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Abstract. Acad. R. Miron was the first who introduced the notion of Norden space.

The author of this paper, obtains a systematic theory of the operators
(12)

D G,
(21)

D G with
respect to a pseudoriemannian metric G. In the special case of G-conjugation he obtains
a classification of all the Einstein or Einstein-Maxwell models. He also proves that for the
special case of the Lagrange G-conjugation one can obtain Norden-Lagrange type models,
which will be called Miron-Norden models of Lagrange type.
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1. Introduction. Let ξ = (E, π,M) be a vector bundle over a con-
nected and paracompact manifold Mn, with the type fiber, F = Rm and
dimE = n + m.

Assuming En+m is endowed with a pseudoriemannian structure G on
E, and the restriction of G to the vertical distribution u → VuE, on E, is a
pseudo-riemannian structure, there exists an unique non-linear connection,
N in ξ, such that

G(hX, vY ) = 0, X, Y ∈ X (E)

where h and v are the projectors associated to N . It produces the following
decomposition of G:

G = hG + vG

Using N , one obtains a horizontal distribution u → HuE on E, such
that TuE = HuE ⊕ VuE, u ∈ E.
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Definition 1.1. The symbol εX , defined by

εX =




−1 if G(X,X) < 0
0 if G(X,X) = 0
1 if G(X,X) > 0

, X ∈ TuE

is called the pseudo-riemannian indicator of the vector X.

Definition 1.2. The length of X, denoted by |X| > 0, is defined by

|X|2 = εXG(X, X).

A non null vector U ∈ TuE is called unit if g(u, u) = εu, εu ∈ {−1, 1}.
If εX < 0 then X is said to be of spacelike type.
If εX = 0 then X is said to be a null vector.
If εX > 0 then X is said to be of time like type.
The sets C

(−)
u , C

(0)
u , C

(+)
u are defined by

C(−)
u = {X ∈ TuE | εX < 0}, C(0)

u = {X ∈ TuE | εX = 0},

C(+)
u = {X ∈ TuE | εX > 0}

and the sets C(−), C(0), C(+) are defined by

C− : u → C−
u , C0 : u → C0

u, C+ : u → C+
u .

Definition 1.3. Let be two distributions,
(1)

D
(r1)

: u →
(1)

D
(r1)

u ⊂ TuE,

(2)

D
(r2)

: u →
(2)

D
(r2)

⊂ TuE; dim
(1)

D
(r1)

= r1; dim
(1)

D
(r2)

= r2 such that
(1)

D
(r1)

⊥
(2)

D
(r2)

and

r1 + r2 = n + m. Then
(1)

D
(r1)

,
(2)

D
(r2)

are called conjugated distributions on E.

a) If
(1)

D
(r1)

∩
(2)

D
(r2)

= {0}, then
(1)

D
(r1)

,
(2)

D
(r2)

are called the supplementary distri-

butions on E.

b) If
(1)

D
(r1)

∩
(2)

D
(r2)

=
(0)

D
(s)

; dim
(0)

D
(s)

= s ≥ 1, then
(0)

D
(s)

is called a null distribution,

on E.
If X ∈ D

(s)

(0), X 6= 0, we have G(XX) = 0.

From (1), (5) we have:
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Proposition 1.1. The horizontal distribution u → HuE, on E and
the vertical distribution u → VuE on E, are conjugated and supplementary
distributions.

Proposition 1.2. In general case we have s ≤ n + m

2
.

If s <
n + m

2
then we have

(0)

D
(r)

u ⊂ C
(0)
u , u ∈ E.

Definition 1.4. A d-linear connection D on E, is a linear connection D
on E, which preserves by parallelism the horizontal and vertical distributions
on E.

One easily obtains

Proposition 1.3. The conjugated horizontal and vertical distribution,
on E, are conserved by the parallelism defined by a linear connection D on
E, iff hDXvY = 0; vDXhY = 0; X,Y ∈ X (E).

2. The operators
(12)

Dh,
(12)

Dv ,
(21)

Dh,
(21)

Dv . In [3], [4] the author gives a

very general theory of the operators
(12)

D ,
(21)

D . In [3] a special attention is

paid to the case when
(12)

D ,
(21)

D are associated to two linear d-connections
on E, or E = TM , or En+1. The applications in the theory of Relativity
are given. One obtains the classification of the Einstein models and of the
Einstein-Maxwell models, as well.

In this paper we will present some properties of these operators on the
almost Hermitian model of a generalized Lagrange Space introduced by
Miron ([1]).

Let (E = TM, π, M) be the tangent bundle over Mn and G a pseudo-

riemannian structure, on E = TM and N =
G
N a non-linear connection.

We have n = m; dim(E = TM) = 2n.

The natural almost complex structure, F , associated to N =
G
N is given

by: F (Xh) = −Xv; F (Xv) = Xh, where Xh is the horizontal lift of X ∈
X (M) and Xv is the vertical lift of X ∈ X (M).

The pair (G,F ) is an almost Hermitian structure on T̃M = TM \ {0}
if G(FX, FY ) = G(X, Y ), X, Y ∈ X (T̃M).

