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The object of the paper. It is well known ([12], [13]) that any complex
hypersurface of a Kéhler manifold is minimal. For the holomorphic hyper-
surface of an anti-K&hler manifold, this is not true. The aim of the present
paper is to investigate the holomorphic hypersurfaces of a HC-flat (holo-
morphicly conformally flat) anti-K&dhler manifold. The obtained results are
given in the sections 4 and 5.

They correspond to the well-known theorem of CARTAN and SCHOUTEN
saying that a hypersurface of a conformally flat Riemannian manifold of
dimension > 5, is itself conformally flat if and only if it is quasi-umbilical
(1), (2], [11)).

In the sections 1 and 2 we give some preliminary remarks.

In the section 3 we prove two lemmas for the latter use.

In the last section, we consider HC-flat holomorphic hypersurfaces of a
manifold of constant totally real sectional curvature.
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1. Preliminaries. By an anti-Kéhler manifold [7] we mean a triple
(M,G,F), where M is a connected differentiable manifold, F' = (F4) is
(1,1)-tensor field and G = (Gap) is a pseudo-Riemannian metric on M
satisfying

(1.1) FAFE = 64, FYFEGpp = —Gap, VeFf =0,

where V is the Levi-Civita connection and the capital Latin indices 4, B,
C,... run over the range {1,2,...,2m}, 2m = dim M. If we put Fup =
FEG(;B, then

(1.2) Fup = Fpa.

In some papers (M, G, F) is named B-manifold ([3], [4], [8], [9]) and in
the others — the Kéahler manifold with Norden metric ([5], [6]).

The manifold (M, G, F) is orientable and even dimensional. The metric
G of such a manifold is indefinite and the signature is (m, m). Also tr ' = 0.

We denote by

Rapcop — the components of the Riemmannian curvature tensor,

PAB = RC Apc — the Ricci tensor,

,Z)k a5 = FPppp — the second Ricci tensor,

%= GABﬁAB — the sc~alar curvature,

= FABj.p = GAB;;AB — the second scalar curvature.

Since VF = 0, the curvature tensor and the Ricci tensors satisfy

LM 5
FiFg Rivmep = —Rabeb,

(1.4) FXFY b = —pab.

Let Tp(M) be the tangent vector space of M at p € M.
Every nondegenerate with respect to G 2-plane 7 in T,(M) has two
sectional curvatures

IC ( )_ R(X7Y7Y7X)
NPT G XGY.Y) - GX,Y)?2
and .
R(X,Y,Y,FX
,CQ(Trap) = ( )

G(X, X)G(Y,Y) — G(X, V)2’
where {X,Y} is a basis of .
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A 2-plane 7 in Tp(M) is said to be totally real if 7 # Fr and 7 L Fr
with respect to G.
The manifold M (m > 2) is of pointwise totally real sectional curvatures,
ie.,
Ki(m, p) = ki(p), Ka(m,p) = ka(p)
for an arbitrary nondegenerate totally real 2-plane 7 in T),(M ) if and only

if (3], [4])

(1.5)
~ _ x(p)
Rapcp = ————(GapGpc — GacGpp — FapFpc + FacFBp)
4m(m — 1)
»(p)
— ———(GuapFpc+ GpcFap — GacFpp — GepFac).
dm(m — 1)

Both functions 7 and ; are constant if M is connected and m > 3. Itis
known ([8], [9], [10]) that the holomorphically conformal curvature tensor
of (M,G,F), m >3, is

N N 1 5
(HC)aBcp = Rapep — m(GADPBC

+ Gpepap — Gacpsp — Gppac

— Fapppe — Fecpap + Facopp + FBDPAc)

x
(1.6) +4(m 1)( 2) (GADGBC*GACGBD*FADFBcﬁLFAcFBD)
_4(m 1};( ) (GADFBC + GpoFap — GacFpp — GBDFAc).

