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Abstract. In this paper we study some geometrical structures on the prolongation
of Lie algebrioid over the vector bundle projection of a dual bundle. We continue the
investigation of nonlinear connection and its properties starting in [4]. Some results
known in the case of cotangent bundle are extended to Lie algebroid.
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1. Introduction. The cotangent bundle plays a very important role
in symplectic geometry and its applications, since this carries a canonical
symplectic structure induced by the Liouville form. The notion of prolon-
gation of Lie algebroid over the vector bundle projection of the dual bundle
generalize the concept of cotangent bundle. Weinstein [12] gives a gen-
eralized theory of Lagrangian on Lie algebroids and obtains the equations
of motion, using the Poisson structure of the dual and Legendre transfor-
mation associated with the regular Lagrangian. The Hamilton equations
were later obtained by Martinez [6] using the symplectic formalism and
the notion of prolongation of Lie algebra over a smooth mapping introduced
by Higgins and Mackenzie [3]. In [5] the Hamiltonian formalism on Lie
algebroids is presented.

The purpose of the present paper is to study diverse aspects of Lie al-
gebroid geometry for Hamiltonian dynamics. The paper is organized as
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follows. In the section 2 the known results on Lie algebroid and its prolon-
gation over the vector bundle projection of the dual bundle are presented.
In sections 3 we continue the study of connections from [4] and introduce
the notions of almost tangent structure and almost complex structure, using
a regular Hamiltonian and characterize the integrability conditions of these
structures in terms of torsion and curvature. We show that every regular
section (in particular, any regular Hamiltonian on E∗) determines a canon-
ical nonlinear connection (see [1], [2], [10] for particular case of tangent
and cotangent bundles). In the particular case of standard Lie algebroid
(E = TM , σ = id, Lα

βγ = 0) the canonical nonlinear connection of Miron
[9] is obtained.

2. The notion of Lie algebroid. Let M be a differentiable, n-
dimensional manifold and (TM, πM , M) its tangent bundle. Let (E, π, M)
be a vector bundle with m-dimensional fibres. A Lie algebroid over the
manifold M is the triple (E, [·, ·], σ) with a Lie algebra structure [·,·] on its
space of sections Γ(E) and a map σ : E → TM (called the anchor) which
induces a Lie algebra homomorphism (also denoted σ) from sections of E
to vector fields on M , satisfying the compatibility conditions

[s1, fs2] = f [s1, s2] + (σ(s1)f)s2,

where f ∈ C∞(M) and s1, s2 are sections of E. Therefore, we also have
the relations

[σ(s1), σ(s2)] = σ[s1, s2], [s1, [s2, s3]] + [s2, [s3, s1]] + [s3, [s1, s2]] = 0.

If ω is an element of
∧p(E) with p > 0, then the exterior derivative dω ∈∧p+1(E) is given by the formula

dω(s1, ..., sp+1) =
p+1∑

i=1

(−1)i+1σ(si)ω(s1, ...,
ˆ
si, ..., sp+1)

+
∑

1≤i<j≤p+1

(−1)i+jω([si,sj ], s1, ...,
ˆ
si, ...,

ˆ
sj , ...sp+1),

If ξ is a section on E then the Lie derivative on Lie algebroid Lξ is given by
Lξ = iξ ◦ d + d ◦ iξ, where iξ is the contraction with ξ. If we take the local
coordinates (xi) on an open U ⊂ M and a local basis {sα} of sections of
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the bundle π−1(U) → U , then we have the local coordinates (xi, yα) on E.
These coordinates determine the local functions σi

α(x), Lγ
αβ(x) on M given

by

σ(sα) = σi
α

∂

∂xi
, [sα, sβ] = Lγ

αβsγ , i = 1, n, α, β, γ = 1,m,

and satisfying the relations

(1) σj
α

∂σi
β

∂xj
− σj

β

∂σi
α

∂xj
= σi

γLγ
αβ ,

∑

(α,β,γ)

(
σi

α

∂Lδ
βγ

∂xi
+ Lδ

αηL
η
βγ

)
= 0,

which are called the structure equations of Lie algebroid.
Locally, if f ∈ C∞(M) then df = ∂f

∂xi σ
i
αsα and if θ ∈ Γ(E∗), θ = θαsα then

dθ = (σi
α

∂θβ

∂xi
− 1

2
θγLγ

αβ)sα ∧ sβ,

where {sα} is the dual basis of {sα}. Particularly, dxi = σi
αsα and dsα =

−1
2Lα

βγsβ ∧ sγ .

