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Abstract. We study the holomorphic ¢-sectional curvature of the natural diagonal
tangent sphere bundles with Sasakian structures, determined by DRUTA-ROMANIUC and
OpPROIU. After finding the explicit expressions for the components of the curvature tensor
field and of the curvature tensor field corresponding to the Sasakian space forms, we
find that there are no tangent sphere bundles of natural diagonal lift type of constant
holomorphic ¢-sectional curvature.
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1. Introduction

The geometry of the tangent sphere bundles of constant radius r, endowed
with the metrics induced by some Riemannian metrics from the ambi-
ent tangent bundle, was studied by authors like ABBASSI, BOECKX, CAL-
VARUSO, KOWALSKI, MUNTEANU, PARK, SEKIGAWA, SEKIZAWA (see [1],
2], [4]-17], [9], [12]-[14], [16]). In the most part of the papers, such as [4], [5]
and [16], the metric considered on the tangent bundle 7'M was the Sasaki
metric, but BOECKX noticed that the unit tangent bundle equipped with
the induced Cheeger-Gromoll metric is isometric to the tangent sphere bun-
dle T'1 M with the induced Sasaki metric. Then, in 2000, KOWALSKI and

/2
SEKIZAWA showed how the geometry of the tangent sphere bundles depends
on the radius (see [10]).
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The tangent sphere bundles T,.M of constant radius r are hypersurfaces
of the tangent bundles, consisting of the tangent vectors which have the
norm equal to r only. Every almost Hermitian structure on the tangent
bundle induces an almost contact structure on the tangent sphere bundle
of constant radius r. Important results in this direction may be found in
the recent surveys [1] and [9].

In the present paper we study the conditions under which the tangent
sphere bundles of natural diagonal lift type with Sasakian structures, de-
termined in [7], have constant holomorphic p-sectional curvature, i.e. they
are Sasakian space forms. We prove that this conditions are never satisfied,
so there are no natural diagonal tangent sphere bundles of constant radius
r, which are also Sasakian space forms.

The manifolds, tensor fields and other geometric objects considered in
this paper are assumed to be differentiable of class C*° (i.e. smooth). The
Einstein summation convention is used throughout this paper, the range of
the indices h, 1, j, k,l, m,r being always {1,...,n}.

2. Preliminary results

Let (M, g) be a smooth n-dimensional Riemannian manifold and denote its
tangent bundle by 7 : TM — M. The total space T'M has a structure of 2n-
dimensional smooth manifold, induced from the smooth manifold structure
of M. This structure is obtained by using local charts on TM induced
from usual local charts on M. If (U,¢) = (U,z',...,2") is a local chart
on M, then the corresponding induced local chart on TM is (7= 1(U), ®) =
(=Y U),zt, ..., 2", y', ..., y"), where the local coordinates z%,y7, i,j =
1,...,n, are defined as follows. The first n local coordinates of a tangent
vector y € 7-}(U) are the local coordinates in the local chart (U, ¢) of
its base point, i.e. 2° = % o 7, by an abuse of notation. The last n local
coordinates ¢/, j = 1,...,n, of y € 771(U) are the vector space coordinates
of y with respect to the natural basis in T7(,)M defined by the local chart
(U, ¢). Due to this special structure of differentiable manifold for 7'M, it is
possible to introduce the concept of M-tensor field on it (see [11]).

Denote by V the Levi Civita connection of the Riemannian metric g on
M. Then we have the direct sum decomposition

(2.1) TTM =VTM & HTM

of the tangent bundle to T'M into the vertical dist.ribution VTM = Ker 7,
and the horizontal distribution HT'M defined by V (see [17]). The vertical
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and horizontal lifts of a vector field X on M will be denoted by XV and

X1 respectively. The set of vector fields {8%1, e %} on 7-1(U) defines
a local frame field for VI'M, and for HT'M we have the local frame field
{%, e 6%”}, where 6; = azi — F&%, ng = kuZi, and F’él(a:) are the

Christoffel symbols of g.

