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The object of the paper. It is well known ([12], [13]) that any complex
hypersurface of a Kähler manifold is minimal. For the holomorphic hyper-
surface of an anti-Kähler manifold, this is not true. The aim of the present
paper is to investigate the holomorphic hypersurfaces of a HC-flat (holo-
morphicly conformally flat) anti-Kähler manifold. The obtained results are
given in the sections 4 and 5.

They correspond to the well-known theorem of Cartan and Schouten
saying that a hypersurface of a conformally flat Riemannian manifold of
dimension ≥ 5, is itself conformally flat if and only if it is quasi-umbilical
([1], [2], [11]).

In the sections 1 and 2 we give some preliminary remarks.
In the section 3 we prove two lemmas for the latter use.
In the last section, we consider HC-flat holomorphic hypersurfaces of a

manifold of constant totally real sectional curvature.
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1. Preliminaries. By an anti-Kähler manifold [7] we mean a triple
(M̃,G, F ), where M̃ is a connected differentiable manifold, F = (FA

B ) is
(1, 1)-tensor field and G = (GAB) is a pseudo-Riemannian metric on M̃
satisfying

(1.1) FA
B FB

C = −δA
C , FE

A FD
B GED = −GAB, ∇̃CFA

B = 0,

where ∇̃ is the Levi–Civita connection and the capital Latin indices A,B,
C, . . . run over the range {1, 2, . . . , 2m}, 2m = dim M̃ . If we put FAB =
FC

A GCB, then

(1.2) FAB = FBA.

In some papers (M̃,G, F ) is named B-manifold ([3], [4], [8], [9]) and in
the others – the Kähler manifold with Norden metric ([5], [6]).

The manifold (M̃, G, F ) is orientable and even dimensional. The metric
G of such a manifold is indefinite and the signature is (m,m). Also trF = 0.

We denote by
RABCD – the components of the Riemmannian curvature tensor,
ρ̃AB = R̃C

ABC – the Ricci tensor,
∗̃
ρAB = FD

A ρ̃DB – the second Ricci tensor,
κ̃ = GAB ρ̃AB – the scalar curvature,
∗̃κ = FAB ρ̃AB = GAB ∗̃

ρAB – the second scalar curvature.
Since ∇̃F = 0, the curvature tensor and the Ricci tensors satisfy

FL
AFM

B R̃LMCD = −R̃ABCD,(1.3)

FL
AFM

B ρ̃LM = −ρ̃AB.(1.4)

Let Tp(M̃) be the tangent vector space of M̃ at p ∈ M̃ .
Every nondegenerate with respect to G 2-plane π in Tp(M̃) has two

sectional curvatures

K1(π, p) =
R̃(X,Y, Y, X)

G(X, X)G(Y, Y )−G(X, Y )2

and

K2(π, p) =
R̃(X,Y, Y, FX)

G(X, X)G(Y, Y )−G(X,Y )2
,

where {X, Y } is a basis of π.
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A 2-plane π in Tp(M̃) is said to be totally real if π 6= Fπ and π ⊥ Fπ
with respect to G.

The manifold M̃ (m ≥ 2) is of pointwise totally real sectional curvatures,
i.e.,

K1(π, p) = k1(p), K2(π, p) = k2(p)

for an arbitrary nondegenerate totally real 2-plane π in Tp(M̃), if and only
if ([3], [4])

R̃ABCD =
κ̃(p)

4m(m− 1)
(GADGBC −GACGBD − FADFBC + FACFBD)

−
∗̃κ(p)

4m(m− 1)
(GADFBC + GBCFAD −GACFBD −GBDFAC).

(1.5)

Both functions κ̃ and
∗̃κ are constant if M̃ is connected and m ≥ 3. It is

known ([8], [9], [10]) that the holomorphically conformal curvature tensor
of (M̃, G, F ), m ≥ 3, is

(HC̃)ABCD = R̃ABCD − 1
2(m− 2)

(
GADρ̃BC

+ GBC ρ̃AD −GAC ρ̃BD −GBDρ̃AC

− FAD
∗̃
ρBC − FBC

∗̃
ρAD + FAC

∗̃
ρBD + FBD

∗̃
ρAC

)

+
κ̃

4(m− 1)(m− 2)
(
GADGBC −GACGBD − FADFBC + FACFBD

)
(1.6)

−
∗̃κ

4(m− 1)(m− 2)
(
GADFBC + GBCFAD −GACFBD −GBDFAC

)
.