2.1. The prolongation of a Lie algebroids over the vector
bundle projection of the dual bundle. Let τ : E∗ → M be the dual of
π : E → M and (E, [·, ·], σ) a Lie algebroid structure over M. Using [3],[6],[5]
we get that the dual of Lie algebroid induces a vector bundle τ1 : T E∗ →
E∗ with a structure of Lie algebroid. The manifold T E∗ is

T E∗ = {(u,w) ∈ E ×TM TE∗ | w ∈ TuE∗, σ(u) = Tτ (w)}
where Tτ : TE∗ → TM is the tangent application and the projection τ1 :
T E∗ → E∗ is given by τ1(u,w) = πE∗(w), where πE∗ : TE∗ → E∗ is
the tangent projection. We have also the canonical projection τ2 : T E∗ →
E given by τ2(u,w) = u . The projection onto the second factor σ1 : T E∗ →
TE∗, σ1(u,w) = w will be the anchor of a new Lie algebroid over manifold
E∗. An element of T E∗ is said to be vertical if it belongs to the kernel of
the projection τ2. We will denote Kerτ2 = V T E∗ and (V T E∗, τ1|V TE∗ , E

∗)
is the vertical subbundle of (T E∗, τ1, E

∗ ). A basis of sections of T E∗ is
given by

Xα(u∗) =
(

sα(τ(u∗)), σi
α

∂

∂xi

∣∣∣∣
u∗

)
, Pα(u∗) =

(
0,

∂

∂µα

∣∣∣∣
u∗

)
,
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for u∗ ∈ τ−1(U), where ( ∂
∂xi ,

∂
∂µα

) is the local basis on TE∗, and the associ-
ated coordinates will be denoted (xi, µα, zα, ωα). The dual basis is (Xα,Pα)
and the structure functions of T E∗ are given by the following formulas

(2) σ1(Xα) = σi
α

∂

∂xi
, σ1(Pα) =

∂

∂µα
,

(3) [Xα,Xβ] = Lγ
αβXγ , [Xα,Pα] = 0, [Pα,Pβ] = 0.

In the Lie algebroid T E∗ there exist the canonical symplectic structure given
by ωE = −dθ where θ = µαXα is the Liouville section. In local coordinates
we get

(4) ωE = Xα ∧ Pα +
1
2
µαLα

βγX β ∧ X γ .

We remark that V T E∗ is Lagrangian for ωE , i.e. ωE(ρ1, ρ2) = 0, for every
ρ1, ρ2 ∈ Γ(V T E∗). The following section on T E∗ given by

C = µαPα

is called Liouville-Hamilton section.
The Liouville-Hamilton section on T E∗ measures the homogeneity of func-
tions and sections. A function f ∈ C∞(E∗) is said to be homogeneous of
degree r ∈ Z if LCf = rf where LC is the Lie derivation with respect to
Liouville-Hamilton section on Lie algebroid. A section ρ of T E∗ is said to
be homogeneous of degree r ∈ Z if LCρ = rρ.

3. Connections on Lie algebroid T E∗

Definition 1. A nonlinear (Ehresmann) connection on T E∗ is an al-
most product structure N on τ1 : T E∗ → E∗ (i.e. a bundle morphism
N : T E∗ → T E∗, such that N 2 = id) smooth on T E∗\{0} such that
V T E∗ = ker(id +N ).

If N is a connection on T E∗ then HT E∗ = ker(id−N ) is the horizontal
subbundle associated to N and T E∗ = V T E∗ ⊕HT E∗. Each ρ ∈ Γ(T E∗)
can be written as ρ = ρh + ρv where ρh, ρvare sections in the horizontal
and respective, vertical subbundles. A connection N on T E∗ induces two
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projectors h, v : T E∗ → T E∗ such that h(ρ) = ρh and v(ρ) = ρv for every
ρ ∈ Γ(T E∗). We have

(5) h =
1
2
(id +N ), v =

1
2
(id−N ),

kerh = imv = V T E∗, imh = ker v = HT E∗.