The set {8?/“ %}m’:l?’ denoted also by {(‘3,~,6j}i,j:171,
frame on T'M, adapted to the direct sum decomposition (2.1). Extensive li-
terature concerning canonical frame structures on 7'M defined by canonical
N-connections can be found in [3].

Consider the energy density of the tangent vector y with respect to the

Riemannian metric g

defines a local

t= 3l = 50,00 (0) = sonl@list, yer(U).
Obviously, we have t € [0, 00) for every y € T'M.
The second author considered in [15] an (1,1)-tensor field J on the tan-
gent bundle TM, obtained as natural 1-st order lift (see [8]) of the metric
g from the base manifold to the tangent bundle T'M:

IXy = —a2() X" — ba(t)gr(y) (X, 9y,

VX € 761(M), Yy € TM, a1, as, by, by being smooth functions of the energy
density.

The above (1,1)-tensor field J defines an almost complex structure on
the tangent bundle if and only if

a0 — — b I S
2_CL1’ 2 al(a1+2tb1)'

Then it was considered on TM a Riemannian metric G of natural diagonal
lift type:

é(X;Ia }/;/H) = (t)gT(y) (Xv Y) +di (t)g'r(y) (Xa y)gr(y)(Ya y),
(22) G(X;/a vi) = CQ(t)gT(y) (X7 Y) + dQ(t)gT(y) (Xa y)gr(y) (K y)v
Gx)y yh=axl x))=o0

VX,Y € THTM), Vy € TM, where c1, c2, di, da are smooth functions
of the energy density on T'M. The conditions for G to be a Riemannian
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metric on TM (i.e. to be positive definite) are ¢; > 0, co > 0, ¢1 + 2td; >
0, co + 2tdy > 0 for every t > 0.

The Riemannian metric G is almost Hermitian with respect to the al-
most complex structure J if and only if

C1 (&)

_ 1+ 2tdy co + 2tds

, = =+ 2tpu,
a a2 a1 + 2thy ag + 2tby + ety
where A > 0, p > 0 are functions of ¢.

The symmetric matrix of type 2n x 2n

égjl) 0 c1(t)gi; + di(t)goigo; 0
o G¥J| 0 ;
ij

c2(t)gij + d2(t)goigo;

associated to the metric G in the adapted frame {d;,0;}, =T has the
inverse

Hi) 0 :<P1(t)gkl+m(t)ykyl 0 >
0 Hp, 0 p2()g" + q2(t)y*y)!

where g* are the entries of the inverse matrix of (gij)i’ =T and p1, q1, p2, ¢,

are some real smooth functions of the energy density. More precisely, they
may be expressed as rational functions of ¢y, dy, co, ds:

1 1 _ dy _ do
n= c1’ P2 = co’ o= c1(er +2td1)7 = ca(eo +2td2)'

Let us recall some results proved in the papers [6] and [7].

Proposition 2.1 ([6]). The Levi-Civita connection V associated to the
Riemannian metric G from the tangent bundle T M has the form

VYV =Q(XV, YY), VyuYV = (VxY)V + P(YV, x),
VY = P(XV Y ), VyuY? = (V) + 5(XH v,
VXY € T (M),

where the M-tensor fields QQ, P, S, have the following components with
respect to the adapted frame {0;, 5j}z’,j=17z’

L, ~@ ~(2 ~(2)\ 77
Qly = S (@G + 9, — G HL,

1.~ ~ () ~ 1.~ ~ (D)
(23) Pl = 5 @Gy + Ry GVAL, 8l =~ (uGy) + Ry i) A,
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RZij being the components of the curvature tensor field of the Levi Civita
connection NV on the base manifold (M,g) and Rgij = ykRZij. The vector
fields Q(XV,YV) and S(XH,Y™) are vertically valued, while the vector

field P(YV, XH) is horizontally valued.