2. Holomorphic hypersurfaces. Let (M, G, F) be an anti-Kéhler
manifold and dim M = 2n+2. A submanifold M, dim M = 2n, is said to be
a holomorphic hypersurface (h-hypersurface in short) of M if the restriction
of G on M has the maximal rank and F'T,(M) = T,(M), p € M. Suppose
that M is expressed in each neighborhood U of M by the equations

P :L‘A(u“)

where 4 are the local coordinates of M in U and u® are the local coordi-

nates in U = U N M. Lowercase Latin indices a,b,c,...,%,7,k,... run over
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the range {1,2,...,2n}. We have in U 2n local vector fields B, having the
components

BA _ x4
¢ Ju®
and spanning the tangent space of M at each point of U.
Since the complex structure F' leaves invariant the tangent space of M
at each point of M, F'By is a linear combination of B, in U, that is

(2.1) FBy = fiB,, ie., FiBP = fiB2,

where the functions f? are the components of a tensor field f of type (1,1)
defined globally on M.
Applying the operator F' on both sides of (2.1) and taking into account
(1.1), we find
By =~y fiB7,

that is

(2.2) fA=—-1d, ie, fifé=-06 and trf=0.
The Riemannian metric g induced on M has the components

(2.3) 9gab = GapB B,

in each neigbourhood U of M. Thus, we obtain

FEFRGppBYBP = —GepBYBP,

or

fefiBEBY Gep = —gab,
that is
(2'4) f;fglged = —Yab;

where from, putting
fab = f;geb

and using (2.3), we find

(25) fab = fba-
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Concerning the tensor Fop, we have
(2.6) FopBS By = fab.
There exist locally vector fields V1| and Ny|, normal to M and such that
[5]
GABN{“‘Nﬁ = —GABN;}N;?, GABNﬁNﬁ =0,
A A
FgN{l = —N3l, FgNy = N{j.
Denoting by h and k the second fundamental forms corresponding to
Ny and Ny respectively, we have

(2.7)

(2.8) VaBi' = haNi} — kay N3,

where the operator V has the following meaning

A a
VaBi = 94B{ + {DE}BEBE — {db}Bg‘

and { DAE} and {;b} are the Christoffel symbols relative to the metrics G
and g. }
Differentiating (2.1) covariantly along M and using VF = 0, we obtain

FgVaBy = (Vafi) Bl + fyVaB;!
Now, in view of (2.7) and (2.8), we have
(Vafs) B + (kay + [y haa) Ni| + (has — fikaa) Noj = 0,

wherefrom, taking into account that Bf, Nﬂ‘ and N{“ are linearly indepen-
dent, we get

(2.9) Vafy = 0.

The relations (2.2), (2.4) and (2.9) show that the h-hypersurface (M, g, f)
of an anti-Kdahler manifold is itself an anti-Kdhler manifold.
As for the second fundamental forms, h and k, we have

(2.10) hij = fi'kaj, ki = —fi'hay,
(2.11) Fifihay = —hij, [ f7kap = —kij.
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Also, we shall use the second fundamental forms of order 2 and 3, namely
h3; = hiahjug™, i = hi,hjng™.
It is easy to see that they satisfy the following conditions

Wiy =hji  Jfihay = —hl, ie. fihg; = 7N

> 5 ia’

hiy = hji [ fiha = —hly, e flho; = R,

jio i

(2.12)

3. Two lemmas. Let A and D be two symmetric (0,2) tensors at a
point of a manifold (M, g, f) satisfying

(31) fz'afjl')Aab: _Aij, fz‘af]l?Dab: _Dij-
We define the tensor Q(A, D) by the formula

(35214, D)ijrs = Ay Djs + Ajr Dis — AisDj — Ajs Dy
— [0 Agr [P Dys — f9 Aar f2 Dis + f8 Aas L Dy + 8- Aas £ Do
Then
Q(A, D) = -Q(D, A)
because of which Q(A, A) = 0.

