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Abstract. Using the Bochner technique for the vertical Laplacian associated to a
complex Finsler bundle (E,L) over a hermitian manifold (M, g), we obtain a vanishing
theorem for holomorphic vertical tensor fields with compact support on the total space
of (E,L).

Mathematics Subject Classification 2000: 53B40, 53B21, 32L20.

Key words: complex Finsler bundles, vertical Laplacian, vanishing theorems.

1. Introduction and preliminaries notions

The importance of Bochner technique, initiated in [4, 5, 6], in geometrical
study both in Riemannian and Kählerian manifolds, is without question,
and for instance, were discussed in details in [8, 12, 16, 19, 20, 22]. The
study of existence of holomorphic sections on complex Finsler bundles was
initiated in [13]. There is obtained an important theorem which states
that a holomorphic vector bundle E with a strongly pseudoconvex com-
plex Finsler metric F over a compact hermitian manifold (M, g) admits no
holomorphic sections if a mean curvature is negative, (see also [3], [10] and
[14]). Different from [13, 14], using the Bochner technique for the hori-
zontal Laplacian associated to a strongly Kähler-Finsler manifold, recently
in [24], is obtained a vanishing theorem of holomorphic forms on strongly
Kähler-Finsler manifolds. This theorem generalizes the classical vanishing
theorems of holomorphic tensor fields on Kähler manifolds [5, 6]. Also, in
[21], are obtained some vanishing theorems of Bochner and Kodaira type
for some horizontal forms on strongly Kähler-Finsler manifolds.
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In a previous paper [11], we have proved that the vertical Laplacian
associated to a complex Finsler bundle (E,L) over a hermitian manifold
(M, g) has similar properties as the horizontal Laplacian associated to a
strongly Kähler-Finsler manifold. Thus, following the same ideas from [23,
24], in the present paper we obtain a vanishing theorem of Bochner type for
holomorphic vertical tensor fields with compact support on the total space
of (E,L).

Let us begin our study with a short review of the geometry of the total
space of a complex Finsler bundle. For more, see [1, 2, 3, 17].

Let π : E → M be a holomorphic vector bundle of rank m ≥ 2 over a
complex manifold M of dimCM = n. Let us consider U = {Uα} an open
covering set of M and (zk), k = 1, . . . , n the local complex coordinates in
a chart (U,φ) and sU = {sa}, a = 1, . . . ,m a local holomorphic frame for
the sections of E over U . The covering {U, sU}, U ∈ U induces a complex
coordinate system u = (zk, ηa) on π−1(U), where s = ηasa is a holomorphic
section on Ez = π−1(z). If we denote by gUV : U ∩ V → GL(m,C) the
transition functions, then in z ∈ U ∩ V, gUV (z) has a local representation
by the complex matrix Ma

b (z) and if (z
′k, η

′a) are the complex coordinates
in π−1(V ), the transition laws of these coordinates are:

(1.1) z
′k = z

′k(z) , η
′a = Ma

b (z) η
b,

where Ma
b (z), a, b = 1, . . . ,m are holomorphic functions and detMa

b ̸= 0.

As we already know, the total space E has a structure of (m + n)-
dimensional complex manifold because the transition functions Ma

b (z) are
holomorphic. Consider the complexified tangent bundle TCE = T

′
E ⊕

T
′′
E, where T

′
E and T

′′
E = T ′E are the holomorphic and antiholomorphic

tangent bundles. The vertical holomorphic tangent bundle V E = kerπ∗ is
the relative tangent bundle of the holomorphic projection π and a local
frame field on VuE is { ∂

∂ηa }, a = 1, . . . ,m. The vertical distribution VuE is
isomorphic to the sections module of E in u.

A subbundle HE of T
′
E complementary to V E, i.e. T

′
E = V E ⊕HE,

is called a complex nonlinear connection on E, briefly c.n.c. A local base
for the horizontal distribution HuE, called adapted for the c.n.c. is { δ

δzk
=

∂
∂zk

−Na
k

∂
∂ηa }, k = 1, . . . , n, where Na

k (z, η) are the coefficients of the c.n.c.

As in the case of general theory of vector bundles see [15], we notice that
the existence of a c.n.c. is an important ingredient in the ”linearization” of
geometry of the total space of a holomorphic vector bundle.
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In the following we consider the abreviate notations: ∂k = ∂
∂zk

, δk = δ
δzk

and
.
∂a=

∂
∂ηa . The adapted frames denoted by {δk := δ

δzk
} and {

.
∂a:=

∂
∂ηa },

for the distributions HE and V E are obtained respectively by conjuga-
tion. The adapted coframes are locally given by {dzk} , {δηa = dηa +
Na

k dz
k} , {dzk} and {δηa = dηa +Na

k
dzk}, respectively.

