ANALELE STIINTIFICE ALE UNIVERSITATII “AL.I. CUZA” DIN IASI (S.N.)
MATEMATICA, Tomul LIII, 2007, Supliment

ASPECTS OF LIE ALGEBROID GEOMETRY AND
HAMILTONIAN FORMALISM

BY

LIVIU POPESCU"

Dedicated to Academician Radu Miron at his 80th anniversary

Abstract. In this paper we study some geometrical structures on the prolongation
of Lie algebrioid over the vector bundle projection of a dual bundle. We continue the
investigation of nonlinear connection and its properties starting in [4]. Some results
known in the case of cotangent bundle are extended to Lie algebroid.
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1. Introduction. The cotangent bundle plays a very important role
in symplectic geometry and its applications, since this carries a canonical
symplectic structure induced by the Liouville form. The notion of prolon-
gation of Lie algebroid over the vector bundle projection of the dual bundle
generalize the concept of cotangent bundle. WEINSTEIN [12] gives a gen-
eralized theory of Lagrangian on Lie algebroids and obtains the equations
of motion, using the Poisson structure of the dual and Legendre transfor-
mation associated with the regular Lagrangian. The Hamilton equations
were later obtained by MARTINEZ [6] using the symplectic formalism and
the notion of prolongation of Lie algebra over a smooth mapping introduced
by HicGINs and MACKENZIE [3]. In [5] the Hamiltonian formalism on Lie
algebroids is presented.

The purpose of the present paper is to study diverse aspects of Lie al-
gebroid geometry for Hamiltonian dynamics. The paper is organized as
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follows. In the section 2 the known results on Lie algebroid and its prolon-
gation over the vector bundle projection of the dual bundle are presented.
In sections 3 we continue the study of connections from [4] and introduce
the notions of almost tangent structure and almost complex structure, using
a regular Hamiltonian and characterize the integrability conditions of these
structures in terms of torsion and curvature. We show that every regular
section (in particular, any regular Hamiltonian on E*) determines a canon-
ical nonlinear connection (see [1], [2], [10] for particular case of tangent
and cotangent bundles). In the particular case of standard Lie algebroid
(E=TM, o =id, Ly, = 0) the canonical nonlinear connection of MIRON
[9] is obtained.

2. The notion of Lie algebroid. Let M be a differentiable, n-
dimensional manifold and (T'M, 7y, M) its tangent bundle. Let (E,m, M)
be a vector bundle with m-dimensional fibres. A Lie algebroid over the
manifold M is the triple (E, [-,],0) with a Lie algebra structure [-,-] on its
space of sections I'(E) and a map o : E — T'M (called the anchor) which
induces a Lie algebra homomorphism (also denoted o) from sections of F
to vector fields on M, satisfying the compatibility conditions

[s1, fs2] = fls1, s2] + (0(s1) f)s2,

where f € C°°(M) and s1, s2 are sections of E. Therefore, we also have
the relations

[0(51)7 0(52)] = 0'[81, 82]7 [817 [82’ 83“ + [52’ [537 Sl]] + [837 [817 82“ =0.

If w is an element of AP(FE) with p > 0, then the exterior derivative dw €
APTH(E) is given by the formula

p+l )
dw(si, ..., Spr1) = Z(fl)”la(si)w(sl,...,si,...,serl)

i=1

+ Z (1) W([84.87], 81y +vvy Sy wevy Sy o+-Spi1)s

1<i<j<p+1

If £ is a section on E then the Lie derivative on Lie algebroid L¢ is given by
L¢ = i¢ od+ doig, where i¢ is the contraction with £. If we take the local
coordinates (z') on an open U C M and a local basis {s,} of sections of
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the bundle 7~!(U) — U, then we have the local coordinates (z%, y*) on E.
These coordinates determine the local functions o7 (), Lzﬂ(w) on M given
by

i
*Ozt’

and satisfying the relations

0(sa) =0 [Sas S5) = Llﬁsw, i=1,n, o,B,7=1m,

Dot Dot 4 oIS
3 i9%a _ iy § ¢ By o L7 =
(1) Ui@ _ gﬁw = O"YLa,B’ S (Ua Ot + LomL67> = 07
a? 77

which are called the structure equations of Lie algebroid.

Locally, if f € C®°(M) then df = 2Lols® and if 6 € T(E*), § = 05* then

00 1
o i 597L3B)sa AsP,

o = (

where {s%} is the dual basis of {s,}. Particularly, dz’ = 0% s and ds® =
—%Lgvsﬁ N s7.