Lemma 1. Let A and D be two symmetric (0,2) tensors satisfying

(3.1). If

(33) Q(A; D)ijrs = 07
then
(3.4) Dis = 6Ais + 0 Ags,

where § and § are some scalars.

Proof. Let X be a vector such that

(3.5) XAXBAy, =w#0.
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We put
56) Xi=fixe, o =X"X"A,,
' n=X°X"Dy, 7=X"X"Dg,.

Transvecting (3.3) with X?X" and symmetrizing the resulting equality,
we get
WDjs - wf][‘lDas = nAjs - ﬁf]('lAas-

It follows
©Djs + wfiDas = TAjs + 1nff Aas.

These two relations imply

wn + wn wn — wn
i = g st g fi s

But this is just the relation (3.4). O
Lemma 2. Let A be a symmetric (0,2) tensor satisfying (3.1) and
(3.7) AimAji—AuAjm— f{ Aam f3 A+ [ Aat £ Apm = EGijim+H f{Gajim,

where E and H are some scalars and
Gijim = 9im9j1 — 9iGjm — fim[j1 + fufjm-
Then
(3.8) Aij = Cgij + Bfij + 7Vij + o Vij,
where C', B, T and o are some scalars,
Vij = ViV = ViVj,  Vij = fi'Vaj = ViVj + ViV};,

V is a vector and V = fV.

Proof. Besides the notations (3.5) and (3.6) we shall use

Vi=X"A4, Vi=X"Au.

Then

fz’ava = ‘/;7 fia‘_/a = _V;"
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Now, we transvect (3.7) with X?X™. The resulting equality, using the
notations

Xij = XiX; - XiX;, Xij = [ Xy = XiXj + Xi X,
P=FEX, X4+ HX,X% Q=HX,X*—EX,X%,
can be expressed in the form
wAij — fitAsj = Pgij + Qfij — EXi; — HXj5.

wherefrom we obtain

wAij +wfiAaj = —Qgij + Pfij + HXij — EX;j.
These two relations imply

(3.9) Ay = wP—wQ WP +wQ

1 .
e dut iy it WVt evy)
wH —wE wH+oE -

o e
— 3 —_ 1
W22 Y w22 T

because of which we have

ViAij — Vi Aigy — Vi f{ Aaj + Vi f{ Aak

- m(vkgij = Vigik = Vafij + Vi fix)

(3.10) m(kaij Vi foe + Viegis — Vigin)
m(vkxij —ViXg — VieXij + ViXur)
- WWRXW = ViXip + Vi Xij — ViXip).

On the other hand, transvecting (3.7) with X? and then changing the
indices, we obtain

Viidij — ViAi — Vift Aaj + Vi Aok = BE(Xkgij — Xj9ik — X fij + X, fir)
+ H(Xy fij + Xigij — X fie — X1gij)-
Comparing this and (3.10), we find
E(Xkgij — X9k — X fij + X fir)
+ H( Xy fij + Xrgij — Xj fir — Xj9i5)
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= m(vkgij —V,gir — Vifij + Vjfir)
+ W(Vkﬁj = Vifix + Vigij — Vigir)
W(Vk){zj — ViXik — VilXij + V; Xir)
- W(Vk){ij — Vi Xk + Vi Xij — Vi Xir),
wherefrom, transvecting with ¢%, we get
((n=1)E+ ‘mxava = ‘mxava} X
= wgiwg[(n —1)(wP —wQ) + (WH —wE) X, X" — (wH + 0E) X, X"V},
wgiaﬂ[(n —D@P +wQ) — (0H — wE)Xo X — (wH + ©E)X,2°]V;.

This can be written in the form K X}, + K X, = LV}, + LV}, wherefrom
it follows —K X, + KX, = =LV}, + LV;.
These two relations yield

(K? + K*)Xy = (KL + KL)Vj, + (KL — KL)V4,

that is B
Xy = aVj + BV;

and therefore B B
Xk = —,BVk + onk.

