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Abstract. If (X,d) is a metric space and CI(X) is the family of closed subsets of
X, we search the "largest” family A C CI(X) such that Vietoris topology 7v and locally
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bounded-Vietoris sense and in other hyperconvergences.
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1. Introduction

In this paper we compare the locally finite and Vietoris topology on some
classes of nonempty closed subset of a metric space. We find the ”better”
class with this property. Then we obtain another results in the problem of
comparison of hypertopologies.

So consider (X,d) a metric space. Denote by P(X) the family of all
nonempty subsets of X. If A C P(X), we define some topologies on A
which extend the initial topology (see, for e.g., [3], [4], [7], [8], [12]). This
means that, if we restrict these topologies to the family S(X) of single-
ton subsets of X, the topology of induced subspace agrees with the initial
topology on X. These topologies are called hypertopologies or hyperspacial
topologies. In this category one includes some well-known topologies, like
Hausdorff topology 77, Attouch-Wets topology 74w, Vietoris and bounded-
Vietoris topology (7, and 7y respectively), proximal and bounded-proximal
topology (7p and 7,p respectively), locally finite topology 7,y and Wijsman

topology T .
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On the family of the closed nonempty subsets CI(X) of X, there exist
some relations between these hypertoplogies, as synthesized by SONNTAG
and ZALINESCU in [10] and [11]. We select below and adjust a fragment
from the schema of this papers:
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TH TP TV

l l

TAW = TppP = Ul%

N

™

The relations described in schema above are generally strict. So many
efforts have been done in order to find some conditions on the space (X, d)
which can assure the coincidence of these hypertopologies on CI(X). We
give some of these results (which are specified in [5], [6] or [9]):

Tv = T <= X is compact; 7y = 7p <= (X,d) is UC space ([6],
Lemma 5.2); v = 7y <= X is compact ([5], p.169); 74 = Tw < (X, d)
is a totally bounded space ([6], Corollary 5.7); 74 = 7p <= (X,d) is a
totally bounded space ([6], Lemma 5.1); 7y = 7y <= (X, d) is UC space
([5], Theorem 2.2); 7p = Ty <= (X,d) is a totally bounded space ([6],
Theorem 5.5); Tp = 75 <= X is compact ([6], Section 5); T = 7 <= X
is compact ([6], Corollary 5.8); 7v = my <= (X,d) is d-bounded ([9],
Proposition 3.2); 7y = 1y <= X is compact (][9], Proposition 3.5); 7y =
Tp <= (X, d) is BUC space (][9], Section 3).

Recall that (X,d) is a UC space if every continuous real function on X
is uniformly continuous.

We say that (X,d) is a BUC space if for any A, B € CI(X) and B a
bounded set, AN B = () implies d(A, B) > 0.

These results give an answer to the following question: to search special
classes of metric spaces (X,d) which make two specified hypertopologies
to coincide on the fixed family A = CI(X).

Another problem, initiated in [2], is to specify some family A4 C CI(X)
(even the largest family) on which two precise hypertopologies coincide,
when the space (X, d) is fixed. In this paper we focus especially on locally
finite and Vietoris topologies.
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In Section 2 we recall some notations, notions and results concerning
topologies from schema above.

Section 3 is dedicated to the comparison between locally finite and Vi-
etoris topologies on A C CI(X). We find the largest family on which they

coincide.

In Section 4 we obtain a sufficiently condition for coincidence between
the Vietoris and bounded Vietoris convergences of nets and finally we give
some new conclusions on comparison between the hypertopologies defined
in Section 2.

2. Notations and preliminaries
We consider a metric space (X, d). Define the following families of non-
empty subsets of X :
P(X) = {AC X; A£0);
Cl(X)={A e P(X); Ais a closed subset};

K(X)={A € P(X); Ais acompact subset};
F(X)={A e P(X); Ais a finite subset };
S(X)={A4 € P(X); Ais a singleton};
B(X)={A€Cl(X); Ais ad-bounded subset};

PE(X)={A € P(X); Ais a d-totally bounded subset}.

