ANALELE STIINTIFICE ALE UNIVERSITATII “AL.I. CUZA” DIN IASI (S.N.)
MATEMATICA, Tomul LIII, 2007, Supliment

MIRON-NORDEN MODELS OF LAGRANGE TYPE

BY

PETRE STAVRE

Dedicated to Academician Radu Miron at his 80th anniversary

Abstract. Acad. R. Miron was the first who introduced the notion of Norden space.
(12)  (21)
The author of this paper, obtains a systematic theory of the operators D G, D G with

respect to a pseudoriemannian metric G. In the special case of G-conjugation he obtains
a classification of all the Einstein or Einstein-Maxwell models. He also proves that for the
special case of the Lagrange GG-conjugation one can obtain Norden-Lagrange type models,
which will be called Miron-Norden models of Lagrange type.
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1. Introduction. Let { = (E, 7, M) be a vector bundle over a con-
nected and paracompact manifold M,, with the type fiber, F = R™ and
dim E =n +m.

Assuming F,, 4, is endowed with a pseudoriemannian structure G on
E, and the restriction of G to the vertical distribution © — V,F, on E, is a
pseudo-riemannian structure, there exists an unique non-linear connection,
N in &, such that

G(hX,vY)=0, X,Y € X(E)

where h and v are the projectors associated to N. It produces the following
decomposition of G:
G =hG+vG

Using N, one obtains a horizontal distribution v — H,FE on E, such
that T,F = H,F ® V,E, u € E.
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Definition 1.1. The symbol ex, defined by

-1 if G(X,X)<0
ex=4¢ 0 if GX,X)=0, XeT,E
1 if GIX,X)>0

is called the pseudo-riemannian indicator of the vector X .

Definition 1.2. The length of X, denoted by | X| > 0, is defined by
1X? = exG(X, X).

A non null vector U € T, F is called unit if g(u,u) = &,, e, € {—1,1}.
If ex < 0 then X is said to be of spacelike type.

If ex = 0 then X is said to be a null vector.

If ex > 0 then X is said to be of time like type.

The sets C’z(f), CQ(LO), C’z(f) are defined by
CH ={XeT,E|lex <0}, CO={XeT,E|ex =0},

CWH ={X e T,E|ex > 0}
and the sets C(7), 0O, ¢() are defined by

C :iu—0C,, C':u—CY CT:u—Cl.

(1) (1)
Definition 1.3. Let be two distributions, (D) U — (D)u c T.E,
71 T1
(2) (2) 1) (1) (1) (2
D:u— D CTyE;dim D =ri; dim D = ry such that D 1L D and
(r2) (r2) (r1) (r2) (r)  (r2)
1 @
ri+ry=n-+m. Then (D), (D) are called conjugated distributions on E.
1 r9
1 @ 1 @
a) If (D) N (D) = {0}, then (D), (D) are called the supplementary distri-
71 79 T1 T2
butions on E.
1 @ (0) (0)

b)If DND =7D;dimD =s > 1, then D is called a null distribution,
5 (r1) (r2)  (s) (s) (s)
on E.

If X € g@), X # 0, we have G(XX) = 0.
From (1), (5) we have:
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Proposition 1.1. The horizontal distribution w — HyFE, on E and
the vertical distribution v — Vo, E on E, are conjugated and supplementary
distributions.

" n+m
Proposition 1.2. In general case we have s < .

(0)
ntm then we have (D)u C C&O), u€ k.

If s <

Definition 1.4. A d-linear connection D on E, is a linear connection D
on E, which preserves by parallelism the horizontal and vertical distributions
on E.

One easily obtains

Proposition 1.3. The conjugated horizontal and vertical distribution,
on E, are conserved by the parallelism defined by a linear connection D on
E, iff hDxvY =0; vDxhY =0; X,Y € X(E).

(12) 12y (21) (21
2. The operators D", D', D", D". 1In [3], [4] the author gives a
(12) (21)
very general theory of the operators D, D . In [3] a special attention is
(12) (21)
paid to the case when D, D are associated to two linear d-connections

on E, or E =TM, or Fpy1. The applications in the theory of Relativity
are given. One obtains the classification of the Einstein models and of the
Einstein-Maxwell models, as well.