2. Holomorphic hypersurfaces. Let (M̃,G, F ) be an anti-Kähler
manifold and dim M̄ = 2n+2. A submanifold M , dimM = 2n, is said to be
a holomorphic hypersurface (h-hypersurface in short) of M̃ if the restriction
of G on M has the maximal rank and FTp(M) = Tp(M), p ∈ M . Suppose
that M is expressed in each neighborhood Ũ of M̃ by the equations

xA = xA(ua)

where xA are the local coordinates of M̃ in Ũ and ua are the local coordi-
nates in U = Ũ ∩M . Lowercase Latin indices a, b, c, . . . , i, j, k, . . . run over
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the range {1, 2, . . . , 2n}. We have in U 2n local vector fields Ba having the
components

BA
a =

∂xA

∂ua

and spanning the tangent space of M at each point of U .
Since the complex structure F leaves invariant the tangent space of M

at each point of M , FBb is a linear combination of Ba in U , that is

(2.1) FBb = fa
b Ba, i.e., FA

DBD
b = fa

b BA
a ,

where the functions f b
a are the components of a tensor field f of type (1, 1)

defined globally on M .
Applying the operator F on both sides of (2.1) and taking into account

(1.1), we find
BE

b = −fa
b fd

aBE
d ,

that is

(2.2) f2 = − Id, i.e., fa
b f c

a = −δc
b and tr f = 0.

The Riemannian metric g induced on M has the components

(2.3) gab = GABBA
a BB

b ,

in each neigbourhood U of M . Thus, we obtain

FE
C FD

B GEDBC
a BB

b = −GCBBC
a BB

b ,

or
fe

afd
b BE

e BD
d GED = −gab,

that is

(2.4) fe
afd

b ged = −gab,

where from, putting
fab = fe

ageb

and using (2.3), we find

(2.5) fab = fba.
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Concerning the tensor FCD, we have

(2.6) FCDBC
a BD

b = fab.

There exist locally vector fields N1| and N2|, normal to M and such that
[5]

(2.7)
GABNA

1|N
B
1| = −GABNA

2|N
B
2| , GABNA

1|N
B
2| = 0,

FA
B NB

1| = −NA
2| , FA

B NB
2| = NA

1| .

Denoting by h and k the second fundamental forms corresponding to
N1| and N2| respectively, we have

(2.8) ∇dB
A
b = hdbN

A
1| − kdbN

A
2| ,

where the operator ∇ has the following meaning

∇dB
A
b = ∂dB

A
b +

{
Ã

DE

}
BD

d BE
b −

{
a

db

}
BA

a

and
{

Ã
DE

}
and

{
a
db

}
are the Christoffel symbols relative to the metrics G

and g.
Differentiating (2.1) covariantly along M and using ∇̃F = 0, we obtain

FA
B∇dB

B
b = (∇df

a
b )BA

a + fa
b∇dB

A
a .

Now, in view of (2.7) and (2.8), we have

(∇df
a
b )BA

a + (kdb + fa
b hda)NA

1| + (hdb − fa
b kda)Nh

2| = 0,

wherefrom, taking into account that BA
a , NA

1| and NA
2| are linearly indepen-

dent, we get

(2.9) ∇df
a
b = 0.

The relations (2.2), (2.4) and (2.9) show that the h-hypersurface (M, g, f)
of an anti-Kähler manifold is itself an anti-Kähler manifold.

As for the second fundamental forms, h and k, we have

hij = fa
i kaj , kij = −fa

i haj ,(2.10)

fa
i f b

j hab = −hij , fa
i f b

j kab = −kij .(2.11)
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Also, we shall use the second fundamental forms of order 2 and 3, namely

h2
ij = hiahjbg

ab, h3
ij = h2

iahjbg
ab.

It is easy to see that they satisfy the following conditions

(2.12)
h2

ij = h2
ji, fa

i f b
j h2

ab = −h2
ij , i.e., fa

i h2
aj = fa

j h2
ia,

h3
ij = h3

ji, fa
i f b

j h3
ab = −h3

ij , i.e., fa
i h3

aj = fa
j h3

ia.

3. Two lemmas. Let A and D be two symmetric (0, 2) tensors at a
point of a manifold (M, g, f) satisfying

(3.1) fa
i f b

j Aab = −Aij , fa
i f b

j Dab = −Dij .

We define the tensor Q(A, D) by the formula

Q(A,D)ijrs = AirDjs + AjrDis −AisDjr −AjsDir

− fa
i Aarf

b
j Dbs − fa

j Aarf
b
i Dbs + fa

i Aasf
b
j Dbr + fa

j Aasf
b
i Dbr.

(3.2)

Then
Q(A,D) = −Q(D, A)

because of which Q(A,A) = 0.

Lemma 1. Let A and D be two symmetric (0, 2) tensors satisfying
(3.1). If

(3.3) Q(A, D)ijrs = 0,

then

(3.4) Dis = δAis + δ̄fa
i Aas,

where δ and δ̄ are some scalars.

Proof. Let X be a vector such that

(3.5) XAXBAab = ω 6= 0.
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We put

(3.6)
X̄i = f i

aX
a, ω̄ = X̄aXbAab,

η = XaXbDab, η̄ = X̄aXbDab.

Transvecting (3.3) with XiXr and symmetrizing the resulting equality,
we get

ωDjs − ω̄fa
j Das = ηAjs − η̄fa

j Aas.

It follows
ω̄Djs + ωfa

j Das = η̄Ajs + ηfa
j Aas.

These two relations imply

Djs =
ωη + ω̄η̄

ω2 + ω̄2
Ajs +

ω̄η − ωη̄

ω2 + ω̄2
f c

j Aas.