We denote by S(a,e) = {x € X; d(a,z) < e} with a € X, € > 0 the ball
of center a and radius € and by B(a,¢) = {x € X; d(a,x) < e} with a € X,
€ > 0 the closed ball of center a and radius e.

S:(A) is the notation of e—enlargement of A: S.(A) ={z € X; Ja € A
such that d(z,a) < e} with A C X, e > 0.

The topologies which we consider in this paper must be written like a
supremum of two topologies, namely a lower topology 7~ and an upper
topology 7.

The Hausdorff topology 7 is defined on A C CI(X) by 7y = 75, V7,
where a basic neighbourhoods of a set Ag € A is, respectively:

in 74
U_(A(),&“) = {A eA; Ay C SS(A)}, with € > 0,
and in T;Ir

U, (Ag,e) = {A € A; AC So(Ag)}, with & > 0.

The Attouch-Wets topology 7aw on A C CI(X) is Taw = Ty V
T;{W, where a basic neighbourhoods of a set Ag € A is given by:
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n 7,y
U,(Ao;l’o,e) = {A eA; Ay N S(xo, é) C SE(A)}
and in TXW
Uy (Ap; xo,e) = {A e A; AN S(xo, %) C SE*(AO)}’
where € > 0 and =z is fixed arbitrarily in X.

The Vietoris topology 7 on A C Cl(X) is v = 7, V 737; a subbase
for 7, is given by all the sets V~ = {A € A; ANV # 0}, where V is an
open subset of X, and a subbase for T$ is given by all the sets E+ = {A €
A; AN E = ()}, where F is a closed subset of X.

The bounded-Vietoris topology ([9]) 7y on A C CI(X) is py =
T, VT;t,; asubbase for 7,1, is given by all the sets ET = {4 € A; ANE = 0},
where E is a closed and bounded subset of X.

The proximal topology 7p on A C ClI(X) is 7p =7, V TIJS, where T;

is generated by all the sets ET+ = {A € A; 3¢ > 0 such that S:(A) C E}
with E open in X.

In fact, T; ="

The bounded-proximal topology 7,p on A C CI(X) is 7pp = 7, V
+
TAw -
The Wijsman topology 7 on A C CI(X) is 7w = 7y, V 7y}, where
the basic neighbourhoods of Ay in upper Wijsman topology are the sets

{A € A; d(x;, Ag) < d(xi, A) +¢ for i =1,n},

with {x1,z9,...,2,} a finite subset of X and € > 0.

The locally finite topology 7y on A C CI(X)is 7y = ur: VT$, where
7;; is generated by all the sets £~ = {A € L;ANV # (), for every V € L},
for any locally finite family £ C P(X) of open subsets of X.

(A family of subsets £ C P(X) is called locally finite if for every = €
X there exists a neighbourhood V' (z) of = such that V(z) has nonempty
intersection with a finite number of elements of L.)

We note that Vietoris and locally finite topologies do not depend on
the metric of the space (like Hausdorff, Attouch-Wets, proximal, bounded-
proximal, bounded-Vietoris and Wijsman topologies), but they depend on
the topology of the space.
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3. The comparison between the locally finite and Vietoris
topologies
Now we search the family A C CI(X) such that 7y and 74 coincide on
A. The upper topology for 7y and 7;¢ is the same, so we are interested by
the hypertopologies ur; and 7y,. First we give the following lemma:

Lemma 3.1. Let (X,d) be an arbitrary metric space and A C CI(X)
be a class of sets such that for every locally finite family L of open subsets
of X , the condition L~ N A # 0 implies that L is finite. Then 1, = Ti; on
A (so Ty =1y on A).

Proof. We suppose that £ is a locally finite family of open subsets of
X such that £~ N A # 0. Let Vi, Vs, ..., Vi, be the open sets such that
L={V,Vs,....,V,}. Then L~ =V NV, N..NV, is a finite intersection
of open sets from the subbase of 7,, so L™ is a 7,-open set. We deduce
that 7. C 7y, so 7y C 7. The reverse inclusion is valid on every class A C
Cl(X) (see the schema of section 1). O

Remark 3.1. There exist some classes A C CI(X) such that for every
locally finite family £ the condition £~ N A # () implies that £ is finite.