Next we have
Xij = (0” = F)Vij + 208V,
Xij = —2afVij + (o — *)Vij.
Substituting this into (3.9), we obtain
Aij = wQJler{(WP —wQ)gij + (WP +wQ) fij
+ [w+ (a? = B*)(@H — wE) + 2aB(wH + @E)|V;;
+ [0+ 2aB(wH — wE) — (o? — f%)(wH + @F)|Vi;}

i.e., we obtain the relation of the form (3.8). O
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4. HC-flat h-hypersurfaces of HC-flat manifold. The Gauss

equation of the h-hypersurface (M, g, f) of an anti-Kahler manifold (M, G, F)
is

(4.1) RapepB{'BfBf Bl = Rijim — (himhji — hithjm) + (Kimkji — Kitkjm),
where R;ji,, are the components of the curvature tensor of M. We denote
by p;; the Ricci tensor of M and put

Pij = ffﬂaj» n = Pijgij» n = pijgij = Pz’jfij-

Now we suppose that the ambient manifold M is HC-flat, i.e.,

(4.2) (HC)apcp = 0.

Taking into account that m = n + 1, the condition (4.2), according to
(1.6), is

. 1 } ) ) .
Rapcep = m(GADPBc + Gpcepap — Gacpp — GBppac

— Fapppe — Fpepap + Facosp + Feppac)

4
— ————(GapGpc — GacGpp — FapFpc + FacFBp)
dn(n —1)
Py
+ ———(GapFpc + GpcFap — GacFpp — GepFac).
dn(n — 1)

Substituting this into (4.1), we get

1 - B »C . ApD
Rijim = m(gimpBCBj By + gjpapB;j By,
— 9upp B BY) — gjmpacB{* Bf
w3 — fimppeBEBY — fupapBiBE
' + fupppBEBE + fimpacBi*BY)
5 Py
_ G acy .
dn(n—1) 4m + dn(n —1) f Gajim

+ himhji — hihjm — kimkj + kikjm.
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Transvecting (4.3) with ¢g®™ and using (1.4), (2.1), (2.11) and (2.12), we

obtain
pjt — tr b hjy — trkfha + 2R3

n—2 1 . n
= 5 BB BC = 5. nBABPgm _ Z ).

n—1

1 ¥ . n

(=P pBABPg™ — Z ) .
(2(%-1) ADD; Dy g 2n>f]l

*?

From now on, we suppose n > 2. Putting

1 : 24
————papB{'Blg™ — = =
Q(Tl— l)pAD i PmY m S,

1 ¥ ApD i Ji
—  paupBABDgm
2(TL— 1)pAD i Pm3 m )

the preceding relation can be rewritten in the form

~ n—1 a
(4.4) pBCBJBBlC = m(pﬂ —sgji +tfj—trhhj —trkfihq + 2h§l).

Transvecting (4.4) with f]g and using (2.1), we find

(4.5)

¥ n — 1 *
ppoBE B = m(ﬂkz — 8fu — tgr — tr hffha + trk hig + 2f¢h2)).

We substitute (4.4) and (4.5) into (4.3) and get
1
Rijim — m—2) (gimpjt + GjiPim — GitPjm — Gimpil

— fimpji = Fithim + fiPjm + Fimpa)

% o .
T = D=2 T i Dy =) Cedtm
a4 S P
- <4(n— Dn—-2) n—-2 4n(n— 1)>Giﬂm
p ¢ B .
* (7 4(n—1)(n—2) + n—2 + dn(n — 1)>fi Gajim

1 a 2
m(trhhﬂ + tr kff] hal — 2h]l)glm
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_ M(trhhim +trk ffham — 2h3,) 951

+ M(trhhm + trkff ham — 2h3,,) g4

+ 2(7]1_2)(& hhi +trkflha — 2h3) gjm

i 2(711_2)('5]( hffha — trkhj — 2f7h%) fom
_ 2(711—2)(trhf;ham —trk hjm — Qf;‘lhzm)fil
_ 2(;_2)(“ hfiha —trk hy — 2f2h2) fim

+ himhji — hihjm — kimkji + kigkjm.