Using the relations (2.3), we may easily prove that the M-tensor fields
Q, P, S, have invariant expressions of the forms
/ /

QXY YY) = 2%[9(?;, XYY +g(y,V)XV] - M
nglz — 26’2d2
2co (CQ + 2td2)
Cll H dl H d1
§Ezg(y7}()3/ +_§EIg(y’lf))( +_§(Equ§¥gzj
Cld/l — C/1d1 — d%
2c1 (Cl + Qtdl)

(R, yY )
c1

d
SV = =5 gy, X) YV + (5, Y) XY =
_ cady —2dydy
202(02 + Qtdg)

9(X,Y)y"
9y, X)g(y, Y)y",

P(xV,yH) = 9(X,Y)y"

9y, X)g(y, Y)y"

cady

=M (X R(Y. H
201(01+2td1)g( SR(Y,9)y)y ™,

/
€1

2(cg + 2tds)

9(y, X)g(y,Y)y" — %(R(X, Yy,

9(X,Y) 4"

for every vector fields X,Y € 7, (M) and every tangent vector y € TM.
Since from now on we shall work on the subset T,.M of T'M consisting

of spheres of constant radius r, we shall consider only the tangent vectors

. : . 2 .

y for which the energy density ¢ is equal to %, and the coefficients from

the definition (2.2) of the metric G become constant. So we may consider

them constant from the beginning. Then the M-tensor fields involved in

the expression of the Levi-Civita connection become simpler:

do

XV yV)y= ———g(X,YV)y"
QXY YY) = o a(X. V)"
dq
cl

dy

* Zate 3 2y 9EY) — (X pg(Vyly”
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C2 " cody "
— 2 (RX,y)T — — 2L (X, R(Y,
2Cl( (X,y)Y) 2CI(CIJFTQCll)g( R, 9)y)y,
d
S Y = = [g(X, )Y Y + (Y, y) XY

s Xl VY = SRV
3. Sasakian structures on tangent sphere bundles of constant
radius r
Let T, M = {y € TM : g;(,)(y,y) = r2}, with r € (0,00), and the projection
T:1T.M — M, T =71 o014, where i is the inclusion map of T;.M into T M.
Now we present the construction of a generator system for the tangent
bundle to T-M. The horizontal lift of any vector field on M is tangent to
T.M, but the vertical lift is not always tangent to 7,.M. The tangential lift
of a vector X to (p,y) € T,-M is tangent to T, M and is defined by

1
T Vv 1%
Xy = Xy - ﬁgT(y) (X7 y)yy .

The tangential lift of the tangent vector y € T,.M, vanishes, i.e. y;‘jf = 0.
The tangent bundle T7T.M is spanned by §; and 8J-T =0 — r%gojyk(?k,

i,7,k = 1,n, although {8]T} are not independent. They fulfill the

j=Ln
relation
igl —
Yy R 07
and in any point y € T, M they span an (n — 1)-dimensional subspace of
T,T.M.

Denote by G’ the metric on T, M induced from the metric G defined on
T M. If we consider only the 2tangent vectors y € T, M, the energy density ¢
defined by them is equal to %, and the coefficients from the definition (2.2)

of the metric G become constants. Thus, the metric G’ from T,M has the
form

G/(va YyH) = C19r(y) (X,Y) + dlgﬂ-(y) (X, y)gr(y) (Y,y),

(3'4) G/(X57 YyT) =C2 [gT(y) <X7 Y) B r%g"'(y) (X’ y)gT(y)(Y’ y>]’
G/(X;I?YyT) = G/(YyTvxgﬁq) =0,

for every vector fields X, Y on M and every tangent vector y, where ¢y, di, co

are constants. The conditions for G to be positive are ¢; > 0, co >
0, c1 + T‘2d1 > 0.
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Theorem 3.1 ([7]). The almost contact metric structure (¢,&,n,G) on
T, M, with p, £,n, and G given respectively by