For example, in the case of the class S(X) we have: if £ is an arbitrary
locally finite family for which £~ N S(X) # 0, then there exists xg € X
such that {zo} € L7. So {zo} NV # 0 for all V € L. But L is a locally
finite family; hence there exists U(xg) a neighbourhood of xy which has a
nonempty intersection with a finite number of elements of £. Let they be
Vi, Vay ooy Vi o Then U(zg) NV # 0 for all V € L, so L contains only V7,
Vay ooy Vi o

Another family A C CI(X) which has the property from Lemma 3.1 is
A=K(X):

Lemma 3.2. Let (X, d) be a metric space. If L is a locally finite family
of open subsets of X and L~ NK(X) # 0, then L contains a finite number
of elements.

Proof. We suppose by contradiction that £~ NK(X) # 0 and £ has
an infinite number of elements. Let A be a compact subset of X such that
A€ L. Then ANV # () for all V € L. We choose (Vy,)nen+ C £ and let
zn € Vo N A, n € N*. (We denote by N* the set of positive integer N\{0}.)
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Because A is a compact set, hence a sequential compact set, there exists a
subsequence (xy, )ren+ and g € A with z,, — x. For zg there exists U(zo)
a neighbourhood which has a nonempty intersection with a finite number p
of elements of £. Eventually by renumbering the sets of £, let they be V1,
Va, ..., V. Now we denote again the sequence (V,, )ren+ \{V1, V2, ..., Vp}
by ‘N/nl, 17”2, ...,Vnk, ...and by Z,, the elements of the sequence (x, )ren-
from I7nk N A. So z,, — xzp. For the neighbourhood U(zg) there exists
ko € N* such that for every ny > ny, we have z,, € U(zg). Hence U(zo)
has a nonempty intersection with an infinite number of subsets of £. This
contradiction proves the lemma. [l

Theorem 3.3. Let (X,d) be a metric space. On the class K(X) of
compact subsets of X we have T, = Tip O equivalently, Tv = 75.

Proof. This is an immediate consequence of Lemma 3.1 and Lemma
3.2. O

Remark 3.2. If (X, d) is a compact metric space, then CI(X) = K(X)
and hence 7y = 75 on CI(X). So we obtain from Theorem 3.3 the coinci-
dence between 7y and 75 on CI(X), a known result (see, for example, [5],
p.169).

Now we intend to find the largest class A C CI(X) on which 7, = 7.
When we study the same problem for another pair of hypertopologies (7;;
and 7y, 75 and 77, 757 and 7, etc.) we obtain (in [2]) the classes B(X),
Pk(X) and K(X). So one requires that the class A contains only bounded
subsets. To give an answer to this question, we first prove the following
lemma:

Lemma 3.4. Let (X,d) be a metric space and A C CI(X) be such
that A\B(X) # (. Then we can construct a locally finite family L of open
unbounded subsets of X such that AA\B(X) = L".

Proof. Let Ay € A\B(X). We fix a € X. Since Ay is unbounded
subset of X, for every n € N* there exists a,, € Ag such that d(a,,a) > n.
So a, € B(a,n)¢, where B(a,n)¢ denotes the complement of the closed ball
B(a,n). The set V,, = B(a,n)° is open and unbounded in X and AoNV,, # 0.
Now we put £ = (V},)nen+ and we prove that £ is a locally finite family:

Let x € X be an arbitrary point. Denote by ng = [d(a, z)] the integer
with the property ng < d(a,z) < ng+ 1. Let ¢ = ng +1 — d(a,x) be
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a positive number. Then S(z,¢) is for £ the desired neighbourhood of x

from the definition of locally finite family: if y € S(x,¢) then d(a,y) <

e+d(a,z) =no+1,s0y ¢ Vyot1. Also y ¢ Vi, where k > ng + 1. Hence

y is contained at most in Vi, Va, ....,V,,. So the neighbourhood S(z,¢) of x

intersects a finite number of elements of L. O
Now we can give the result:

Proposition 3.5. Let (X,d) be a metric space and A C CI(X) be a
nonvoid class such that 7, = 7, on A. Then A C B(X).