2.1. The prolongation of a Lie algebroids over the vector
bundle projection of the dual bundle. Let 7: E* — M be the dual of
m:E — M and (E,[,],0) a Lie algebroid structure over M. Using [3],[6],[5]
we get that the dual of Lie algebroid induces a vector bundle 71 : 7E* —
E* with a structure of Lie algebroid. The manifold 7 E* is

TE* ={(u,w) € E xpy TE* | w € T,E", o(u) = Tr(w)}

where T, : TE* — TM is the tangent application and the projection 7 :
TE* — E* is given by 7i(u,w) = 7g+(w), where ng+ : TE* — E* is
the tangent projection. We have also the canonical projection 1o : T E* —
E given by 73 (u,w) = u . The projection onto the second factor o' : T E* —
TE*, o' (u,w) = w will be the anchor of a new Lie algebroid over manifold
E*. An element of 7 E* is said to be vertical if it belongs to the kernel of
the projection 7. We will denote Kermy, = VT E* and (V7T E*, LTI E*)
is the vertical subbundle of (7 E*, 71, E* ). A basis of sections of 7E* is

given by
u*> ’

Xalu) = (salr(w). o

0
, PYu*) =10, -—
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for u* € 77Y(U), where (621», a%) is the local basis on TE*, and the associ-
ated coordinates will be denoted (2%, ptq, 2%, wa). The dual basis is (X', Py)

and the structure functions of 7 E* are given by the following formulas

.0 0
1 _ 1 _
) 7 (%) = g o (P = 5o
(3) (X, Xg] = L15Xy,  [Xa, P =0, [P%P7]=0.
In the Lie algebroid 7 E* there exist the canonical symplectic structure given
by wg = —df where 0 = u, X is the Liouwville section. In local coordinates
we get
1
(4) wp =X A Pa + 5ol X7 A XY,

We remark that V7 E* is Lagrangian for wg, i.e. wg(p1,p2) = 0, for every
p1, p2 € D(VTE*). The following section on 7 E* given by

C = uaP"

is called Liouwville-Hamilton section.

The Liouville-Hamilton section on 7 E* measures the homogeneity of func-
tions and sections. A function f € C*°(E*) is said to be homogeneous of
degree r € Z if Lof = rf where L¢ is the Lie derivation with respect to
Liouville-Hamilton section on Lie algebroid. A section p of 7 E* is said to
be homogeneous of degree r € Z if Lep = rp.

3. Connections on Lie algebroid 7 E*

Definition 1. A nonlinear (Ehresmann) connection on T E* is an al-
most product structure N' on 71 : TE* — E* (i.e. a bundle morphism

N : TE* — TE*, such that N? = id) smooth on TE*\{0} such that
VT E* = ker(id + N).

If NV is a connection on 7 E* then HT E* = ker(id —N/) is the horizontal
subbundle associated to N and TE* = VT E* @ HT E*. Each p € I'(TE*)
can be written as p = p* + p¥ where p”, pVare sections in the horizontal
and respective, vertical subbundles. A connection N on 7 E* induces two
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projectors h,v : TE* — T E* such that h(p) = p" and v(p) = p* for every
p € I(TE*). We have

1, 1,
(5) hzi(zd—i—./\f), v:§(zd—/\f),

kerh =imv =VTE*, imh=kerv=HTE".

Locally, a connection is given by N(X,) = X, + 2N,5P? and N(P%) =
—P* where Nyg = Nog(x, i) are the local coefficients of A/ . The sections

(6) 0a = h(Xa) = Xa + NogP?,

generate a basis of H7 E*. The frame {6, P} is a local basis of 7 E* called
adapted. The dual adapted basis is {X'%, 6Py} where

(7) §Pa = Pa — NogX?
We remark that the following formula holds
ol [62,52] = [01(62),01(52;)] .

A connection N is called symmetric if HT E* is Lagrangian for wg. By a
straightforward computation, using (4) and (6) we get

WE((S;a 5;) = Na,@ - Nﬁa - M'yLlﬁa
and it results that N is symmetric if and only if

Proposition 1. With respect to a symmetric nonlinear connection, the
canonical symplectic structure wg can be written in the following form

(9) wg = XN 6Pa + pia LG, X7 N X7
Proof. Using (4) and (7) we get
1 1
wg = XA\ P, + §(Naﬁ — Npa) XA XP + 5“&%7255 A XY

and from (8) we obtain (9). O
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Proposition 2. The Lie brackets of the adapted basis {5}, P*} are given
by [4]

8./\[ oy

¥ ok T g% * S o Bl
(10) [50,%] = Laﬂé7 + Rapy P, [05, PP = _Tﬂﬁ P[P, PP =0,
where
i aNﬁv i aNow aNﬁv N ay €
Proof. Using (2) and (3) we obtain

* okl iaNﬁ”/ iaNOW aNﬁW aNOW Y €

and considering Xz = 67 — Ny PY we get [d;, 5] = Llﬁ(5§ +Rap,PY. O
The curvature of a connection N on 7 E*is given by Q = —Nj, where h is

horizontal projector and Ny, is the Nijenhuis tensor of h.