Locally, a connection is given by N (Xα) = Xα + 2NαβPβ and N (Pα) =
−Pα,where Nαβ = Nαβ(x, µ) are the local coefficients of N . The sections

(6) δ∗α = h(Xα) = Xα +NαβPβ,

generate a basis of HT E∗. The frame {δ∗α,Pα} is a local basis of T E∗ called
adapted. The dual adapted basis is {Xα, δPα} where

(7) δPα = Pα −NαβX β

We remark that the following formula holds

σ1
[
δ∗α, δ∗β

]
=

[
σ1(δ∗α), σ1(δ∗β)

]
.

A connection N is called symmetric if HT E∗ is Lagrangian for ωE . By a
straightforward computation, using (4) and (6) we get

ωE(δ∗α, δ∗β) = Nαβ −Nβα − µγLγ
αβ,

and it results that N is symmetric if and only if

(8) Nαβ −Nβα = µγLγ
αβ .

Proposition 1. With respect to a symmetric nonlinear connection, the
canonical symplectic structure ωE can be written in the following form

(9) ωE = Xα ∧ δPα + µαLα
βγX β ∧ X γ

Proof. Using (4) and (7) we get

ωE = Xα ∧ δPα +
1
2
(Nαβ −Nβα)Xα ∧ X β +

1
2
µαLα

βγX β ∧ X γ

and from (8) we obtain (9). ¤
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Proposition 2. The Lie brackets of the adapted basis {δ∗α,Pα} are given
by [4]

(10) [δ∗α, δ∗β] = Lγ
αβδ∗γ +RαβγPγ , [δ∗α,Pβ] = −∂Nαγ

∂µβ
Pγ , [Pα,Pβ] = 0,

where

(11) Rαβγ = σi
α

∂Nβγ

∂xi
− σi

β

∂Nαγ

∂xi
+Nαδ

∂Nβγ

∂µδ
−N βδ

∂Nαγ

∂µδ
− Lε

αβNεγ .

Proof . Using (2) and (3) we obtain

[δ∗α, δ∗β] =
(

σi
α

∂Nβγ

∂xi
− σi

β

∂Nαγ

∂xi
+Nαδ

∂Nβγ

∂µδ
−N βδ

∂Nαγ

∂µδ

)
Pγ + Lε

αβXε

and considering Xε = δ∗ε −NεγPγ we get [δ∗α, δ∗β] = Lγ
αβδ∗γ +RαβγPγ . ¤

The curvature of a connection N on T E∗is given by Ω = −Nh where h is
horizontal projector and Nh is the Nijenhuis tensor of h.

Corollary 1. In the local coordinates we get

Ω = −1
2
RαβγXα ∧ X β ⊗ Pγ

where Rαβγ is given by (11) and is called the curvature tensor of N .

Proof. Since h2 = h we obtain that Ω(hρ1, hρ2) = −v[hρ1, hρ2],
Ω(hρ1, vρ2) = Ω(vρ1, vρ2) = 0 and in local coordinates we get Ω(δ∗α, δ∗β) =
−v[δ∗α, δ∗β] = −RαβγPγ which concludes the proof. ¤
The curvature is an obstruction to the integrability of HT E∗, understand-
ing that a vanishing curvature entails that horizontal sections are closed
under the Lie algebroid brackets of T E∗.
Let Φ be a morphism of vector bundle E and Ẽ. We recall that the con-
nections N on E and Ñ on Ẽ are Φ-related if Φ ◦N = Ñ ◦Φ. We consider
the connections N on T E∗ and N on TE∗ which are σ1-related and the
adapted basis (δi,

∂
∂µα

) of N is given by δi = ∂
∂xi + Niα

∂
∂µα

, where Niβ are
the coefficients of N . From [4] we have

Theorem 1. The following relations hold

σ1(δ∗α) = σi
αδi, Nαβ = σi

αNiβ, Rαβγ = σi
ασj

βRijγ ,

where Rijγ = δi(Njγ)− δj(Niγ) is the curvature of connection N on TE∗.
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Proof. Since N (σ1(δ∗α)) = σ1(δ∗α) the relation N ◦ σ1 = σ1 ◦ N leads
to N(σ1(δ∗α)) = σ1(δ∗α). But N(σ1(δ∗α)) = 2σi