(3.5) XM = a1 X7, X7 = —ap X" + QQ(X )y
(3.7) G = oG’

for every tangent vector fields X,Y € 761(M), and every tangent vector
y € T,.M, where a = Clg:;igl and the metric G' is given by (3.4), is a
contact metric structure, and it is Sasakian if and only if the base manifold
has constant sectional curvature ¢ = a;

Proposition 3.2 ([7]). The Levi-Civita connection V, associated to the
Riemannian metric G on the tangent sphere bundle T,.M of constant radius
r has the expression

Vord] = ALy, Vs,0] =10, + Bjidn,
Vord; = Bl'op, Vs,0; =Tl0n + Clo}

where the M -tensor fields involved as coefficients have the expressions:

d 1
h h h 1 <h h h
Ay = 290]5 Cij = —72(5j goi — 03 90j) — §R0z‘j,
1 d d 2¢1 +r2d
h h h 1 ch 1 1 1 h
Bj; = Pjj — QQiOP()j 5 905 + e+ r2dy) (9ij — e 90i90)Y
C2d1 h,k,l

2 Rh -——F R
2 jzky 261(61 +T2d1) ikjly Yy,

where goj = gjo = y'gij and P(?j = y’PZ’;

We mention that A and C have these quite simple expressions, since they
are the coefficients of the tangential part of the Levi-Civita connection. All
the terms containing yha,{ = 0 have been cancelled.
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The invariant form of the Levi-Civita connection from T, M is

1

VxrYT = —7729(3/, yXT,
dy dq €2
YH = —Zg(Vy) X2+ —— (X V) — = (R(X,y)Y)H
vXT 2619( ’y) + 2(61+d1T2)g( ) )y 2c1 (R( 7y) )

d1(201 + T2d1) H
- X, y)g(Y,
27201 (cr +r2d1)g( )Y, y)y

62d1 H
—— = 4(X,R(Y,
201(01+r2d1)g( R, y)y)y™,

. d d
VYT = (VxYV)T + —1lg(X, YH 4 L (X, Y )y

2¢ 2(e1 + 12dy)
C2 H d1(201 + 7“2(11) H
——(R(Y,y)X)" — X Y,
261( (Y, y)X) 2T261(Cl+r2d1)9( )9(Y,y)y

cady I
—— =21 4(Y,R(X
261(61+T2d1)g( R(X,y)y)y™,

ViV = (VxY) - SLig(X0) YT~ (Y.) X7 - S(ROGY )T,

In the case where A, B, C are those given in Proposition 3.2, it can be
shown (see e.g. [6]) that their covariant derivatives are:

VkA% =0, chihj = —%kaijl7
. cy cad .

kathj = —T;VkR?uyl - mkailjrylyTyha

where kaZz i kahkij are the usual local coordinate expressions of the co-
variant derivatives of the curvature tensor field and the Riemann-Christoffel
tensor field of the Levi Civita connection V from the base manifold M. If
the base manifold (M, g) is locally symmetric then, obviously, VkAZ =
0, VgBl =0, V,Cl =0.

In the paper [6] we obtained by a standard straightforward computation
the horizontal and tangential components of the curvature tensor field K,
denoted by sequences of H and T, to indicate horizontal, or tangential
argument on a certain position. For example, we may write

K(5:,6;)0; = HHTH]};;6, + HHTT};,;0; .

The expressions of the non-zero M-tensor fields which appear as coefficients
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are
HHHH,?U Rk” + B{;C Bl] Cl. + Bl R,
HHHT,Z] (V Rlzkzy Viszk?J )s

HH TH]}CZ’L] (V Rzkl viR?kz)yl

2¢1
02d1

2¢1(c1 + 12dy)

HHTT,?,.ja,{ = (R;;ij +Ch Bk] c Bt + Al Row)ah,

(Vi Ritkm — ViRjum)y'y™y"

1
TTHH};; = 0] By, — 9] B} + B};Bl; — BliB; — ﬁ(gioB]hk — gjoBh),

TTTT; = r%(gjkfszh — gind))) + 74(5?901‘9% — 6/'90j 9ok )
cady
2¢1(c1 + r2dy)