Corollary 1. In the local coordinates we get
1 o 3
Q = —inaﬁ»\/k‘ /\ X ® ,P'Y

where Rogy is given by (11) and is called the curvature tensor of N.

Proof. Since h? = h we obtain that Q(hpi,hpa) = —v|hp1, hpal,
Q(hp1,vp2) = Q(vp1,vp2) = 0 and in local coordinates we get 2(dy, %) =
—v[03, 03] = —Rap,P7 which concludes the proof. O

The curvature is an obstruction to the integrability of H7 E*, understand-
ing that a vanishing curvature entails that horizontal sections are closed
under the Lie algebroid brackets of 7 E*. B

Let ® be a morphism of vector bundle E and E. We recall that the con-
nections N on E and N on E are ®-related if ® o N = N o ®. We consider
the connections A" on TE* and N on TE* which are o'-related and the
adapted basis (0;, %) of N is given by §; = % + Nia@;}%’ where N;g are
the coefficients of N. From [4] we have

Theorem 1. The following relations hold
0'(05) = 040is Nap = 0uNig,  Ragy = 060} Rijos

where R;jy = 0;(Njy) — 0;(Nyy) is the curvature of connection N on TE*.
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Proof. Since NV(c!(5%)) = o'(6}) the relation N o o' = o! o A/ leads
to N(a'(6%)) = o' (6%). But N(a'(6%)) = 20%,8; — o1(5%) which concludes
that o1(6%) = 0,6; from which we easily obtain N3 = 0 N;3. By straight-
forward computation we get

i j 00 8023 e
Ragy = 0605 (0i(Njy) = 0j(Niy)) + Njy | 05 7 =g | + LG gNey

and using (1), the second term is given by vaagL%a = — Ny L5 which
ends the proof. O

Remark 1. A ol-related connection N on TE* determines a connec-
tion N on TE* with the coefficients Nog = 0}, N;g and curvature Rog, =
aéa/ngiﬂ. Converse it is not true, because ¢ is only injective.

3.1. Hamiltonian dynamics. In the following we consider a regular
Hamiltonian H : E* — R, i.e. the matrix

0*H
9% (2, p0) = ==
HaOlp
is nondegenerate. Then, since wg is a symplectic section on (7 E*,[-, -], 01)

and dH € I'(T E*), there exists a unique section py € I'(7 E*) such that
ipyWE = dH,

called the Hamilton section. With respect to the local basis {X,, P}, the
local expression of pyy is

OH , OH OH
12 =—X,—|o\— L, — @
12) = B <"a ot T bas a/m) P
Thus, the vector field o'(py) on E* is given by [5]

o) =t O (i O gy TR O
Pr) = “ O, O aggi T B Oug ) Opa

and consequently, the integral curves of py (i.e. the integral curves of the
vector field o!(py)) satisfy the Hamilton equations
dx’ . OH dite . OH OH
13 =0 — — =—0— —pu, L’ ,——
( ) dt (o 8/11047 dt Oq ox’ ey of aﬂﬁ




304 LIVIU POPESCU 8

Let us consider a linear mapping J : 7 E* — 7 E* locally given by
T (Xe) = gagP’, T (P*) =0,
where ¢ Jary = 55 and we obtain

Theorem 2. The following properties hold:
1) J is globally defined on T E*.
2)imJ =ker J =VTE*,JC=0
3) J is a almost tangent structure, J o J = 0.
4) J is an integrable structure.

Proof. The first relations result by straightforward computation. For 4)

we consider the Nijenjuis tensor N7 (p,v) = [T p, Tv]— T[T p,v]—Tp, TV
and we have

ag € 8 (673 £ 167
N (X 23) = (0 G = 0 s ) P, N 0, PP) = Ny (P, P) = 0.

g 99 . 99* _ 99ay jae
Joy Pz = “Yay g 8;1,59 » SO

agaw

From gmgaﬁ = 53 we get %g%gaﬁ =

%g% af — %’T“;go‘e and, by multiplication with g.5 it results e ¢Pg.s =
Jgs . 1. . . Jge 9gs
au; or, by multiplication with ggg, leads to aug Jes = aug Jeh- O

From kerJ =imJ = VT E* we get
Jh=J, hJ =0, Jv=0,vJ =J
and using the fact that N’ = 2h — id, it results

Remark 2. Let A be a bundle morphism of 7y : 7E* — E*, smooth
on TE*\{0}. Then N is a connection on7 E* if and only if there exists an
almost tangent structure J on 7 E*such that

IN=J, NJ=-J.
Now, we express the non-homogeneity of nonlinear connection.