But this is just the relation (3.4). ¤

Lemma 2. Let A be a symmetric (0, 2) tensor satisfying (3.1) and

(3.7) AimAjl−AilAjm−fa
i Aamf b

j Abl+fa
i Aalf

b
j Abm = EGijlm+Hfa

i Gajlm,

where E and H are some scalars and

Gijlm = gimgjl − gilgjm − fimfjl + filfjm.

Then

(3.8) Aij = Cgij + Bfij + τVij + σV̄ij ,

where C, B, τ and σ are some scalars,

Vij = ViVj − V̄iV̄j , V̄ij = fa
i Vaj = V̄iVj + ViV̄j ,

V is a vector and V̄ = fV .

Proof. Besides the notations (3.5) and (3.6) we shall use

Vi = XaAai, V̄i = X̄aAai.

Then
fa

i Va = V̄i, fa
i V̄a = −Vi.
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Now, we transvect (3.7) with XiXm. The resulting equality, using the
notations

Xij = XiXj − X̄iX̄j , X̄ij = fa
i Xaj = X̄iXj + XiX̄j ,

P = EXaX
a + HXaX̄

a, Q = HXaX
a −EXaX̄

a,

can be expressed in the form

ωAij − ω̄fa
i Aaj = Pgij + Qfij − EXij −HX̄ij .

wherefrom we obtain

ω̄Aij + ωfa
i Aaj = −Qgij + Pfij + HXij −EX̄ij .

These two relations imply

Aij =
ωP − ω̄Q

ω2 + ω̄2
gij +

ω̄P + ωQ

ω2 + ω̄2
fij +

1
ω2 + ω̄2

(ωVij + ω̄V̄ij)(3.9)

+
ω̄H − ωE

ω2 + ω̄2
Xij − ωH + ω̄E

ω2 + ω̄2
X̄ij ,

because of which we have

VkAij − VjAik − V̄kf
a
i Aaj + V̄jf

a
i Aak

=
ωP − ω̄Q

ω2 + ω̄2
(Vkgij − Vjgik − V̄kfij + V̄jfik)

+
ω̄P + ωQ

ω2 + ω̄2
(Vkfij − Vjfik + V̄kgij − V̄jgik)(3.10)

+
ω̄H − ωE

ω2 + ω̄2
(VkXij − VjXik − V̄kX̄ij + V̄jXik)

− ωH + ω̄E

ω2 + ω̄2
(VkX̄ij − VjX̄ik + V̄kXij − V̄jXik).

On the other hand, transvecting (3.7) with Xi and then changing the
indices, we obtain

VkAij − VjAik − V̄kf
a
i Aaj + V̄jf

a
i Aak = E(Xkgij −Xjgik − X̄kfij + X̄jfik)

+ H(Xkfij + X̄kgij −Xjfik − X̄kgij).

Comparing this and (3.10), we find

E(Xkgij −Xjgik − X̄kfij + X̄jfik)
+ H(Xkfij + X̄kgij −Xjfik − X̄jgij)
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=
ωP − ω̄Q

ω2 + ω̄2
(Vkgij − Vjgik − V̄kfij + V̄jfik)

+
ω̄P + ωQ

ω2 + ω̄2
(Vkfij − Vjfik + V̄kgij − V̄jgik)

+
ω̄H − ωE

ω2 + ω̄2
(VkXij − VjXik − V̄kX̄ij + V̄jX̄ik)

− ωH + ω̄E

ω2 + ω̄2
(VkX̄ij − VjX̄ik + V̄kXij − V̄jXik),

wherefrom, transvecting with gij , we get
[
(n− 1)E +

ω̄H − ωE

ω2 + ω̄2
XaV

a − ωH + ω̄E

ω2 + ω̄2
XaV̄

a
]
Xk

+
[
(n− 1)H − ω̄H − ωE

ω2 + ω̄2
XaV̄

a − ωH + ω̄E

ω2 + ω̄2
XaV

a
]
X̄k

=
1

ω2 + ω̄2
[(n− 1)(ωP − ω̄Q) + (ω̄H − ωE)XaX

a − (ωH + ω̄E)XaX̄
a]Vk

+
1

ω2 + ω̄2
[(n− 1)(ω̄P + ωQ)− (ω̄H − ωE)XaX̄

a − (ωH + ω̄E)Xax
a]V̄k.

This can be written in the form KXk + K̄X̄k = LVk + L̄V̄k, wherefrom
it follows −K̄Xk + KX̄k = −L̄Vk + LV̄k.

These two relations yield

(K2 + K̄2)Xk = (KL + K̄L̄)Vk + (KL̄− K̄L)V̄k,

that is
Xk = αVk + βV̄k

and therefore
X̄k = −βVk + αV̄k.

Next we have

Xij = (α2 − β2)Vij + 2αβV̄ij ,

X̄ij = −2αβVij + (α2 − β2)V̄ij .