THHT}0; = (aTc '+ AJCl, — Ol Bl — ViR OF
THTH},; = 9] B}; + B}, Bl Alk,BlJ, THTT],; = —V,; Al =

Co -
THHH],; = —ijzﬂyl + ViRuky'y"y",

We mention that from the final values of HHTT, k}IL’L j 8T and THH T,?z ; 8T

obtained by replacing the expressions of AZ, BZ, C’h given in Proposition

3.2, we shall eliminate the terms containing yhﬁg = 0

4. The holomorphic p-sectional curvature

In this section we shall study the condition under which the Sasaki manifold
(T-M, ¢,&,n,G), with ¢, £, n, and G given respectively by (3.5), (3.6), and
(3.7), is a Sasaki space form, i.e. it has constant holomorphic p-sectional
curvature. The tensor field corresponding to the curvature of the Sasakian
space form (T, M, p,&,n, G) is given by:

Ko(X,Y)Z =" o S GIY, 2)X — G(X, 2)Y]

+ S omz)y - v ym(z)x

+G(X, Z)n(Y)E - G(Y, Z)n(X)§ + G(Z,¢Y )pX
- G(Z,0X)pY +2G(X, oY) pZ],
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where k is a constant.
With respect to the generator system {0;, 8?}1-,]-:1,,”,”, the expressions
are
Ko(0],0])0f = TTTTy},;04, Ko(0],0] )6, = TTHHoj;0n,

Ko(dF,0,)0F = THTHOZijéh, Ko(0F,08;)0, = THHTO’,;ija,{,
Ko(6:,05)0f = HHTTy,;04 , Ko(65,0;)6x = HHHHop,; 65,

where the M-tensor fields involved as coefficients have the expressions:

k
TTTTo}; = 71 Ba(G’,(j.)a? — @',

k—1 1
TTHHop,; = agTO‘GIIS){ﬁ [Qm(fs]h P 6hy™) — go; 51y — 5§yh)]

l ¢h I ch
+ 63 —51.5].},

THTHy);; = —#ac’g)af + %a [%G’,(j)goj-yh
+ G’;fj) <Tl2901yh - 5zh> + 2G/§]2‘) (71290kyh - 51?)} )
THHT); = #w’,ﬁ?aﬁ Lk ; L [ — 4% agogord!
_ (%gmyl o) G + 2036
HHTTy; = Load(@ 2ot — 2,
HIHA, = 2060t - Do)
+ ——a[4Xagok(goid" — go;or) + %(Gﬁ)gw — G/;(glj)gm)yh]'

In the sequel we shall prove the main theorem of this paper.

Theorem 4.1. The Sasakian manifold (T, M, p,&,n,G), with ¢, &,n,
and G given respectively by (3.5), (3.6), and (3.7), is never a Sasaki space
form.

Proof. We have to study the vanishing conditions for all the com-
ponents of the difference K — Ky with respect to the generator system

{04, 3]-T}i,j:1,...,n-



11 THE HOLOMORPHIC ¢-SECTIONAL CURVATURE 85

2
The component THHT],; — THHTyl; contains —LH2eErdl) g sh

and THTH,?Z.j —THTHOZij contains the term %ﬂqM(Qik +goZ~gok)5§L.
Hence a necessary vanishing condition is k = —3.

If (T, M, ¢, &, n, Q) is Sasakian, the base manifold has constant sectional
curvature c¢. Taking this into account, and replacing the value —3 of k
into the expression of the component HHHHlilij — HHHHOZU, this will
contain the terms c(5lhgjk — 5?9%), which vanish if and only if ¢ = 0 (i.e.
the base manifold is flat). In this case, some components of the difference
K — K{ vanish under certain very restrictive conditions, but the component

TTTT, k}ILZ i~ TTTTOZij is never vanishing, since it takes the form

1 1 1
) [5?(9% - 7290]‘901@) — 0" (gik — 7290@'9%) # 0.

Thus the theorem is proved. O
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