we consider the canonical k-symplectic structure ((wp)a4,V;1 < A <
k) on (T}})*M and H : (T}})*M — R be a Hamiltonian function on (1} )*M,
then the family ((T}})*M, (wo)a, H) is called a k-symplectic Hamiltonian
system and the equations (12) are called the Hamilton-de Donder-
Weyl equations associated to this system.

Example 1. ([30]) We shall use the above formalism to obtain an
intrinsic version for the electrostatic equations. Let us consider R3 with a
metric g with components g;;. Let o : R? — R be the electric potential
and P = (Py, P, P3) : R® — R3 the electric field. We denote by (t!,¢2,t3)
the standard coordinates on R® and we set \/g = /detg;;. By r(t) we
denote the scalar function which gives the density of the electric charge on
R3. In this example we suppose that r(t) is constant, r(¢) = r, that is the
distribution of the electric charge is constant on R? and, also, we suppose
that the metric ¢ on R? is the Euclidian metric.

Let us consider on M = (T31)*R the canonical polysymplectic structure
((wo)1, (wo)2, (wo)3). We denote by (q,p',p? p®) the local coordinates on
M = (T})*R induced by the standard coordinates (¢) on R, and we define
a Hamiltonian function H : (T3)*R — R by H(q,p',p* p?) = 4nrq +
153 A2
52,4:1(17 ).

Consider the equation

3
(13) (X1, X5, X3) = > ix, (wo)a = dH,
A=t

where (X1, X2, X3) is a 3-vector field on (T3)*R.

Let ¢ : R® — (T})*R, ¢(t) = (¥(t),%1(t),v3(t),13(t)) be an integral
section of an evolution 3-vector field which is a solution of (13). Then
we obtain the Hamilton-de Donder-Weyl equations associated to this 3-
symplectic Hamiltonian system:

N A N
47”‘—‘((%1 8t2+8t3>’ V= AT L2,

which are the electrostatic equations, and then the components 1 (t) and
(PL(t),%(t),43(t)) of ¢ are the electric potential o and the electric field
P = (P1, P, P3) on R?, respectively. So, the equation (13) is a geometric
version of the electrostatic equations.
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Next, if we consider a Lagrangian function L : T} M — R, L = L(x%,vY),
then we obtain, by using a variational principle, the generalized FEuler-
Lagrange equations for L:

Zk:d aL oL . art

14 - =0, b= :
(14) i o) " o YA A

A=1

Following the ideas of GUNTHER [15], we will describe the above equa-
tions (14) in terms of the geometry of k-tangent structures. In classical
mechanics the symplectic structure of Hamiltonian theory and the tan-
gent structure of Lagrangian theory play complementary roles [7], [8], [14],
[19]. Also, that the k-symplectic structures and the k-tangent structures
play similarly complementary roles. So, we construct a k—symplectic struc-
ture on the manifold Tk}M , using its canonical k—tangent structure for each
1<A<k

Let us consider the 1-forms (87)4 = dLo J?4,1 < A < k. In a local
coordinate system (z,v’,) we have

(15) (00)a = ;)Lda: L<A<k

vy

Definition 2.14. A Lagrangian L is called regular if

O’L -
(16) det — | £0, 1<i,5,<n, 1<AB<k.

avi‘@v%
By introducing the following 2—forms

(17) (wp)a=—d(0r)a, 1 <A<LE,

one can easily prove the following.

Proposition 2.15. L : T,J;M — R is a regular Lagrangian if and
only if (WL)1,- -+, (WL)k, V) is a k-symplectic structure on TEM, where V
denotes the vertical distribution of T : TklM — M.

Let L : TklM — R be a regular Lagrangian and let us consider the
k-symplectic structure ((wr)1, ..., (wr)g, V) on T} M defined by L. Let QﬁL
be the morphism defined by this k—symplectic structure

OF - THTEM) — T(T M).
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Thus, we can set the following equation:

(18) QﬁL(lean) :dELa
. OL
where Ep, = C(L) — L =) v} 0 — —
B O0vy

The family (TklM , (wr) A,EL) is called a k-symplectic Lagrangian
system. As in the Hamiltonian case, we will denote by X¥(T'M) the set
of k-vector fields £ = (&1, ,&) on Tk}M which are the solutions of the
equation (18).

Proposition 2.16. Let L be a regular Lagrangian. If & = (&1, ,&k)
is a solution of (18) then it is a SOPDE. In addition if £ is integrable then
the solutions of & are solutions of the generalized Fuler-Lagrange equations

(14).

Proof. It is a direct computation in local coordinates using (8), (9) ,
(15) and (16). O

Remark. This k-symplectic structure, associated to a regular La-
grangian L, was also introduced by GUNTHER ([15]) using the Legendre
transformation, as follow.