Substituting this into (3.9), we obtain

Aij =
1

ω2 + ω̄2

{
(ωP − ω̄Q)gij + (ω̄P + ωQ)fij

+ [ω + (α2 − β2)(ω̄H − ωE) + 2αβ(ωH + ω̄E)]Vij

+ [ω̄ + 2αβ(ω̄H − ωE)− (α2 − β2)(ωH + ω̄E)]V̄ij

}

i.e., we obtain the relation of the form (3.8). ¤
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4. HC-flat h-hypersurfaces of HC-flat manifold. The Gauss
equation of the h-hypersurface (M, g, f) of an anti-Kähler manifold (M̃, G, F )
is

(4.1) R̃ABCDBA
i BB

j BC
l BD

m = Rijlm−(himhjl−hilhjm)+(kimkjl−kilkjm),

where Rijlm are the components of the curvature tensor of M . We denote
by ρij the Ricci tensor of M and put

∗
ρij = fa

i ρaj , κ = ρijg
ij ,

∗κ =
∗
ρijg

ij = ρijf
ij .

Now we suppose that the ambient manifold M̃ is HC-flat, i.e.,

(4.2) (HC̃)ABCD = 0.

Taking into account that m = n + 1, the condition (4.2), according to
(1.6), is

R̃ABCD =
1

2(n− 1)
(GADρ̃BC + GBC ρ̃AD −GAC ρ̃BD −GBDρ̃AC

− FAD
∗̃
ρBC − FBC

∗̃
ρAD + FAC

∗̃
ρBD + FBD

∗̃
ρAC)

− κ̃
4n(n− 1)

(GADGBC −GACGBD − FADFBC + FACFBD)

+
∗̃κ

4n(n− 1)
(GADFBC + GBCFAD −GACFBD −GBDFAC).

Substituting this into (4.1), we get

Rijlm =
1

2(n− 1)
(gimρ̃BCBB

j BC
l + gjlρ̃ADBA

i BD
m

− gilρ̃BDBB
j BD

m − gjmρ̃ACBA
i BC

l

− fim
∗̃
ρBCBB

j BC
l − fjl

∗̃
ρADBA

i BD
m

+ fil
∗̃
ρBDBB

j BD
m + fjm

∗̃
ρACBA

i BC
l )

− κ̃
4n(n− 1)

Gijlm +
∗̃κ

4n(n− 1)
fa

i Gajlm

+ himhjl − hilhjm − kimkjl + kilkjm.

(4.3)
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Transvecting (4.3) with gim and using (1.4), (2.1), (2.11) and (2.12), we
obtain

ρjl − trhhjl − tr kfa
j hal + 2h2

jl

=
n− 2
n− 1

ρ̃BCBB
j BC

l +
(

1
2(n− 1)

ρ̃ADBA
i BD

mgim − κ̃
2n

)
gjl

−
(

1
2(n− 1)

∗̃
ρADBA

i BD
mgim −

∗̃κ
2n

)
fjl.

From now on, we suppose n > 2. Putting

1
2(n− 1)

ρ̃ADBA
i BD

mgim − κ̃
2n

= s,

1
2(n− 1)

∗̃
ρADBA

i BD
mgim −

∗̃κ
2n

= t,

the preceding relation can be rewritten in the form

ρ̃BCBB
j BC

l =
n− 1
n− 2

(
ρjl − sgjl + tfjl − trhhjl − tr kfa

j hal + 2h2
jl

)
.(4.4)

Transvecting (4.4) with f j
k and using (2.1), we find

∗̃
ρDCBD

k BC
l =

n− 1
n− 2

(∗
ρkl − sfkl − tgkl − trhfa

k hal + tr k hkl + 2fa
k h2

al

)
.

(4.5)

We substitute (4.4) and (4.5) into (4.3) and get

Rijlm − 1
2(n− 2)

(
gimρjl + gjlρim − gilρjm − gjmρil

− fim
∗
ρjl − fjl

∗
ρim + fil

∗
ρjm + fjm

∗
ρil

)

+
κ

4(n− 1)(n− 2)
Gijlm −

∗κ
4(n− 1)(n− 2)

fa
i Gajlm

=
( κ

4(n− 1)(n− 2)
− s

n− 2
− κ̃

4n(n− 1)

)
Gijlm

+
(
−

∗κ
4(n− 1)(n− 2)

+
t

n− 2
+

∗̃κ
4n(n− 1)

)
fa

i Gajlm

− 1
2(n− 2)

(
trhhjl + tr kfa

j hal − 2h2
jl

)
gim
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− 1
2(n− 2)

(
trhhim + tr kfa

i ham − 2h2
im

)
gjl

+
1

2(n− 2)
(
trhhjm + tr kfa

j ham − 2h2
jm

)
gil

+
1

2(n− 2)
(
trhhil + tr kfa

i hal − 2h2
il

)
gjm

+
1

2(n− 2)
(
trhfa

j hal − tr k hjl − 2fa
j h2

al

)
fim

+
1

2(n− 2)
(
trhfa

i ham − tr k him − 2fa
i h2

am

)
fjl

− 1
2(n− 2)

(
trhfa

j ham − tr k hjm − 2fa
j h2

am

)
fil

− 1
2(n− 2)

(
trhfa

i hal − tr k hil − 2fa
i h2

al

)
fjm

+ himhjl − hilhjm − kimkjl + kilkjm.