αδi − σ1(δ∗α) which concludes
that σ1(δ∗α) = σi

αδi from which we easily obtain Nαβ = σi
αNiβ. By straight-

forward computation we get

Rαβγ = σi
ασj

β (δi(Njγ)− δj(Niγ)) + Njγ

(
σi

β

∂σj
α

∂xi
− σi

α

∂σj
β

∂xi

)
+ Lε

αβNεγ

and using (1), the second term is given by Njγσj
εLε

βα = −NεγLε
αβ which

ends the proof. ¤

Remark 1. A σ1-related connection N on TE∗ determines a connec-
tion N on T E∗ with the coefficients Nαβ = σi

αNiβ and curvature Rαβγ =
σi

ασj
βRijγ . Converse it is not true, because σ is only injective.

3.1. Hamiltonian dynamics. In the following we consider a regular
Hamiltonian H : E∗ → R , i.e. the matrix

gαβ(x, µ) =
∂2H

∂µα∂µβ

is nondegenerate. Then, since ωE is a symplectic section on (T E∗, [·, ·], σ1)
and dH ∈ Γ(T E∗), there exists a unique section ρH ∈ Γ(T E∗) such that

iρHωE = dH,

called the Hamilton section. With respect to the local basis {Xα,Pα}, the
local expression of ρH is

(12) ρH =
∂H
∂µα

Xα −
(

σi
α

∂H
∂xi

+ µγLγ
αβ

∂H
∂µβ

)
Pα

Thus, the vector field σ1(ρH) on E∗ is given by [5]

σ1(ρH) = σi
α

∂H
∂µα

∂

∂xi
−

(
σi

α

∂H
∂xi

+ µγLγ
αβ

∂H
∂µβ

)
∂

∂µα

and consequently, the integral curves of ρH (i.e. the integral curves of the
vector field σ1(ρH)) satisfy the Hamilton equations

(13)
dxi

dt
= σi

α

∂H
∂µα

,
dµα

dt
= −σi

α

∂H
∂xi

− µγLγ
αβ

∂H
∂µβ
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Let us consider a linear mapping J : T E∗ → T E∗ locally given by

J (Xα) = gαβPβ, J (Pα) = 0,

where gαβgαγ = δβ
γ and we obtain

Theorem 2. The following properties hold:
1) J is globally defined on T E∗.
2) imJ = kerJ = V T E∗,J C = 0
3) J is a almost tangent structure, J ◦ J = 0.
4) J is an integrable structure.

Proof. The first relations result by straightforward computation. For 4)
we consider the Nijenjuis tensor NJ (ρ, ν) = [J ρ,J ν]−J [J ρ, ν]−J [ρ,J ν]
and we have

NJ (Xα,Xβ) =
(

gαγ
∂gβε

∂µγ
− gβγ

∂gαε

∂µγ

)
Pε, NJ (Xα,Pβ) = NJ (Pα,Pβ) = 0.

From gαγgαβ = δβ
γ we get ∂gαγ

∂µε
gαβ = −gαγ

∂gαβ

∂µε
= −gαγ

∂gαε

∂µβ
= ∂gαγ

∂µβ
gαε, so

∂gαγ

∂µε
gαβ = ∂gαγ

∂µβ
gαε and, by multiplication with gεδ it results ∂gαγ

∂µε
gαβgεδ =

∂gδγ

∂µβ
or, by multiplication with gβθ, leads to ∂gθγ

∂µε
gεδ = ∂gδγ

∂µε
gεθ. ¤

From kerJ = imJ = V T E∗ we get

J h = J , hJ = 0, J v = 0, vJ = J
and using the fact that N = 2h− id, it results

Remark 2. Let N be a bundle morphism of τ1 : T E∗ → E∗, smooth
on T E∗\{0}. Then N is a connection onT E∗ if and only if there exists an
almost tangent structure J on T E∗such that

JN = J , NJ = −J .

Now, we express the non-homogeneity of nonlinear connection.