The Legendre map FL : T} M — (T})*M was introduced by GUNTHER

([15]) and was rewritten in [30] as follow: if (vig,...,vks) € (I})zM, then
A d
(19)  [FL(vigy---,0k)]" (uz) = Ts ls=0 L(V1gy -, VAz + SUg, .- Ukz)s

for each A=1,...,k and u, € T, M. Locally, FL is given by
o oL
(20) FL(z'vY) = (m’, ) .
oYy
In fact, from (15), (17) and (20) we obtain the following lemma and propo-
sition:

Lemma 2.17. For every A = 1,...,k, (wp)a = (FL)*(wo)a, where
((wo)1, ..., (wo)k) are the 2-forms of the canonical k -symplectic structure
on (TH)*M .
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Proposition 2.18. Let L be a Lagrangian. The following conditions
are equivalent:

(1) L is regular.

(2) FL is a local diffeomorphism.

(3) ((wr)1y- -+, (WL)k, V) is a k-symplectic structure on T M.

Example 2. ([30]) In this example we consider the theory of a vibrating
string. Coordinates (t!,t?) are interpreted as the time and the distance
along the string, respectively. If ¢(t!,¢2) denotes the displacement of each
point of the string as function of the time ¢! and the position t2, the motion
equations are

Po 9%
06(t1)2 Ta(tz)z

where o and 7 are certain constants of the mechanical system.

We shall show that the equations (21) can be described as the general-
ized Fuler-Lagrange equations associated to a Lagrangian L defined on the
jet bundle T!M with M = R and k = 2. Let us denote by (z,v1,v2)
the coordinates on T4R. and consider the Lagrangian L : TyR — R,
(z,v1,v2) — 3(ov? — T03).

Since L is regular there exists a k-symplectic structure ((wr,)1, (wr)2),
associated to L, given in local coordinates by (wr)1 = odvi Adzx, (wr)1 =
—7dvaAdzx. The energy E, = C(L)—L is locally given by Ef, = %(av%—rvg)
and dEj, = ovidvy — Tvodvg.

Now, we consider the map QﬁL : THTYR) — T*(T3R) and let us
suppose that there exists (£1,&2) a solution of the equation

(22) 0% (€1,62) = iy (W1 +ix,(wr)2 = dEL.

Then, from the Proposition (2.16), we know that (£;,&2) is a SOPDE.
Let us suppose that (&,&) € T3 (T)R) are locally given by &4 = UA% +
a1z + (Ea)ope, A=1,2.

If (&1,&) is a solution of QﬁL(&,fg) = dFEy, then we have o(&1); —
7(&)2 = 0. So, if we consider ¢ : R? — R, ¢ = ¢(t!,t?), a solution of
& = (&1,&2), then we obtain

(21)

=0,

0% 0%¢
0=0(&1)1—7(&)2= "o TR

Thus, the equation (22) is a geometric version for the equations (21).
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3. Main result and applications to k-symplectic Hamiltonian
and Lagrangian systems. In this section we will present a result which
allow us to obtain new kinds of conservation laws for k-symplectic Hamilto-
nian systems, without the help of a Noether type theorem and without the
use of a variational principle, using only symmetries and pseudosymmetries
associated to the k-vector fileds X = (Xi,..., X)) which are solutions of
the equation 22:1 ix,wa = dH. This result is a generalization from the
classical case (k = 1) of a results of JONES ([16]) and CRASMAREANU ([10]).
Applications for Lagrangian and Hamiltonian k-symplectic formalisms are
also presented.

First, let us introduce the notions:

Definition 3.1. The map ® = (®y,...,®,) : M — RF is called
conservation law for a k-vector field X = (X1,...,Xy) on M if

k

(23) ZLXA(I)AZO.
A=1

Definition 3.2. A k-vector field Y = (Y1,...,Yr) on M is called sym-
metry for X = (Xq,..., Xg) if

(24) Lx,Ya=0, forall A=1,... k.

Definition 3.3. If we fixed a k-vector field Y = (Y1,...,Yr) on M,
then a k-vector field Z = (Zy,...,Zx) is called Y -pseudosymmetry for
X = (Xy,...,Xg) if, forall A=1,... k, there is a function fa € C°(M)
such that

(25) Lx,Za= faYa.

A X-pseudosymmetry for X is called pseudosymmetry for X. It’s
clear that a O-pseudosymmetry for X = (X7y,..., X) is a symmetry for X.

Theorem 3.4. Let be X = (X1,...,Xk) a k-vector field on M and

(Wi, ..., wg) be a family of p-forms on M, invariant for X, i.e. Lx,wa =0,
for all A = 1,... k. If the k-vector field Y = (Y1,...,Y;) on M is a
symmetry for X and the p — 1 k-vector fields S* = (SY) ;7% , ..., SP7! =

(SZ_I)A:H are Y -pseudosymmetries for X, then

(26) P = (Dy,...,D),
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is a conservation law for X = (Xy,..., Xy), where @4 = wa(Sh, ..., Szfl,
Ya), forall A=1,... k.