A strictly pseudoconvex complex Finsler structure on E, is a positive
real valued smooth function F 2 = L : E → R+ ∪ {0}, which satisfies the
following conditions:

(i) L is smooth on E − {zero section};

(ii) L(z, η) ≥ 0 and L(z, η) = 0 if and only if η = 0;

(iii) L(z, λη) = |λ|2 L(z, η) for any λ ∈ C;

(iv) (hab) = (
.
∂a

.
∂b (L)) (the complex Levi matrix) is positive defined and

determines a hermitian metric tensor on the fibers of vertical bundle
V E.

Definition 1.1 ([13]). The pair (E,L) is called a complex Finsler bun-
dle.

According to [2], [17], a c.n.c. related only to the complex Finsler struc-
ture L is the Chern-Finsler c.n.c., locally given by

(1.2)
CF

Na
k= hca∂k

.
∂c (L).

We also identify the holomorphic local frame fields s = {s1, . . . , sm} of
E, with the one of the pull-back bundle Ẽ := π∗E which is isomorphic to
V E by

.
∂a↔ π∗sa := sa. Then, Ẽ admits a hermitian metric hL defined by

(1.3) hL(Z,W ) = habZ
aW

b
for any Z = Zasa, W

asa ∈ Γ(Ẽ).

Let ∇ : Γ(Ẽ) → A1(Ẽ) be the hermitian connection of the bundle (Ẽ, hL),
i.e. ∇ = ∇′

+∇′′
is the unique connection on the bundle (Ẽ, hL) satisfying

the conditions

(1.4) ∇′′
= d

′′
; dhL(Z,W ) = hL(∇Z,W ) + hL(Z,∇W ), ∀Z,W ∈ Γ(Ẽ).

Definition 1.2 ([1]). The hermitian connection ∇ on (Ẽ, hL) is called
the Chern-Finsler linear connection of the bundle (E,L).
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The (1, 0)-connection form ω = (ωa
b ) of∇, with respect to a holomorphic

frame s = {sa}, a = 1, . . . ,m, is defined by

(1.5) ∇sb = ωa
b ⊗ sa , ω

a
b = Γa

bkdz
k + Ca

bcdη
c,

where the local coefficients of the connection are given by

(1.6) Γa
bk = hca∂k(hbc) , C

a
bc = hda

.
∂c (hbd).

Using the adapted frames and coframes with respect to the Chern-Finsler
c.n.c., the (1, 0)-connection form ωa

b can be rewritten by

(1.7) ωa
b = La

bkdz
k + Ca

bcδη
c , La

bk = hcaδk(hbc).

We notice that the vertical coefficients Ca
bc satisfy the symmetry relation

Ca
bc = Ca

cb and it is easy to check that Ca
ab =

.
∂b (lnh) where h = det(hab).

The (1, 1)-curvature form R = (Ra
b ) of ∇ is locally given by

(1.8) Ra
b = d

′′
ωa
b .

Using the decomposition d
′′
= d

′′h+d
′′v+∂1+∂2, see [9], [18], a straight-

forward calculus in (1.8) leads to the following decomposition of the curva-
ture

(1.9) R = Rhh +Rhv +Rvh +Rvv,

i.e. in a horizontal component Rhh, in two mixed components Rhv , Rvh

and a vertical component Rvv. Also, we notice that with respect to a
holomorphic local frame field s = {sa} the vertical part of the curvature is
given by

(1.10) Rvvsb = (Sa
b,cd

δηc ∧ δηd)sa,

where Sa
b,cd

= −
.
∂d (Ca

bc) and it will be important in our study.

2. Vertical Ricci identities

In this section, we briefly recall the vertical covariant derivatives with re-
spect to the Chern-Finsler connection for contravariant and covariant ver-
tical tensor fields. Also, some vertical Ricci identities are established.
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If TApBq(z, η) are the components of a contravariant vertical complex
tensor field of type (p, q) on E, where Ap = (a1 . . . ap) and Bq = (b1 . . . bq),
then its vertical covariant derivatives with respect to the Chern-Finsler
connection are given by

∇ .
∂a
TApBq =

.
∂a (TApBq) +

p∑
k=1

T a1...ak−1λak+1...apBqCak
λa ,(2.1)