Proof. We suppose by contradiction that A ¢ B(X). Then A\B(X) #
(). From the proof of Lemma 3.4 we have a locally finite family £ = (V,,)nen
of open and unbounded subsets of X, where V,, = B(a,n)¢ and a is fixed in
X. Observe that £~ is open in (A, Tl}). Now if A € L7, then ANV, # 0, for
every n € N* so A is unbounded and £~ contains only unbounded closed
subsets of X.

Since T, = 75 on A, it follows that £~ is 7, —open; we have L~ =
Urer Wr, where W, = (W) n(W3)n...n(Wf), k € N* and Wi, Wi, ..., W}
are open subsets of X. We choose a} € W{, ..., al. € W[. The set A = {af,
..., at} € B(X) has the property that ADW]'? # () for every j € {1,2,...,k}.
This condition implies that A € W;, so A € L£~. This is a contradiction,
because L~ contains only unbounded closed subsets of X. U

Remark 3.3. If there exists the largest family A C CI(X) for which
TV = T then by Lemma 3.2 and Proposition 3.5, we have K(X) C
A CB(X). In fact A ¢ B(X). Indeed, assume by contrary that A = B(X).
Since 7y and 7 are not dependent on the metric of the space (but they
are depended on the topology of the space), replacing d by #‘ld, it follows
that the two topologies coincide on every metric space. This contradiction
proves the above assertion.

Definition 3.1. A metric space (X,d) is called boundedly compact if
every closed and d-bounded subset of X is compact.

Corollary 3.6. If (X,d) is a boundedly compact space, then the largest
class A C CU(X) for which 7, =7, (i.e. T7v =75) on A is K(X).

In order to prove a similar result on an arbitrary metric space, we recall
the following definition introduced in [2]:
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Definition 3.2. A family A C CI(X) of parts of a metric space X is
called stable with respect to closed subsets if for any set A € Aand B C A,
with B € CI(X) it follows that B € A.

Remark 3.4. All the families B(X), Pk(X), K(X), F(X) are stable
with respect to closed subsets.

Theorem 3.7. Let (X,d) be a metric space and
E={ACCUX); A#D and T, =7, on A,
A stable with respect to closed subsets}.
Then IC(X) is the largest element of £.

Proof. From Theorem 3.3 it follows that K(X) € £.

Now we show that /(X)) is upper bound element for class £.

We suppose by contradiction that A ¢ IC(X) for some A € € and let A €
A\K(X) . So there exists a sequence (a,)nen+ C A such that (ay)nen+ does
not have cluster points. We consider the subsets Ay = {a1,ag,...,ax,...}
and Ay, = {a1,ag,...,a}. Since Ay is finite, Ay, is closed. The set of cluster
points of Ag is 0, so Ay is closed too. Obviously, Ay, Ax € A € A which is
stable with respect to closed sets, hence Ag, A € A.

Now we observe that Ay € 7y, — limg_,o Ag: for any open set V' with
V N Ay # 0, there exists an ay, € V N Ap. One deduces that for every
k > kv we have ay,, € V N Ay.

We show that Ag ¢ 715 — limy_o0 Ap.

First we can construct a family £y composed by all the open spheres
Vi = S(ak, 1/k); it comes out that Ly is a locally finite family. Indeed, we
suppose that there exists an agp € X such that for any n € N*, S(ap, 1/n)
intersects an infinite number of V4, say V4, . So there exists bh € S(ap,1/n)N
S(ag,,1/kp). Then d(ay,,ap) < d(ak,,bh) + d(bh,a0) < (1/ky) + (1/n).
Passing to the limit as n — oo, one derives that d(as,,a0) < 1/k,, hence
ag, — ag. This is a contradiction, because (ar)ken+ has not cluster points.

It is obviously that Ay € L, : a, € Ag NV}, for every k € N*.