In this paper we will present some properties of these operators on the
almost Hermitian model of a generalized Lagrange Space introduced by
MIroN ([1]).

Let (E = TM,m, M) be the tangent bundle over M,, and G a pseudo-
G
riemannian structure, on £ = TM and N = N a non-linear connection.

We have n = m; dim(E = TM) = 2n.

The natural almost complex structure, F', associated to N = ]C\;f is given
by: F(X") = —XV; F(X") = X" where X" is the horizontal lift of X €
X (M) and XV is the vertical lift of X € X(M).

The pair (G, F) is an almost Hermitian structure on TM =TM \ {0}
if G(FX,FY)=G(X,Y), X,Y € X(TM).

We have
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Proposition 2.1. If (G, F) is almost Hermitian structure then we have:
G(X" YM) =G(XY, YY)
(RG) (X", Y") = (vG)(X",Y"), XY € X(M).

Let {6/6x%;0/0y'} be a local frame adapted to N and {dz*, §y'} its dual.
Then F'is given by:

F(5,02") = —9/0y', F(0/0y") = 6/

When (G, F') is an almost Hermitian structure on TM we have:

G = grrda® @ da” + gis6y' ® 0y°*, k,ril,s=T1,n

where (g,) is a d-tensor field, pseudo-riemannian.

The almost Hermitian space, H?>" = (N;TM,G,F) is called by R.
Miron, the almost Hermitian model of the generalized Lagrange space,
GL" = (M, grs(zy)).

If a linear d-connections D(N) on E = T'M is a normal connection then
we have ([6]) DxF(Y) = F(DxY), X,Y € X(TM).

In a local frame adapted to N we have the local coefficients ([6])

DTy (e, ), I = T8 ), DT (), T =T ).

We denote this connections by I'(N) = (Fék, FZI; nar)- 1t is called the
connection of the Lagrange spaces GL".

By (1.7) if X, of local components {X%(x,y)} is a d-vector field, we
have |X|> = exgix(x, y) X' X" and the absolute energy on TM; is given by
E(z,y) = ey9iy'y* and the energy is given by E(z,y) = £,E(z, ).

1 @
Definition 2.1. Let be two normal connections D, D. The operators
(12) (12)
D "G, DG, are defined by:

(12) (1) (21),
(2.1) (D}G)ij = Digij — 7 gir

(12)v (l)v 1) 4r
(22) (D n+kG)n+i m+j — Dn—l—kglj - T n+j n+kgir
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en @ @
where 7 =1 —T.

(21)  (21)
The dual operators D", D are defined by
(21) (2) (12),
(2.3) (D }G)ij = Digij — 7 fugir
@D, @, (12),, .,
(24) ( D n+kG)n+i n+j — Dn—i—kglj - T nij n+kJir
12 21
where (7‘) = —(7').

Proposition 2.2. In general we have

(12), (12),
(2.5) (DG)ij # (D yG)ji

(12) (12) (12) (21)
( D 1;L+kG)n+i n+j 7é ( D 17)L+kG)n+j n+is DG 7é D G.
(12) (21)
The properties of D G, D G in the general case are established by the
author in [3], [4], [5].

Definition 2.2. If the orthogonality of an arbitrary 1-dimensional dis-
H @ @O (2) (1)
tribution (?), (117) ((?) 1L (117)) is preserved by parallelism relative to D and
(2) 1 @ @O s
relative to D then D is said to be conjugated with D or D ~ D or

(1) 2)
GL"=(M,g, T(N) 2 GL" = (Mg, T (N)).
The Definition 2.2 applied also to (?)(0) because X € 8(0) is selforthog-

onal (¢(X,X) =0).
(12) (21)
Example 2.1. If DG =0then DG =0 and G(L)” £ G(L).
1 2

(12)
Proposition 2.3. If D G =0 then we have

(2)3 (1)5 si(l)h (2)n+8 (l)n-l—s Si(l)”
'Sy = T'j, + 97 Digij; Pn+j ntk — 11n+j nik 97 Dngrlis
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and
o @, N O @ o
D5 =T +9"Digis T055 wn = Tots w97 Dingagis-
mger 1 (1) (2) c ' )
We have: T' = 5( I' + T') =T (the canonical connection).