The expression on the left-hand side is the holomorphically conformal
curvature tensor of (M, g, f), so that we have

2(n− 2)(CH)ijlm = λGijlm + µfa
i Gajlm

+ trh
(− hjlgim − himgjl + hjmgil + hilgjm

+ fa
j halfim + fa

i hamfjl − fa
j hamgil − fa

i halfjm

)

+ tr k
(− fa

j halgim − fa
i hamgjl + fa

j hamgil + fa
i halgjm

)

− hjlfim − himfjl + hjmfil + hilfjm

)

+ 2
(
h2

jlgim + h2
imgjl − h2

jmgil − h2
ilgjm

− fa
j h2

alfim − fa
i h2

amfjl + fa
j h2

amfil + fa
i h2

alfjm

)

+ 2(n− 2)
(
himhjl − hilhjm − fa

i hamf b
j hbl + fa

i half
b
j hbm

)
,

(4.6)

where

λ = 2(n− 2)
[ κ
4(n− 1)(n− 2)

− κ̃
4n(n− 1)

− s

n− 2

]
,

µ = 2(n− 2)
[
−

∗κ
4(n− 1)(n− 2)

+
∗̃κ

4n(n− 1)
+

t

n− 2

]
.

Thus
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Proposition. The necessary and the sufficient condition for a hyper-
surface of a HC-flat manifold to be itself HC-flat is

λGijlm + µfa
i Gajlm + trh

(− hjlgim − himgjl + hjmgil + hilgjm

+ fa
j halfim + fa

i hamfjl − fa
j hamfil − fa

i halfjm

)

+ tr k
(− fa

j halgim − fa
i hamgjl + fa

j hamgil + fa
i halgjm

)

− hjlfim − himfjl + hjmfil + hilfjm

)

+ 2
(
h2

jlgim + h2
imgjl − h2

jmgil − h2
ilgjm

− fa
j h2

alfim − fa
i h2

amfjl + fa
j h2

amfil + fa
i h2

alfjm

)

+ 2(n− 2)
(
himhjl − hilhjm − fa

i hamf b
j hbl + fa

i half
b
j hbm

)
= 0,

(4.7)

where λ and µ are some scalar functions.

5. The main theorem. Using (4.7), we can determine hij . To do
that, we transvect (4.7) with hi

t and find

λ
(
htmgjl − htlgjm − fa

mhatfjl + fa
l hatfjm

)

+ µ
(
htmfjl + gjlf

a
mhat − htlfjm − gjmfa

l hat

)

+ trh
(− hjlhtm − h2

tmgjl + hjmhtl + h2
tlgjm

+ fa
j half

b
mhbt + fa

mh2
atfjl − fa

j hamf b
t hbl − fa

l h2
atfjm

)

+ tr k
(− fa

j halhtm − fa
mh2

atgjl + fa
j hamhtl + fa

l h2
atgjm

− hjlf
a
mhat − h2

tmfjl + hjmfa
l hat + h2

ltfjm

)

+ 2
(
h2

jlhtm + h3
tmgjl − h2

jmhtl − h3
tlgjm

− fa
j h2

alf
b
mhbt − fa

mh3
atfjl + fa

j h2
amf b

l hbt + fa
l h3

atfjm

)

+ 2(n− 2)
(
h2

tmhjl − h2
tlhjm − fa

mh2
atf

b
j hbl + fa

l h2
atf

b
j hbm

)
= 0,

(5.1)

wherefrom, transvecting with gtm and taking into account that tr k =
− tr(fh), we obtain

(5.2) h3
jl = agjl + āfjl + bhjl + b̄fa

j hal + ch2
jl + c̄fa

j h2
al,

where

a =
1
4n

[
λ trh− µ tr k − trh trh2 − tr k tr(fh2) + 2 trh3

]
,
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ā =
1
4n

[
µ trh + λ tr k + trh tr(fh2)− tr k trh2 − 2 tr(fh3)

]
,

b =
1
4n

[− 2λ− (trh)2 + (tr k)2 + 2(n− 2) trh2
]
,

b̄ =
1
4n

[− 2µ− 2 tr h tr k − 2(n− 2) tr(fh2)
]
,

c =
3 tr h

2n
, c̄ =

3 tr k

2n
.

On the other hand, symmetrizing (5.1) with respect to t and j, and
using (5.2), we obtain

gjl

[
(λ + 2b)htm + (µ + 2b̄)fa

t ham − n−3
n trhh2

tm − n−3
n tr kfa

t h2
am

]

+gtl

[
(λ + 2b)hjm + (µ + 2b̄)fa

j ham − n−3
n trhh2

jm − n−3
n tr kfa

j h2
am

]

−gjm

[
(λ + 2b)htl + (µ + 2b̄)fa

t hal − n−3
n trh h2

tl − n−3
n tr kfa

t h2
al

]

−gtm

[
(λ + 2b)hjl + (µ + 2b̄)fa

j hal − n−3
n trhh2

jl − n−3
n tr kfa

j h2
al

]

−fjl

[
(λ + 2b)fa

t ham − (µ + 2b̄)htm − n−3
n trhfa

t h2
am + n−3

n tr k h2
tm

]