The expression on the left-hand side is the holomorphically conformal
curvature tensor of (M, g, f), so that we have

2(n = 2)(CH)ijim = AGijim + i1fi Gajim
+tr h( = hjigim — him@jt + Rjmit + hitGjm
+ fi'haifim + f{ham it = £ hamgin = 1 hat fim)
+ tr k( — quhalgim — f{hamgji + quhamgil + fiahalgjm)

4.6
(4.6) — hjifim = him fj1 + hjm fia + it fim)
+ 2(h§lg¢m + h?mgjz - h?mgil - h?zgjm
- ffhngim — fARE L fa + f;‘hszu + f{he fim)
+ 2(n — 2) (himhjl - hilhjm - fﬁhamfjbhbl + fiahalf]l')hbm)a
where
P x s
A=2(n—2 - -
(n )[4(71 —D(n—-2) 4dn(n—1) n- 2}’

> P t
n—l)(n—2)+4n(n—1)+n—2]
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Proposition. The necessary and the sufficient condition for a hyper-

surface of a HC-flat manifold to be itself HC-flat is
(4.7)
AGijim + 1 Gajim + tt h( = hjiGim — himji + hjmgit + hirgjm

+ [fhafim + f{hamfit = [ ham fit = i ha fim)

+trk( = ffhagim — [ hamgii + [ hamgit + f{ha1gm)
— hjifim — Rim fjt + hjmfi + hirfim)
+ 2(h31gim + h2 i1 — Womgit — higim
— fihefim = i ft + S o fi + FERG fim)
+2(n = 2) (himhji — hithjm — f{ham 7o + £ hai f} hom) = 0,

where A and p are some scalar functions.

5. The main theorem. Using (4.7), we can determine h;;. To do
that, we transvect (4.7) with h?%; and find

A(htmg]l hagim — fahatfit + f{hat fim)
(htmf]l + gjifonhat — hat fim — gjmflahat)
(= hjihim — himgji + hjmhy + hZ,Gjm
+ fhafh o+ fahZ fin = fiham foho — fhe fim)
(5.1) +trk( = flhahom — fohagi + [ hamba + [heigim

— hjufmhat = B fit + hjm [ hat + hiy fjm)

2(hd1him + hingit — himba — hiigm
— FERZ b — FoRS fi + FEh [Pl + RS fim)
+2(n = 2) (hinhji — hithim — Fahor fi R + fhay 7 hem) = 0,

+trh

wherefrom, transvecting with ¢'™ and taking into account that trk =
—tr(fh), we obtain

(5.2) h¥ = agji + afji + bhj + bffhar + ch3) + EffhY,
where

1
a= E[Atrh—,u,trk—trhtrhz —trktr(fh*) +2trh?],
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1
a=—[ptrh+ Ark +trhtr(fh?) — trktr h? — 2tr(fh?)],

4n
1
b= [ =2\~ (trh)’ + (trk)* + 2(n — 2) trh?],
- 1
b= [~ 2u—2uhick—2(n—2)u(fh)],
_3trh _ 3trk
T o T Ton

On the other hand, symmetrizing (5.1) with respect to ¢ and j, and
using (5.2), we obtain

9it [N+ 200 + (1 +20) it — 25 00 hR,, — 28 ek SRR, |

n

n n

+au [()\ + 26 g + (1 + 20) [ ham — =B e h b2, — "= ook f;hgm}
—Gjm [(/\ + 2b)hy + (1 + 26) fohar — 3 tr b2 — =8 g k:ft“hgl}
—Gim [(A + 260y + (4 20) o — B trh b2 — 2 ek f]‘?hgl}