Proposition 2.4. We have GL" X GL < GL™ L GL".
(1) 2) 2) (1)
12) (2

Proposition 2.5. If G(L)” ~ G(L)” then we have D G = D G.

Proposition 2.6. We have G(If)” £ G(g)” iff

(12) (12)
(D }G)ij = ongiji (D31 Gnti ntj = Bribij

where ay, Bnir are arbitrary d-covectors.

@) @)
Proposition 2.7. If G(II/)” ~ G(L)” then I' (N), I' (N) cannot be both
compatible with g;;(x,y).

1) (©)
Proposition 2.8. If I' (N) is the canonical connection T' (N) ofGL”,

(1)
(1) (©)
(T'(N) = T'(N); G’(L)" is noted by GOL™) and G(L)” ~ G(L)" then for
2)
I'(N) we cannot have

i _ i +i +i +i
e =ik — =0 and T30 =100 — ot gk =0
Another important result is given by
Proposition 2.9. The set of conjugated spaces {GL™} is given by
GL™ L GYL", is true, but

GL" L GYL" is not true.
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This classification plays an important role in a classification of the Ein-
stein models or the classification of the Einstein-Maxwell models ([3], [4]).

Definition 2.3. IfGL" L GL and
(1) @)

@, O @), 2)
(26) Tjk:O7 T ; =0, Tjk:[)? Tn+j n—l—k::O
(1) (2)
the set {M,g; T' (N), I' } is called the Miron-Norden space of the generalized

Lagrange type.

(1) )
Proposition 2.10. If {M,g; I' (N), I' } is a Miron-Norden space, then
1) (c) (2) (c)
F(N) £ T(N), T(N)#T(N).

(1) 2)
Proposition 2.11. If {M,g; I'(N), I } is a Miron-Norden space then
(2) (1)
['(N) is determined by (I' (N),g) as follows:

(2) (1) (1) 1 .. @ (1)

(27)  Th=Tj+9"Digij — ——9"(Digis — Digin)0;
(2)n+r (l)n-‘rr ri(l)v
(2'8) Fn-i—j nt+k Pn-l—j n+k +9g Dn-‘rkgij

1 18 (1)v (1)1) n+r
g (Dn+kgis - Dn+sglk)5n+]

n—1
We obtain:
(a) R(XY)Z" = F(R(X,Y)Z")
(b) R(XY)Z' = —-F(R(X,Y)Z"), X,Y € X(TM), Z € X(M)
where R is the curvature tensor of D.
From (a), (b) the essential local d-components of the curvature of the

I'(N) are: R}kl, R;-knﬂ, RZI; ik na ([1])-

1) 2)
Proposition 2.12. If {M,g, I' (N), I'(N)} is a Miron-Norden space,
then we have

@, 1@
(2'9) Rn+j n+k nt+l 55] Bn+k n+l | 9ri
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. 1.,
T\ Bt ntk nt — ﬁ‘sz‘ Bk nti | grj =0

where B is the d-tensor of Bianchi.

(1) ()
Proposition 2.13. If {M,g, I'(N), I' (N)} is a Miron Norden space
and the horizontal distribution is integrable then we have

@ 1@ ® 1O
(2.10) Tkl — 55]- B | gri + ikl — 552- By ) gr; =0

_ pJ
where By = Rjkl.

@) 2)
Proposition 2.14. If {M,g, I'(N), I'(N)} is a Miron-Norden space
and t =0 (t is the weak torsion of N ) then we have

@) 1.,® @) 1@
(l)r 1 T(l) (1)T 1 T(1)
+ ik n—i—l_ﬁéi By, n+l | — Ril n+k_56i Bln+k grj:(),

1) @)
Proposition 2.15. If {M,g, I'(N), I'(N)} is a Miron-Norden space
and F is a complex structure then we have (2.9), (2.10), (2.11) and (2.11) is

reduced to:
(2)T 1., (1)T 1 T(l)
Jkn+l T E(Sj Binti | gir + Rikn+l — E(SZ Binti | 915 = 0.

Another results are given in [3], [4], [5].
(1) 2) ) )
The transformations (I' (N), I' (N)) — (I' (), I' (N)) which preserves
(12)  (12). (12)
the Miron-Norden space and its invariants, N 3‘kl7 N ;k; s

are also obtained [3], [4], [5].

n—+i
n+j n+k n+l
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