We have
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Proposition 2.1. If (G,F ) is almost Hermitian structure then we have:

G(Xh, Y h) = G(Xv, Y v)

(hG)(Xh, Y h) = (vG)(Xv, Y v), X, Y ∈ X (M).

Let {δ/δxi; ∂/∂yi} be a local frame adapted to N and {dxi, δyi} its dual.
Then F is given by:

F (δ, δxi) = −∂/∂yi, F (∂/∂yi) = δ/δxi.

When (G,F ) is an almost Hermitian structure on T̃M we have:

G = gkrdxk ⊗ dxr + gisδy
i ⊗ δys, k, r; l, s = 1, n

where (gkr) is a d-tensor field, pseudo-riemannian.
The almost Hermitian space, H2n = (N ; TM, G,F ) is called by R.

Miron, the almost Hermitian model of the generalized Lagrange space,
GLn = (M, grs(xy)).

If a linear d-connections D(N) on E = TM is a normal connection then
we have ([6]) DXF (Y ) = F (DXY ), X, Y ∈ X (TM).

In a local frame adapted to N we have the local coefficients ([6])

Dh(Γl
jk(x, y), Γn+i

n+j k = Γi
j k), Dv(Γi

j n+k(x, y), Γn+i
n+j n+k = Γi

j n+k).

We denote this connections by Γ(N) = (Γi
jk, Γ

n+i
n+j n+k). It is called the

connection of the Lagrange spaces GLn.
By (1.7) if X, of local components {Xi(x, y)} is a d-vector field, we

have |X|2 = εXgik(x, y)XiXk and the absolute energy on T̃M1 is given by
E(x, y) = εygiky

iyk and the energy is given by E(x, y) = εyE(x, y).

Definition 2.1. Let be two normal connections
(1)

D ,
(2)

D . The operators
(12)

D hG,
(12)

D vG, are defined by:

(2.1) (
(12)

D h
kG)ij =

(1)

Dh
kgij −

(21)
τ r

jkgir

(2.2) (
(12)

D v
n+kG)n+i m+j =

(1)

Dv
n+kgij −

(21)
τ n+r

n+j n+kgir
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where
(21)
τ =

(2)

Γ −
(1)

Γ .

The dual operators
(21)

D h,
(21)

D v are defined by

(2.3) (
(21)

D h
kG)ij =

(2)

Dh
kgij −

(12)
τ r

jkgir

(2.4) (
(21)

D v
n+kG)n+i n+j =

(2)

Dv
n+kgij −

(12)
τ n+r

n+j n+kgir

where
(12)
τ = −(21)

τ .

Proposition 2.2. In general we have

(2.5) (
(12)

D h
kG)ij 6= (

(12)

D h
kG)ji

(
(12)

D v
n+kG)n+i n+j 6= (

(12)

D v
n+kG)n+j n+i,

(12)

D G 6=
(21)

D G.

The properties of
(12)

D G,
(21)

D G in the general case are established by the
author in [3], [4], [5].

Definition 2.2. If the orthogonality of an arbitrary 1-dimensional dis-

tribution
(1)

D
(1)

,
(2)

D
(1)

(
(1)

D
(1)

⊥
(2)

D
(1)

) is preserved by parallelism relative to
(1)

D and

relative to
(2)

D then
(1)

D is said to be conjugated with
(2)

D or
(1)

D
G∼

(2)

D or

GL
(1)

n = (M, g,
(1)

Γ (N))
g∼ GL

(2)

n = (M, g,
(2)

Γ (N)).

The Definition 2.2 applied also to D
(1)

(0) because X ∈ D
(1)

(0) is selforthog-

onal (g(X, X) = 0).

Example 2.1. If
(12)

D G = 0 then
(21)

D G = 0 and GL
(1)

n g∼ GL
(2)

.

Proposition 2.3. If
(12)

D G = 0 then we have

(2)

Γ s
jk =

(1)

Γ s
jk + gsi

(1)

Dh
kgij ;

(2)

Γ n+s
n+j n+k =

(1)

Γ n+s
n+j n+k + gsi

(1)

Dv
n+kgij
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and

(1)

Γ s
jk =

(2)

Γ s
jk + gsi

(2)

Dh
kgij ;

(1)

Γ n+s
n+j n+k =

(2)

Γ n+s
n+j n+k + gsi

(2)

Dv
n+kgij .

We have:
m
Γ

def
=

1
2
(
(1)

Γ +
(2)

Γ ) =
c
Γ (the canonical connection).

Proposition 2.4. We have GL
(1)

n g∼ GL
(2)

⇔ GL
(2)

n g∼ GL
(1)

n.

Proposition 2.5. If GL
(1)

n g∼ GL
(2)

n, then we have
(12)

D G =
(21)

D G.

Proposition 2.6. We have GL
(1)

n g∼ GL
(2)

n iff

(
(12)

D h
kG)ij = αkgij ; (

(12)

D v
n+kG)n+i n+j = βn+kgij

where αk, βn+k are arbitrary d-covectors.