Particularly, if Y, St, ..., SP71 are symmetries for X then ® given by
(26) is a conservation law for X = (X1,..., X).

Proof. Applying the properties of the Lie derivative and taking into
account that, locally, 4 = (Sil)il ces (Sﬁfl)il’—l(YA)iPwilmip_lip, forall A =
1,...,k, we obtain that

k k . - A
Z LXA(I)A = Z LXA ((5}4)21 - <Sﬁ_1) 1 (YA)ZP (WA)h...ip_lip)
A=1 A=1
k , , ip_1 .
= > (ExaSh)" (S3)7 - (S5 ) @A)y,
k , ip_2 ip_1 .
44 Z (5114)11 .. (SZ*2> (LXASIIZ;71> (YA)’Lp (wA)iL..ipflip
k , iy .
+) 0 (Sh)" (Sﬁfl) (Lx,Ya)” WA)iy i1y
A=1
k , iy _
N Z (5114)11 e (51131—1> 1 (Yq)™r (LXAWA)z‘l...z‘p,lz‘p
A=
k . ip_1 .
=3 L) (59" (S5)" )" @A)y,

k . ip—2 . .
4+ 4 Z (5114)11 . (S£*2> fA (YA)prl (YA)lP (WA)il...ipflip — 0’

because Lx,Y4s = 0, Lx,wa = 0 and taking into account of the antisym-
metry of p-forms wa, A=1,... k. O

As an immediate consequence of the previous theorem, we have the
result:

Theorem 3.5. Let (M,wa,V;1 < A < k) be a k—symplectic manifold
and H : M — R be a function on M. Let X = (X1,...,Xk) be an
integrable evolution k-vector field associated to H, i.e. X GXI’}(M). If we
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suppose that Lx ,wa = 0, for all A =1,...,k, then for any k-vector field
Y = (Y1,...,Yr) on M, which is a symmetry for X and for any k-vector
field S = (S, ..., Sk), which is a Y -pseudosymmetry for X, we have that

&= (Dy,...,Pp),

is a conservation law for X = (X1,..., Xy), where ®4 = wa (Sa,Ya), for
alA=1,... k.

Particularly, if Y, S are symmetries for X then ® given above is a
conservation law for X = (X1,..., Xg).

Remarks. a) Obviously, for any k-vector field X € X% (M), using (11),
we have 2221 Lx,wa = 0. But, for our purpose we have need more that,
that is we need that Lx,wa =0, forall A=1,... k.

b) Obviously, the Hamiltonian function H is not a conservation law for
an integrable evolution k-vector field X = (X1, ..., X)€XE(M). Neither
the map H = (H,...,H) : M — R’ is not a conservation law for any
integrable evolution k-vector field X € X% (M), because Zizl Lx,H #0.

Now, using this last result we can obtain new kinds of conservation laws
for k-symplectic Lagrangian systems and k-symplectic Lagrangian systems.

Corollary 3.6. Let ((T}})*M, (wo)a, H) be a k-symplectic Hamiltonian
system and X = (X1,..., X) be an integrable evolution k-vector field asso-
ciated to H, i.e. X €eXE((TL)*M). If we suppose that Lx ,(wo)a = 0, for
all A=1,...,k, then for any k-vector field Y = (Y1,...,Ys) on (T})*M,
which is a symmetry for X and for any k-vector field S = (Si,...,Sk),
which is a Y -pseudosymmetry for X, we have that

D= (Dy,...,P),

is a conservation law for X = (X1,...,Xk), where ®4 = (wp)a (Sa,Ya),
forallA=1,... k.

Particularly, if Y, S are symmetries for X then ® given above is a
conservation law for X = (Xq,..., Xk).

Corollary 3.7. Let (T}\M,(wr)a, EL) be a k-symplectic Lagrangian
system and X = (X1, ..., Xk) be an integrable evolution k-vector field asso-
ciated to H, i.e. X €X¥(TLM). If we suppose that Lx,(wr)a =0, for all
A =1,...,k, then for any k-vector field Y = (Y1,...,Y) on TklM, which
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is a symmetry for X and for any k-vector field S = (Si,...,Sk), which is
a Y -pseudosymmetry for X, we have that

D= (Dy,..., D),

is a conservation law for X = (X1,...,Xy), where &4 = (wr)a (Sa,Ya),
forall A=1,... k.

Particularly, if Y, S are symmetries for X then ® given above is a
conservation law for X = (Xq,..., X).
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