∇ .
∂a
TApBq =

.
∂a (TApBq) +

q∑
k=1

TApb1...bk−1 λ bk+1...bqCbk
λa

.(2.2)

If TApBq
(z, η) are the components of a covariant vertical complex tensor

field of type (p, q) on E, then its vertical covariant derivatives with respect
to the Chern-Finsler connection are given by

∇ .
∂a
TApBq

=
.
∂a (TApBq

)−
p∑

k=1

Ta1...ak−1λak+1...apBq
Cλ
aka

,(2.3)

∇ .
∂a
TApBq

=
.
∂a (TApBq

)−
q∑

k=1

TApb1...bk−1 λ bk+1...bq
Cλ
bk a

.(2.4)

We remark that if we combine the formulas above, we get the vertical
covariant derivatives for mixed contravariant and covariant vertical complex
tensor fields. Also, it is easy to check

(2.5) ∇ .
∂c
hab = ∇ .

∂c
hab = ∇ .

∂c
hba = ∇ .

∂c
hba = 0.

Now, by using the above vertical covariant derivatives with respect to
Chern-Finsler connection, a straightforward calculus leads to

Proposition 2.1. Let (E,L) be a complex Finsler bundle, Xa the com-
ponents of a contravariant vertical complex tensor field X on E and φa the
components of a covariant vertical complex tensor field φ on E. Then

[∇ .
∂b
,∇ .

∂c
]Xa = XdSa

d,bc , [∇ .
∂b
,∇ .

∂c
]Xa = −XdSa

d,bc
,

[∇ .
∂b
,∇ .

∂c
]φa = −φdS

d
a,bc , [∇ .

∂b
,∇ .

∂c
]φa = φdS

d
a,bc.

If we denote by Sab,cd = hebS
e
a,cd

then, by using the homogeneity condi-

tions of complex Finsler structure L, namely
.
∂c (hab)η

c = 0 ,
.
∂c (hab)η

a = 0 ,
.
∂c (hab)η

b = 0 ,
.
∂c (hab)η

c = 0,

we obtain
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Proposition 2.2. Let (E,L) be a complex Finsler bundle. Then

(Sab,cd − Sba,dc)η
aηb = 0,(2.6)

Sab,cd − Scb,ad = 0,(2.7)

(Sab,cd − Scd,ab)η
aηbηcηd = 0.(2.8)

Definition 2.1. The vertical generalized Ricci tensor field of (E,L) is
locally defined by

(2.9) Sad = Sb
a,bd

= −
.
∂d (Cb

ab).

We also have

(2.10) Sad = hcbSac,bd = −
.
∂d

.
∂a (lnh).

3. A vanishing theorem

Let us suppose that the base manifold of the complex Finsler bundle (E,L)
is a hermitian manifold (M, g). Then, due to [7], in natural manner we can
consider the following hermitian metric structure of Sasaki type on E

(3.1) G = gjk(z)dz
j ⊗ dzk + hab(z, η)δη

a ⊗ δηb,

where gjk(z) is the hermitian metric on the base manifold M , hab(z, η) is
the fundamental metric tensor defined by the complex Finsler structure L
and the adapted coframes are considered with respect to the Chern-Finsler
c.n.c.

In [11], is proved that with respect to the hermitian metric structure
from (3.1) the vertical complex Laplacians for smooth functions on E are
given by

(3.2) �′vf =
1

h

.
∂a (hhba

.
∂b f) and �′′vf =

1

h

.
∂a (hhab

.
∂b f).

Remark 3.1. In terms of the vertical covariant derivatives with respect
to the Chern-Finsler linear connection, we have

(3.3) �′vf = hba∇ .
∂a
∇ .

∂b
f.



7 A VANISHING THEOREM FOR VERTICAL TENSOR FIELDS 109

Also, if f is a smooth function with compact support on E then, we
have

(3.4)

∫
E
�′vfdVE = 0,

where dVE is the volume form associated to the hermitian structure G on
E, see for details [11].

Now, let X
Ap

Bq
(z, η) be the components of a mixed vertical complex ten-

sor field X with compact support on E of contravariant valency p and of
covariant valency q. In the following we denote by ||X||2 the local scalar
product of this tensor with itself with respect to the natural inner product
induced by the hermitian metric structure G on E, that is

(3.5) ||X||2 = hApCp
hDqBqX

Ap

Bq
X

Cp

Dq
,

where hApCp
= ha1c1 . . . hapcp and hDqBq = hd1b1 . . . hdqbq .