−ftl

[
(λ + 2b)fa

j ham − (µ + 2b̄)hjm − n−3
n trhfa

j h2
am + n−3

n tr k h2
jm

]

+fjm

[
(λ + 2b)fa

t hal − (µ + 2b̄)htl − n−3
n trhfa

t h2
al + n−3

n tr k h2
tl

]

+ftm

[
(λ + 2b)fa

j hal − (µ + 2b̄)hjl − n−3
n trhfa

j h2
al + n−3

n tr k h2
jl

]

+2(n− 3)
[
h2

tmhjl − h2
lthjm + h2

jmhlt − h2
jlhtm(5.3)

−fa
t h2

amf b
j hbl + fa

l h2
atf

b
j hbm − fa

j h2
amf b

l hbt + fa
j h2

alf
b
t hbm

]
= 0

wherefrom, transvecting with gjl we get

(5.4) (λ + 2b)htm + (µ + 2b̄)fa
t ham − n− 3

n
trhh2

tm − n− 3
n

tr kfa
t h2

am

= pgtm+qftm−n− 3
n

[
trhh2

tm−trh2htm−tr(fh)fa
t h2

am+tr(fh2)fa
t htm

]
,

where p and q are some scalar functions.
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The relation (5.4) implies

(5.5) (λ + 2b)fa
t ham − (µ + 2b̄)htm − n− 3

n
trhfa

t h2
am +

n− 3
n

tr k h2
tm

= −qgtm+pftm−n− 3
n

[
trhfa

t h2
am−trh2fa

t ham+tr(fh)h2
tm−tr(fh2)htm

]
.

Substituting (5.4) and (5.5) into (5.3), and supposing n 6= 3, we get

trh2

2n

(
gjlhtm + gtlhjm − gjmhtl − gtmhjl

− fjlf
a
t ham − ftlf

a
mhaj + fjmfa

t hal + ftmfa
j hal

)

− trh

2n

(
gjlh

2
tm + gtlh

2
jm − gjmh2

tl − gtmh2
jl

− fjlf
a
t h2

am − ftlf
a
mh2

aj + fjmfa
t h2

al + ftmfa
j h2

al

)

− tr(fh2)
2n

(
gjlf

a
t ham + gtlf

a
j ham − gjmfa

t hal − gtmfa
j hal

+ fjlhtm + ftlhmj − fjmhtl − ftmhjl

)

+
tr(fh)

2n

(
gjlf

a
mh2

at + gtlf
a
j h2

am − gjmfa
t h2

al − gtmfa
j h2

al

+ fjlh
2
mt + ftlh

2
jm − fjmh2

tl − ftmh2
lj

)

+ hjlh
2
tm + htlh

2
jm − hjmh2

tl − htmh2
jl

− fa
j half

b
t h2

bm − fa
t half

b
j h2

bm + fa
j hamf b

t h2
bl + fa

t hamf b
j h2

bl = 0.

This relation, in view of (3.2), can be expressed in the form

trh2

2n
Q(g, h)− trh

2n
Q(g, h2)− tr(fh2)

2n
Q(f, h) +

tr(fh)
2n

Q(f, h2)

+ Q(h, h2) = 0.

(5.6)

Now, let us consider the expression

Q
(
h− trh

2n
g +

tr(fh)
2n

f, h2 − trh2

2n
g +

tr(fh2)
2n

f
)

= Q(h, h2)− trh2

2n
Q(h, g) +

tr(fh2)
2n

Q(h, f)

−tr h

2n
Q(g, h2) +

trh

2n

trh2

2n
Q(g, g)− trh

2n

tr(fh2)
2n

Q(g, f)

+
tr(fh)

2n
Q(f, h2)− tr(fh)

2n

trh2

2n
Q(f, g) +

tr(fh)
2n

tr(fh2)
2n

Q(f, f).
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But
Q(g, g) = Q(g, f) = Q(f, g) = Q(f, f) = 0.

Therefore

Q
(
h− trh

2n
g +

tr(fh)
2n

f, h2 − trh2

2n
g +

tr(fh2)
2n

f
)

= Q(h, h2)+
trh2

2n
Q(g, h)− tr(fh2)

2n
Q(f, h)− trh

2n
Q(g, h2)+

tr(fh)
2n

Q(f, h2)

wherefrom, according to (5.6), it follows

(5.7) Q
(
h− trh

2n
g +

tr(fh)
2n

f, h2 − trh2

2n
g +

tr(fh2)
2n

f
)

= 0.

Putting

A = h− trh

2n
g +

tr(fh)
2n

f,

D = h2 − trh2

2n
g +

tr(fh2)
2n

f

and applying Lemma 1, we get from (5.7)

h2 − trh2

2n
g +

tr(fh2)
2n

f = δ
(
h− trh

2n
g +

tr(fh)
2n

f
)

+ δ̄
(
fh− trh

2n
f − tr(fh)

2n
g
)
.