— Pt [ N+ 20) B — (o 20) e — 22 e 2, + 2B ko, |

s [()\ +25) [ ham — (114 28)hjm — =2 tr hfOR2,, + =B ok hgm]
i [N+ 2) fthat — (i 20)ha — 2 b hfhZ 4 S k0
o fim | (A 20) [ ot — (1 + 20)h — B2 tr A fERZ, + 22 bk h2

(5.3) +2(n — 3)[hnhji — hiphjm + 15, hae — 15
—ER2 fo A+ FE2 o =[R2, [Py + [0 fPhem] = 0

wherefrom, transvecting with ¢/! we get

n—3
n

-3
= pgtm+thm_nT [trhhfm—tr h2htm_tr(fh)ftahzm+tr(fh2)fzghtm]a

(5.4) (A +2b)hem + (10 + 20) f ham —

—3
trhh2, — nTtr kfon2

where p and ¢ are some scalar functions.
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The relation (5.4) implies

_Strkhfm

_ -3

(5.5)  (A+2b) 2 ham — (1t + 2b)hym — ”T tr hfih2
n—3

= =9+ fom == [t R f h=tr 2 [ ham At (FR) g —tr(F*) o]

Substituting (5.4) and (5.5) into (5.3), and supposing n # 3, we get

tr h2
2n

(gjihim + guhjm — gimhu — gmhiji
— fitftham — fufihai + Fimffha + fonfiha)
——(gjthim + 9ub5 — gimhis — gimh3
= fitf b — futmha; + Fim i hay + fon £ har)
(g5t ham + gufi ham — Gjm [ hat = Gem [ hai
+ fithtm + fahm; — fimha — famhii)
+ tr(QJ;h)(gjlfgnhgt + gtlf]qhgm — gimfihE - gtmf]qhgz
+ fithon: + ftlhjz‘m = fimhi — ftmthj)
+ hjthi + hahy, — himhi — himh,
= fihaif{ M = fihatf hi, + £ ham £ hi + £ ham f iy = 0.
This relation, in view of (3.2), can be expressed in the form

tr(fh?)

trh
2n

tr(fh?)
2n

tr h2 trh

h
5o @ - it - o + Mo
+ Q(h,h?) = 0.
Now, let us consider the expression
T T T 2 r 2
2 2
= QU 1) - %Q(h,g) + o0, 1)
r T T 2 r T
P (g )+ SR g gy~ BRI g
r(fh) tr(fh)trh2 tr(fh) ¢ (fh2)
+TQ(fvh2) o Q(fa) Ton on Q(f, f)-
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But
Q(g,9) =Qg, ) = Q(f,9) = Q(f, f) = 0.

Therefore

2 2
T

2n 2n
tr h? tr(fh?)
2n

h)— h
ot QU
wherefrom, according to (5.6), it follows

trh tr(fh) tr h? tr(fh?) .\
(5.7) Q(hf%ng 5 h? — 5 9T o f)—O-

trh
2n

= Qh, W)+ Q. n)+ " o 1,12)

Putting

A=h

trh tr(fh)
BTN
tr h? tr(fh?)
2n g+ 2n
and applying Lemma 1, we get from (5.7)
tr h? tr(fh?) trh  tr(fh)
2 _ _rh
h 2ng+ 2n / 5(h 2ng+ 2n f)
trh tr(fh)
B %f on g).

D=h—

f

+4 ( h
In the other words,
(5.8) hi; = 79i; + Vfij + Ohaj + O£ ha,
where 7, 7, 6 and ¢ are some scalar functions.
Substituting (5.8) into (4.7), we obtain
A+ 4y W+ 4y
2(n—2) 2(n—2)
n 26 — trh(
2(n—2)
(5-9) - fimquhal - fjlfz‘aham + filquham + fjmfiahal)
20 —trk
+ m(fimhjl + fijthim — fuljm — fimha
+ gimf](‘lhal + gjlfiaham - gz’lf]('lham - gjmfiahal)
+ himhji = Bihgm — fham fL o + i ha ) hom = 0.