Proposition 2.7. If GL
(1)

n g∼ GL
(2)

n, then
(1)

Γ (N),
(2)

Γ (N) cannot be both

compatible with gij(x, y).

Proposition 2.8. If
(1)

Γ (N) is the canonical connection
(c)

Γ (N) of GL
(1)

n,

(
(1)

Γ (N) =
(c)

Γ (N); GL
(1)

n is noted by G(c)Ln) and GL
(1)

n g∼ GL
(2)

n, then for

(2)

Γ (N) we cannot have

T i
jk = Γi

jk − Γi
kj = 0 and Tn+i

n+j n+k = Γn+i
n+j n+k − Γn+i

n+j n+k = 0.

Another important result is given by

Proposition 2.9. The set of conjugated spaces {GLn} is given by

GLn g∼ G(c)Ln, is true, but

GL
n g∼ G(c)Ln is not true.
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This classification plays an important role in a classification of the Ein-
stein models or the classification of the Einstein-Maxwell models ([3], [4]).

Definition 2.3. If GL
(1)

n g∼ GL
(2)

and

(2.6)
(1)

T i
jk = 0,

(1)

T n+i
n+j n+k = 0,

(2)

T i
jk = 0,

(2)

T n+i
n+j n+k = 0

the set {M, g;
(1)

Γ (N),
(2)

Γ } is called the Miron-Norden space of the generalized
Lagrange type.

Proposition 2.10. If {M, g;
(1)

Γ (N),
(2)

Γ } is a Miron-Norden space, then
(1)

Γ (N) 6=
(c)

Γ (N),
(2)

Γ (N) 6=
(c)

Γ (N).

Proposition 2.11. If {M, g;
(1)

Γ (N),
(2)

Γ } is a Miron-Norden space then
(2)

Γ (N) is determined by (
(1)

Γ (N), g) as follows:

(2.7)
(2)

Γ r
jk =

(1)

Γ r
jk + gri

(1)

Dh
kgij − 1

n− 1
gis(

(1)

Dh
kgis −

(1)

Dh
sgik)δr

j

(2.8)
(2)

Γ n+r
n+j n+k =

(1)

Γ n+r
n+j n+k + gri

(1)

Dv
n+kgij

− 1
n− 1

gis(
(1)

Dv
n+kgis −

(1)

Dv
n+sgik)δn+r

n+j .

We obtain:
(a) R(XY )Zh = F (R(X, Y )Zn)
(b) R(XY )Zv = −F (R(X, Y )Zh), X, Y ∈ X (TM), Z ∈ X (M)

where R is the curvature tensor of D.
From (a), (b) the essential local d-components of the curvature of the

Γ(N) are: Ri
jkl, Ri

jkn+l, Rn+i
n+j n+k n+l ([1]).

Proposition 2.12. If {M, g,
(1)

Γ (N),
(2)

Γ (N)} is a Miron-Norden space,
then we have

(2.9)

(
(2)

Rn+r
n+j n+k n+l −

1
n

δr
j

(2)

B n+k n+l

)
gri
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+

(
(1)

Rn+r
n+i n+k n+l −

1
n

δr
i

(1)

B n+k n+l

)
grj = 0

where B is the d-tensor of Bianchi.

Proposition 2.13. If {M, g,
(1)

Γ (N),
(2)

Γ (N)} is a Miron Norden space
and the horizontal distribution is integrable then we have

(2.10)

(
(2)

R r
jkl −

1
n

δr
j

(2)

B kl

)
gri +

(
(1)

R r
ikl −

1
n

δr
i

(1)

B kl

)
grj = 0

where Bkl = Rj
jkl.

Proposition 2.14. If {M, g,
(1)

Γ (N),
(2)

Γ (N)} is a Miron-Norden space
and t = 0 (t is the weak torsion of N) then we have

(2.11)

{(
(2)

R r
jk n+l −

1
n

δr
j

(2)

B k n+l

)
−

(
(2)

R r
jl n+k −

1
n

δr
j

(2)

B l n+k

)}
gri

+

{(
(1)

R r
ik n+l −

1
n

δr
i

(1)

B k n+l

)
−

(
(1)

R r
il n+k −

1
n

δr
i

(1)

B l n+k

)}
grj = 0.

Proposition 2.15. If {M, g,
(1)

Γ (N),
(2)

Γ (N)} is a Miron-Norden space
and F is a complex structure then we have (2.9), (2.10), (2.11) and (2.11) is
reduced to:

(
(2)

R r
jkn+l −

1
n

δr
jBkn+l

)
gir +

(
(1)

R r
ikn+l −

1
n

δr
i

(1)

B kn+l

)
grj = 0.

Another results are given in [3], [4], [5].

The transformations (
(1)

Γ (N),
(2)

Γ (N)) → (
(1)

Γ (N),
(2)

Γ (N)) which preserves

the Miron-Norden space and its invariants,
(12)

N i
jkl,

(12)

N i
jk n+l,

(12)

N n+i
n+j n+k n+l

are also obtained [3], [4], [5].
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