In the other words,

(5.8) h2
ij = γgij + γ̄fij + δhij + δ̄fa

i haj ,

where γ, γ̄, δ and δ̄ are some scalar functions.
Substituting (5.8) into (4.7), we obtain

λ + 4γ

2(n− 2)
Gijlm +

µ + 4γ̄

2(n− 2)
fa

i Gajlm

+
2δ − trh

2(n− 2)
(
gimhjl + gjlhim − gilhjm − gjmhil

− fimfa
j hal − fjlf

a
i ham + filf

a
j ham + fjmfa

i hal

)
(5.9)

+
2δ̄ − tr k

2(n− 2)
(
fimhjl + fjlhim − filhjm − fjmhil

+ gimfa
j hal + gjlf

a
i ham − gilf

a
j ham − gjmfa

i hal

)

+ himhjl − hilhjm − fa
i hamf b

j hbl + fa
i half

b
j hbm = 0.
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If we put

(5.10) Aij = hij +
2δ − trh

2(n− 2)
gij +

2δ̄ − tr k

2(n− 2)
fij ,

we can rewrite (5.9) as follows

AimAjl −AilAjm − fa
i Aamf b

j Abl + fa
i Aalf

b
j Abm

=
[(2δ − trh

2(n− 2)

)2
−

(2δ̄ − tr k

2(n− 2)

)2
− λ + 4γ

2(n− 2)

]
Gijlm

−
[
(2δ − trh)(2δ̄ − tr k)

4(n− 2)2
− µ + 4γ̄

2(n− 2)

]
fa

i Gajlm.

Now, according to Lemma 2, (3.8) holds, and in view of (5.10), we finally
obtain

(5.11) hij = φgij + ψfij + τVij + σV̄ij ,

where φ, ψ, τ and σ are some scalar functions.
Conversely, if (5.11) holds, then (4.7) holds, too. Indeed, if (5.11) holds,

then

fa
i haj = −ψgij + φfij − σVij + τ V̄ij ,

h2
ij = (φ2 − ψ2)gij + 2φψfij + TVij + SV̄ij ,

fa
i h2

aj = −2φψgij + (φ2 − ψ2)fij − SVij + T V̄ij ,

(5.12)

where

T = 2(φτ − ψσ) + (τ2 − σ2)VaV
a + 2τσVaV̄

a,

S = 2(φσ + ψτ) + 2τσVaV
a − (τ2 − σ2)VaV̄

a.

Substituting this into left-hand side of (4.7), we get

[λ− 2(φ trh− ψ tr k) + 2n(φ2 − ψ2)]Gijlm

+ [µ− 2(ψ trh + φ tr k) + 4nφψ]fa
i Gajlm

+ [2T − (τ trh− σ tr k) + 2(n− 2)(φτ − ψσ)]
× [Vjlgim + Vimgjl − Vjmgil − Vilgjm

− V̄jlfim − V̄imfjl + V̄jmfil + V̄ilfjm]
+ [2S − (σ trh + τ tr k) + 2(n− 2)(φσ + ψτ)]
× [V̄jlgim + V̄imgjl − V̄jmgil − V̄ilgjm

+ Vjlfim + Vimfjl − Vjmfil − Vilfjm].

(5.13)
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The relations (5.11) and (5.12) yield

trh = 2nφ + 2τVaV
a + 2σVaV̄

a,

tr k = 2nψ − 2τVaV̄
a + 2σVaV

a.

Thus

τ trh− σ tr k = 2n(τφ− σψ) + 2(τ2 − σ2)VaV
a + 4τσVaV̄

a,

σ trh + τ tr k = 2n(φσ + ψτ) + 4τσVaV
a − 2(τ2 − σ2)VaV̄

a,

and therefore

2T − (τ tr h− σ tr k) + 2(n− 2)(φτ − ψσ) = 0,
2S − (σ trh + τ tr k) + 2(n− 2)(φσ + ψτ) = 0.

So (5.13), that is left-hand side of (4.7), reduces to

[λ− 2(φ trh− ψ tr k) + 2n(φ2 − ψ2)]Gijlm

+ [µ− 2(ψ trh + φ tr k) + 4nφψ]fa
i Gajlm.

On the other words, if (5.11) holds, then (4.6) becomes

2(n− 2)(CH)ijlm = [λ− 2(φ trh− ψ tr k) + 2n(φ2 − ψ2)]Gijlm

+ [µ− 2(ψ tr h + φ tr k) + 4nφψ]fa
i Gajlm.

But (CH)ijlmgim = 0, while

Gijlmgim = 2(n− 1)gjl, fa
i Gajlmgim = 2(n− 1)fjl

and we have

[λ− 2(φ trh− ψ tr k) + 2n(φ2 − ψ2)]gjl

+ [µ− 2(ψ trh + φ tr k) + 4nφψ]fjl = 0.

It follows

λ = 2(φ trh− ψ tr k)− 2n(φ2 − ψ2),
µ = 2(ψ trh + φ tr k)− 4nφψ,

and therefore (CH)ijlm = 0.
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Finally, we remark that if n = 3, then (5.4) reduces to

(λ + 2b)htm + (µ + 2b̄)fa
t ham = pgtm + qftm

This, together with

−(µ + 2b)htm + (λ + 2b)fa
t ham = −qgtm + pftm

implies

(5.14) hij = φgij + ψfij .