Gijlm + fz‘aGajlm

GimMhji + gjthim — Githjm — gimha
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If we put

20 —trh 20 —trk
+ = fij,

(5.10) Aij = hij + 72(n —9) 9ij 2(n—2)

we can rewrite (5.9) as follows

AimAjl - AilAjm - fiaAamf]l')Abl + fiaAalf]l')Abm

- [(Gm) ()~ s oo
B = e L

Now, according to Lemma 2, (3.8) holds, and in view of (5.10), we finally
obtain

(5.11) hij = ¢gij + ¢ fij + TVij + oVij,

where ¢, v, 7 and o are some scalar functions.

Conversely, if (5.11) holds, then (4.7) holds, too. Indeed, if (5.11) holds,
then

fithaj = —bgi; + ¢ fij — oVij + Vi,
(5.12) hi = (&% = 0*)gij + 260 fij + TV + SV,
fins; = =2¢bgi; + (¢° — ¥*) fi; — SVij + TV,
where
T =2(¢7 — tho) + (17 — *)V,V* + 270V, V',
S = 2(¢po + 1) + 210V, V — (72 — %)V, V%
Substituting this into left-hand side of (4.7), we get
A= 2(ptrh — Y trk) + 2n(¢? — ¥*)]Gijim
+ =2 trh+ ¢ trk) + 4ngy fi' Gajim
+ 2T — (ttrh —otrk) +2(n — 2)(¢7 — ¢o)]
X [Viigim + Vimgjt = Vimgi — Vigjm
— Vitfim = Vim fit + Vim fir + Viefim)]
+[25 = (otrh+1trk) + 2(n — 2)(po + ¥7)]
X [Vitgim + Vimgjt — Vimgir — Vigjm
+ Vitfim + Vimfji — Vimfi = Vi fjm).-

(5.13)
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The relations (5.11) and (5.12) yield

trh = 2n¢ + 27V,Ve + 20V, V4,
trk = 2ny — 27V, V* + 20V, V.

Thus

Ttrh—otrk = 2n(1é — op) + 2(1* — oAV, Ve + 470V, V',
otrh+ Ttrk = 2n(¢o + 1) + 4170V, V* — 2(7% — 62V, V,

and therefore

2T — (ttrh —otrk) +2(n —2)(¢7 — o) =0,
25 — (otrh+1trk) +2(n—2)(¢po + 1) = 0.

So (5.13), that is left-hand side of (4.7), reduces to

A —2(ptrh —ptrk) + 2n(¢* — *)]Gijim
+ =2 trh+ ¢trk) + 4ney| f{ Gojim.-

On the other words, if (5.11) holds, then (4.6) becomes

2(n — 2)(CH)ijim = (A — 2(¢ptrh — trk) + 2n(¢* — )| Gijim
+ [ = 2( trh+ ¢ trk) + 4nd] £ Gojim.-

But (CH);jimg™ = 0, while
Gijimg™ = 2(n — Dgji,  frGajimg™ =2(n —1)fy

and we have

(A= 2(¢trh —ptrk) + 2n(¢? — ¢?)|gy
+[p—2(trh+ ¢trk) + 4ngy) f;; = 0.

It follows

A=2(¢ptrh —trk) — 2n(¢? — ¢?),
p=2(trh+¢trk) —dndy,

and therefore (CH );jim = 0.
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Finally, we remark that if n = 3, then (5.4) reduces to

()\ + Qb)htm + (N + 2B)ftaham = pYim + qftm

This, together with
(1 4 2b) by + (A + 2D) f ham = —qgtm + Pfim
implies
(5.14) hij = ¢gij + U fij.
Thus, we can state

Theorem 1. Let (M, g, f) be a holomorphic hypersurface of dimension
2n, n > 3 of a HC-flat anti-Kdhler manifold. Let h and k be the second
Jundamental forms with respect to the normals Ny and Ny satisfying (2.7).
Then, in order that (M, g, f) be itself HC-flat, it is necessary and sufficient
that h satisfies (5.11), where ¢, 1, T and o are some scalar functions,

(5.15) Vij =ViVi = ViV, Vij = fiVaj = ViV; + ViV,

V is a vector field, V = fV and kij = —fihaj.
If n =3, then (5.14) holds.