Definition 2. The tension of a nonlinear connection N is a section T
on T E∗ given by the relation

T =
1
2
LCN

where L is Lie derivative on Lie algebroid.
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In the local coordinates we get the expression

T =
(

∂Nαβ

∂µγ
µγ −Nαβ

)
Xα ⊗ Pβ

A nonlinear connection on T E∗ is said to be homogeneous if N is homo-
geneous of degree 1, and therefore the tension T vanishes. A homogeneous
nonlinear connection N is said to be linear connection if N is C1 on the
null section. If N is a linear connection, then the function Nαβ are linear
on µ, then we may write Nαβ(x, µ) = Γγ

αβ(x)µγ .

Definition 3. The torsion of a connection N is the vector valued two
form t = [J , h] where h is horizontal projector and [J , h] is the Frolicher-
Nijenhuis bracket.

By direct computation we get [4]

Proposition 3. t is a semibasic vector-valued form. Its local expression
is

t =
1
2
tαβγXα ∧ X β ⊗ Pγ ,

where

tαβγ = gαε
∂Nβγ

∂µε
− gβε

∂Nαγ

∂µε
+ δ∗α(gβγ)− δ∗β(gαγ)− Lε

αβgεγ .

Let us consider the linear mapping F : T E∗ → T E∗ given by

F(hρ) = J ρ, F(J ρ) = −hρ,

where ρ ∈ Γ(T E∗), and h is the horizontal projector of connection N .

Corollary 2. The mapping F has the properties:
a) F is an almost complex structure F ◦ F = −id.
b) Locally it is given by

F = gαβPβ ⊗Xα − gαβδ∗α ⊗ δPβ

Proof. It results by definition that

(F ◦ F)(hρ) = F(J (ρ)) = −hρ, (F ◦ F)(J ρ) = F(−hρ) = −J ρ,

and
F(δ∗α) = gαβPβ, F(Pα) = −gαβδ∗β,

which concludes the proof. ¤
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Proposition 4. The almost complex structure is integrable if and only
if the torsion and curvature vanish

tαβγ = 0, Rαβγ = 0.

Proof. Let NF be the Nijenjuis tensor of the almost complex structure.
We get

NF (δ∗α, δ∗β) = Nγ
αβδ∗γ + Nαβ(γ)Pγ ,

NF (δ∗α,Pβ) = N(β)γ
α δ∗γ + N(β)

α(γ)Pγ ,

NF (Pα,Pβ) = −gεαgβτNF (δ∗α, δ∗β),

where

Nγ
αβ = gεγtαβε, Nαβ(γ) = gαε

∂gβγ

∂µε
− gβε

∂gαγ

∂µε
−Rαβγ ,

Nαβ(γ) = N(ε)τ
α gεβgγτ , Nγ

αβ = N(ε)
α(τ)g

τγgβε,

which ends the proof. ¤
Let us consider the section

ρ =
∂H
∂µα

Xα + ραPα

which is called the semi-Hamilton section. We have

Proposition 5. The semi-Hamilton section satisfies the relation

(14) J [ρ,J ν] = −J ν,

for every section ν of T E∗.

Proof. For ν = ναXα + ναPα we get J ν = ναgαβPβ and by straight-
forward computation it results

J [ρ,J ν] = −ναgαβgγε
∂2H

∂µγ∂µβ
Pε = −ναgαεPε

which concludes the proof. ¤
As a particular case from [4] we have
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Proposition 6. If ρ is the semi-Hamilton section then

N = −LρJ

is a nonlinear connection on T E∗.

Proof. The relations

JN (ν) = J (−[ρ,J ν] + J [ρ, ν]) = −J ([ρ,J (ν)]) = J ν,

NJ (ν) = −[ρ,J 2ν] + J [ρ,J ν] = J [ρ,J ν] = −J ν,

and remark 2 end the proof. ¤

Corollary 3. The nonlinear connection N = −LρHJ has the coeffi-
cients given by

Nαβ =
1
2
(σi

γ{gαβ ,H} − ∂2H
∂xi∂µε

(σi
βgαε + σi

αgβε)

+µγLγ
αβ +

∂H
∂µδ

(gαεL
ε
δβ + gβεL

ε
δα))

where ρH is the Hamilton section and

{gαβ ,H} =
∂gαβ

∂µγ

∂H
∂xi

− ∂gαβ

∂xi

∂H
∂µγ

.

Remark 3. In the case of standard Lie algebroids (E = TM , σ =
id, Lα

βγ = 0) the canonical nonlinear connection on cotangent bundle is
obtained (see Miron [9]).
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