Thus, we can state

Theorem 1. Let (M, g, f) be a holomorphic hypersurface of dimension
2n, n > 3 of a HC-flat anti-Kähler manifold. Let h and k be the second
fundamental forms with respect to the normals N1| and N2| satisfying (2.7).
Then, in order that (M, g, f) be itself HC-flat, it is necessary and sufficient
that h satisfies (5.11), where φ, ψ, τ and σ are some scalar functions,

(5.15) Vij = ViVj − V̄iV̄j , V̄ij = fa
i Vaj = V̄iVj + ViV̄j ,

V is a vector field, V̄ = fV and kij = −fa
i haj.

If n = 3, then (5.14) holds.

6. HC-flat h-hypersurfaces of a manifold of constant totally real
sectional curvature. In this section we consider the special case when
the ambient manifold M̃ is of constant totally real sectional curvature. Such
a manifold is HC-flat and we can apply Theorem 1.

On one hand, if M̃ is of constant totally real sectional curvature, ac-
cording to (1.5), (2.3) and (2.6), (4.1) gives

Rijlm =
κ̃

4m(m− 1)
Gijlm −

∗̃κ
4m(m− 1)

fa
i Gajlm

+ himhjl − hilhjm − kimkjl + kilkjm.

(6.1)

On the other hand, for a HC-flat h-hypersurface, (5.11) holds, because
of which, and taking into account that

VimVjl − VilVjm − V̄imV̄jl + V̄ilV̄jm = 0,

VimV̄jl + V̄imVjl − VilV̄jm − V̄ilVjm = 0,
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we have

himhjl − hilhjm − kimkjl + kilkjm = (φ2 − ψ2)Gijlm + 2φψfa
i Gajlm

+ (φτ − ψσ)(gimVjl + gjlVim − gilVjm − gjmVil

−fimV̄jl − fjlV̄im + filV̄jm + fjmV̄il)
+ (φσ + ψτ)(gimV̄jl + gjlV̄im − gilV̄jm − gjmV̄il

+ fimVjl + fjlVim − filVjm − fjmVil).

Thus, (6.1) can be expressed in the form

Rijlm = λGijlm + µfa
i Gajlm

+ ξ(gimVjl + gjlVim − gilVjm − gjmVil

− fimV̄jl − fjlV̄im + filV̄jm + fjmV̄il)
+ θ(gimV̄jl + gjlV̄im − gilV̄jm − gjmV̄il

+ fimVjl + fjlVim − filVjm − fjmVil),

(6.2)

where

λ =
κ̃

4n(n + 1)
+ φ2 − ψ2, µ = −

∗̃κ
4n(n + 1)

+ 2φψ,

ξ = φτ − ψσ, θ = φσ + ψτ.

Conversely, if (6.2) holds, then

ρjl = 2
[
(n− 1)λ + ξVaV

a + θVaV̄
a
]
gjl

+ 2
[
(n− 1)µ− ξVaV̄

a + θVaV
a
]
fjl + 2(n− 2)

(
ξVjl + θV̄jl

)

fa
j ρal =

∗
ρjl = −2

[
(n− 1)µ− ξVaV̄

a + θVaV
a
]
gjl

+ 2
[
(n− 1)λ + ξVaV

a + θVaV̄
a
]
fjl + 2(n− 2)

[− θVjl + ξV̄jl

]
,

κ = 4(n− 1)
[
nλ + 2ξVaV

a + 2θVaV̄
a
]
,

∗κ = −4(n− 1)
[
nµ + 2θVaV

a − 2ξVaV̄
a
]
,

and we easily find that

(CH)ijlm = Rijlm − 1
2(n− 2)

(
gimρjl + gjlρim − gilρjm − gjmρil

− fim
∗
ρjl − fjl

∗
ρim + fil

∗
ρjm + fjm

∗
ρil

)

+
κ

4(n− 1)(n− 2)
Gijlm −

∗κ
4(n− 1)(n− 2)

fa
i Gajlm = 0.



21 HOLOMORPHIC HYPERSURFACES 143

But, if n = 3, then τ = σ = 0.
Therefore ξ = θ = 0 and (6.2) reduces to Rijlm = λGijlm+µfa

i Gajlm i.e.,
(M, g, f) is itself a manifold of constant totally real sectional curvatures.

Thus, we can state

Theorem 2. Let (M, g, f) be a h-hypersurface of the anti-Kähler man-
ifold of constant totally real sectional curvatures. If n > 3 (2n = dimM),
then (M, g, f) is CH-flat if and only if its curvature tensor has the form
(6.2), where Vij and V̄ij have the meaning (5.15), and λ, µ, ξ and θ are
some scalar functions. If n = 3, then (M, g, f) is CH-flat if and only if it
is itself a manifold of constant totally real sectional curvatures.
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space, Kōdai Math. Seminar Reports 20 (1968), 29–53.

Received: 15.X.2007 Department of Mathematics,

Wroclaw University of Environmental and Life Sciences,

Grunwaldzka 53, 50-357 Wroclaw,

POLAND

rysz@ozi.ar.wroc.pl

Mathematical Institute SANU,

Kneza Mihaila 35, 11001 Beograd, p.p. 365,

SERBIA