IfX
Ap

Bq
(z, η) are holomorphic functions of the fiber coordinates (ηa), then

∇ .
∂c
X

Ap

Bq
= 0. We have

Proposition 3.1. Let (E,L) be a complex Finsler bundle over a her-
mitian manifold (M, g). Then

(3.6) �′v||X||2 = ||∇′vX||2 + Gv(X),

where we have denoted ||∇′vX||2 = hbahApCp
hDqBq(∇ .

∂a
X

Ap

Bq
)(∇ .

∂b
X

Cp

Dq
),

Gv(X) = −
p∑

k=1

Sck
λk
X

Dq

Cp
X

c1...ck−1 λk ck+1...cp

Dq
+

q∑
k=1

Sλk

dk
X

Dq

Cp
X

Cp

d1...dk−1 λk dk+1...dq
,

and X
Dq

Cp
= hApCp

hDqBqX
Ap

Bq
, Sλk

dk
= hbaSλk

dk, ba
.

Proof. We have

�′v||X||2 = hba∇ .
∂a
∇ .

∂b
(hApCp

hDqBqX
Ap

Bq
X

Cp

Dq
)

= hbahApCp
hDqBq∇ .

∂a
(X

Ap

Bq
∇ .

∂b
X

Cp

Dq
)

= hbahApCp
hDqBq [∇ .

∂a
X

Ap

Bq
∇ .

∂b
X

Cp

Dq
+X

Ap

Bq
∇ .

∂a
(
.
∂b X

Cp

Dq

+

p∑
k=1

X
c1...ck−1 λk ck+1...cp

Dq
Cck
λk b

−
q∑

k=1

X
Cp

d1...dk−1 λk dk+1...dq
Cλk

dk b
)]
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= hbahApCp
hDqBq [∇ .

∂a
X

Ap

Bq
∇ .

∂b
X

Cp

Dq
+X

Ap

Bq

p∑
k=1

X
c1...ck−1 λk ck+1...cp

Dq

.
∂a (Cck

λk b
)

−X
Ap

Bq

q∑
k=1

X
Cp

d1...dk−1 λk dk+1...dq

.
∂a (Cλk

dk b
)] = ||∇′vX||2 + Gv(X)

which completes the proof. �
By (3.4) and the Proposition 3.1., one gets

Theorem 3.1. Let (E,L) be a complex Finsler bundle over a hermi-

tian manifold (M, g) and X
Ap

Bq
(z, η) be the components of a mixed vertical

complex tensor field X with compact support on E. If X
Ap

Bq
are holomorphic

functions of fiber coordinates (ηa) and satisfy the inequality ReGv(X) ≥ 0

then Gv(X) = 0 and ∇ .
∂a
X

Ap

Bq
= 0 at every point (z, η) ∈ E.

Finally, we give some particularizations of the above theorem.

Proposition 3.2. Let (E,L) be a complex Finsler bundle over a her-
mitian manifold (M, g) and Xa(z, η) the components of a contravariant
vertical complex tensor field with compact support on E. Then

(i) If Xa are holomorphic functions of (ηa) coordinates and ReSabX
aXb ≤

0 then ∇ .
∂b
Xa = 0;

(ii) If Xa are holomorphic functions of (ηa) coordinates and ReSabX
aXb <

0 then Xa = 0.

Proposition 3.3. Let (E,L) be a complex Finsler bundle over a her-
mitian manifold (M, g) and φa(z, η) the components of a covariant ver-
tical complex tensor field with compact support on E. If we denote by
Sab = hcdheaSb

e,cd, then

(i) If φa are holomorphic functions of (ηa) coordinates and ReSabφaφb

≥ 0 then ∇ .
∂b
φa = 0;

(ii) If φa are holomorphic functions of (ηa) coordinates and ReSabφaφb

> 0 then φa = 0.

Remark 3.2. If the complex Finsler structure comes from a hermitian
structure on E, that is L(z, η) = hab(z)η

aηb, then Ca
bc = 0 and so Gv(X) = 0.

In this case, if X
Ap

Bq
(z, η) are the components of a mixed vertical complex
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tensor field with compact support on E and if X
Ap

Bq
are holomorphic func-

tions of (ηa) coordinates, then ∇ .
∂b
X

Ap

Bq
=

.
∂b X

Ap

Bq
= 0, so X

Ap

Bq
= X

Ap

Bq
(z).

But on the other hand, if this happens, then obviously X
Ap

Bq
doesn’t have

compact in E. This contradicts the assumption that X
Ap

Bq
are compactly

supported in E, so X
Ap

Bq
= 0.
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