Definition 2. The tension of a nonlinear connection N is a section T
on TE* given by the relation

1
T - §£CN

where L is Lie derivative on Lie algebroid.
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In the local coordinates we get the expression

T = (Ggf%y - Nag) X PP
vy

A nonlinear connection on 7 E* is said to be homogeneous if A/ is homo-

geneous of degree 1, and therefore the tension 7 vanishes. A homogeneous

nonlinear connection N is said to be linear connection if A is C' on the

null section. If NV is a linear connection, then the function N,z are linear

on p, then we may write Npg(x, ) = Flg(ﬂf)/ﬁ'y-

Definition 3. The torsion of a connection N is the vector valued two
form t = [J, h| where h is horizontal projector and [T, h] is the Frolicher-
Nijenhuis bracket.

By direct computation we get [4]

Proposition 3. t is a semibasic vector-valued form. Its local expression
18
1 a B v
t=Stap, XY A X P,

where

ON3 ON,
tapy = Jae 1 — € a'yﬂL&Z —05(ga *L; ey -
51 = Gac Ty 9By (98v) — 65(9ar) 39evy

Let us consider the linear mapping F : 7 E* — T E* given by
F(hp) = Tp, F(Tp) = —hp,
where p € I'(T E*), and h is the horizontal projector of connection N.

Corollary 2. The mapping F has the properties:
a) F is an almost complex structure F o F = —id.
b) Locally it is given by

F = gaﬁ’pﬂ R X _gaﬁé‘:; ®5Pﬁ
Proof. It results by definition that
(F o F)(hp) = F(T(p)) = —hp, (FoF)(Tp) = F(~hp)=-Tp,

and
F(85) = gapP’,  F(P*) = —g°75},

which concludes the proof. O



306 LIVIU POPESCU 10

Proposition 4. The almost complex structure is integrable if and only
if the torsion and curvature vanish

tagy =0, Ragy =0.

Proof. Let Nz be the Nijenjuis tensor of the almost complex structure.
We get
N (55 53) = N0 + Nogio) P

Nz(35,P?) = N@es + N P,

()
N#(P*, PP) = —g*g" N £ (67, 05),
where

dg dg
N'oyzﬂ = gsrytocﬁsv chﬁ('y) = YJoe 657 — 9B 6:; - ’Raﬁ'y,

€

Na,@(y) = Ng)Tgeﬁg'yTv Nzég = NS()T)QTWQ&:’

which ends the proof. O
Let us consider the section

OH
pP= 7/1/& + papa
Olhe

which is called the semi-Hamilton section. We have

Proposition 5. The semi-Hamilton section satisfies the relation
(14') j[p7 jy] == _jV,
for every section v of TE*.

Proof. For v = v*X, + v, P we get Jv = V‘”gagpﬁ and by straight-
forward computation it results
Tlp, Tv] = —vgagy OH e V% gacP®
) afYvye 8#’7 6Nﬂ e
which concludes the proof. [l
As a particular case from [4] we have
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Proposition 6. If p is the semi-Hamilton section then
N=—L,T
s a monlinear connection on T E*.

Proof. The relations
INW) =T (=p,Tv]+ Tp,v]) = =T ([p, TW)]) = Tv,

Nj(l/) = _[P,j%j} —{—j[p,jlj] = j[p,jl/] =—-Jv,
and remark 2 end the proof. O
Corollary 3. The nonlinear connection N = —L,, J has the coeffi-
cients given by
2

Naﬂ - 5(0-7{904577_[} - M(Oﬁgae + U‘)‘gﬁa)

OH
+/'L’YLZzﬂ + Tm(gangﬁ + gﬁeLga))

where py is the Hamilton section and

aga[a’ OH agaﬂ 877'[

Opy Ozt Ox Oy

{gaﬂ7 H} =

Remark 3. In the case of standard Lie algebroids (F = TM, o =
id, Ly, = 0) the canonical nonlinear connection on cotangent bundle is
obtained (see MIRON [9]).
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