6. HC-flat h-hypersurfaces of a manifold of constant totally real
sectional curvature. In this section we consider the special case when
the ambient manifold M is of constant totally real sectional curvature. Such
a manifold is HC-flat and we can apply Theorem 1.

On one hand, if M is of constant totally real sectional curvature, ac-
cording to (1.5), (2.3) and (2.6), (4.1) gives

¥

P P an
dm(m — 1) dm(m — l)fl Gajim
+ himhji — hithjm — kimkji + Kikjm.

Rijim = Gijim —

(6.1)

On the other hand, for a HC-flat h-hypersurface, (5.11) holds, because
of which, and taking into account that

Vim‘/jl - Vzl‘/]m - ‘Zm‘_/]l + ‘_/zl‘7]m = 0;

‘/im‘7jl + ‘Zm‘/]l - Vzl‘7jm - Vzl‘/jm = 07
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we have
himbji — hihjm — kimkji + kakjm = (6% — 1) Gijim + 200 £ G ajim
+ (97 — »o)(gim Vit + g5tVim — gitVim — gjmVa
—fimVjt = fitVim + faVim + fimVa)
+ (¢o + 7) (gim Vit + 9j1Vim — 9aVim — gjm Vi
+ fim Vi + [itVim — faVim — fjmVa)-
Thus, (6.1) can be expressed in the form
Rijim = AGijim + 10f{' Gajim
+ &£(9im Vit + 9j1tVim — 9iVim — gimVa
(6.2) — fimVji = fitVim + faVim + fimVit)
+ 0(gimVji + 9j1Vim — gitVim — gjm Vi
+ fim Vit + fj1tVim — fuVim — fimVi),
where

_ x 2 2 _ %
)\_4n(n—|—1)+¢ vhon= 4n(n+1)+2¢w’

§=o¢1 — Yo, 60=¢o+YT.
Conversely, if (6.2) holds, then
pit = 2[(n — DA+ VL,V + 0V, V] gy

+2[(n = Vp = VLV + VLV fiu + 2(n — 2) (§Vi + 0Vyr)
Fipar = pji = =2[(n = Dp = EVV* + 0V V] g1

+2[(n — DA+ EVLVE+ 0V V) f +2(n — 2)[ — OV + EVyi],
4(n —1)[nX + 26V, V* + 20V, V],
—4(n —1) [n,u + 20V, V* — 2£Va‘7“],
and we easily find that

=
*
=

1
(CH)ijim = Rijim — =2 (gimpji + GjiPim — GitPjm — Yjmpil

— fimPji = FiiPim + fiPjm + Fimpir)
Py P
G.. _
+ G g — 1)(n — 2)

4(n —1)(n —2) fiGajim = 0.
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But, if n = 3, then 7 =0 = 0.

Therefore £ = § = 0 and (6.2) reduces to Rijim = AGijim~+1f{Gajim i-e.,
(M, g, f) is itself a manifold of constant totally real sectional curvatures.

Thus, we can state

Theorem 2. Let (M, g, f) be a h-hypersurface of the anti-Kdhler man-
ifold of constant totally real sectional curvatures. If n > 3 (2n = dim M),
then (M, g, f) is CH-flat if and only if its curvature tensor has the form
(6.2), where Vij and V;j have the meaning (5.15), and X\, u, & and 0 are
some scalar functions. If n = 3, then (M, g, f) is CH-flat if and only if it
1s itself a manifold of constant totally real sectional curvatures.
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