Now we prove that for any ng € N*, there exists n > ng with A4,, ¢
Lo; more exactly if we fix ng, we can find ko such that {ai,as,...an,} N
S(aky,1/ko) = 0. If we suppose by contradiction that for every k € N*,
{a1,a2,...,an,} N S(ak, 1/k) # 0, there exists jo € {1,...,n9} and a infinite
number of terms k, € N* such that d(ax,,a;,) < 1/kp, so ax, — aj,. The
contradiction we arrived at, proves the theorem. O
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4. Some consequences

In this section, we compare Vietoris and bounded Vietoris convergences
on A C P(X). In fact we want to find sufficient conditions on a class A C
P(X), such that T$ -convergence and Tg{/—convergence coincide. We recall
that 7t = 7%, if and only if (X, d) is d-bounded (see Proposition 3.2 from
[9]). But we have not the coincidence of these topologies on B(X). For our
study we first give the following definition.

Definition 4.1. A net (4;)icr € A C P(X) is said to be uniformly
bounded net if there exists a closed ball B(a,r) C X such that A; C B(a,r)
for all 4 € I, where a € X and r > 0.

Remark 4.1. If (4;);c; € P(X) is a uniformly bounded net, then A;
is bounded for any 7 € I.

Proposition 4.1. Let (X, d) be a metric space and A € B(X). If (Ai)ier
1s a uniformly bounded net le{/-convergent to A, then (A;)icr is also T‘J/r—
convergent to A (and thus the Ty -convergence of a uniformly bounded net
with bounded limit coincides with Ty -convergence of them).

Proof. Let B(a,r) be a closed ball such that A, A; C B(a,r) for any
i € I and G be a closed set of X such that ANG = 0. But ANG =
(ANB(a,7))NG = AN(B(a,r)NG).Since A € 7;/,-lim A;, we use the closed
and d-bounded set E = B(a,r) NG in the definition of 7;}-neighbourhoods
of A. Then there exists ig € I such that A; N (B(a,7) NG) = 0 for every
1 > ig. We put ig = ig and we obtain that A € T‘j — lim A;. O

Corollary 4.2. If (X,d) is a metric space without isolated points and
(Ay)icr € K(X) is a uniformly bounded net, then for a given A € K(X), the
following convergences are equivalent:

i) A€, —limA;
i) Aemrf—limA;
iii) A € 7 — lim Aj;

w) A€ Ty — limA,.



50 G. APREUTESEI 10

Proof. i) <= ii) is Proposition 4.1 (applied on the subclass K(X)).

i) <= iii) follows from [2], Theorem 6.2: on K(X) we have 7} =
TE when (X, d) is a metric space without isolated points. (Therefore the
uniformly bounded condition for the net (A;);cs is not necessary.)

i) <= iv) is immediately from [2], Proposition 4.1, (ii): if (A4;)ier C
Cl(X) is uniformly bounded net, the TXW—convergence coincides with 7-
convergence on CI(X) (also on K(X)). O

Corollary 4.3. Let (X,d) be a metric space and A, A; € K(X), for any
i € I. Then we have the equivalence for the following convergences:

i) Ae€mr, —limA;;

i) A€ Tip lim A;;

)
)
iti) A€ Ty — lim Ay
iv) A€ty —limA;.

Proof. The assertion i) < i) results from Theorem 3.3, for an arbitrary
net.

The 7y,-convergence coincides with the 7,;-convergence on the class
PE(X) D K(X).

The 7;;,-convergence and the 7,;-convergence are the same on B(X) D
K(X). O

Corollary 4.4. If A € K(X) and (Ai)ier C K(X) is a uniformly
bounded net from a metric space (X,d) without isolated points, then the
following assertions are equivalent:

] :Tbv—limAi;

2 :Tv—limAi;

111 =71y — lim A;;

v =7p — lim A;;

vl

) A
) A
) A
iw) A=Taw — lim A;;
) A
) A

=7,p — lim A;.
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(The proof follows from Corollaries 4.2 and 4.3.)

Corollary 4.5. On the class K(X) of compact subsets of a metric space
(X, d) without isolated points, the following relations between hyperconver-
gences are valid:

Tif =TH =Ty = Tp

|

TAW = TpP

For the monotone sequences of subsets of (X)) all this convergences
coincide with Ty .

Proof. The results are consequences of Theorem 3.3 above and of Co-
rollary 5.5 and Theorem 6.2 from [2]. Also we use Theorem 3.1 from [1].OJ
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